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We study the Domany–Kinzel model, which is a class of discrete-time Markov
processes in one-dimension with two parameters (p1, p2) ¥ [0, 1]2. When
p1=ab and p2=a(2b−b2) with (a, b) ¥ [0, 1]2, the process can be identified
with the mixed site-bond oriented percolation model on a square lattice with
probabilities a of a site being open and b of a bond being open. This paper
treats dualities for the Domany–Kinzel model tAt and the DKdual g

A
t starting

from A. We prove that (i) E(x |t
A
t 5 B|)=E(x |t

B
t 5 A|) if x=1−(2p1−p2)/p

2
1, (ii)

E(x |t
A
t 5 B|)=E(x |g

B
t 5 A|) if x=1−(2p1−p2)/p1, and (iii) E(x |g

A
t 5 B|)=E(x |g

B
t 5 A|)

if x=1−(2p1−p2), as long as one of A, B is finite and p2 [ p1.
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1. INTRODUCTION

Pascal’s triangle (mod 2) can be viewed as a deterministic cellular automa-
ton alternately on the odd and even integers. Site 2x is occupied at time 2n
if exactly one of 2x−1, 2x+1 is occupied at time 2n−1, and site 2x+1 is
occupied at time 2n+1, if exactly one of 2x, 2x+2 is occupied at time 2n.
Starting from a single occupied site at 0 at time 0, it is easy to see that at
epoch 2n−1 there are 2n particles and at epoch 2n there are only 2 particles.
This is discussed in Durrett, (2) Section 5d. The number of particles fluctuates



unboundedly as time tends to ., and the average density of particles tends
to 0. What is astonishing is that, if a site is occupied with probability 1− e,
far from there being fewer particles, the process appears to converge to a
limit with average density close to 1/2. This is the special case p1=1− e,
p2=0 of a widely-discussed interacting particle system, the Domany–
Kinzel model, which is defined by 3 parameters, pi, i=0, 1, 2, the proba-
bilities that site x is occupied at epoch n if the number of x+1, x−1
occupied at epoch n−1 is i.We are not able to demonstrate convergence of
the DK-model when the initial occupied set is finite, but using an argument
that is given, for example, in Sudbury, (5) duality may be used to demon-
strate convergence when the initial measure is ‘‘essentially infinite.’’ This
may be contrasted with Pascal’s triangle where it is known that conver-
gence does not occur from any product measure other than n1/2. The new
duals found in this paper enable this result to be proved in a straigh-
forward manner. It is shown that the crucial difference between the
p1=1− e situation and the Pascal’s triangle, p1=1, is that, since models
with p1 < 1 have the possibility of dying out, the number of particles in
the former models have to tend to either 0 or . instead of fluctuating
unboundedly.
We have the following result (see Theorem 6 in Section 7): if the initial

measure n of the Domany–Kinzel model is a.s. infinite then the occupied
set at time t

tnt Q mg,

the measure uniquely determined by E((−(p1 −p2)p1
) |mg 5 A|)=P(|gA. |=0) for all

finite A and p1 > p2.
This paper presents a method of finding dualities for a fairly general

model of oriented percolation often known as the Domany–Kinzel model
(see, Domany and Kinzel, (1) and Chapter 5 of Durrett (2)). This is an inter-
acting particle system that evolves in discrete time. Most usually at time 0,
and at subsequent even epochs, the sites are located at even sites, and at
odd epochs they are located at odd sites. This ensures that the occupied
set has no drift and in certain cases corresponds to oriented percolation
rotated through 45 degrees. However, it is possible to locate the sites on the
half-integers, so that the state space is {0, 1}Z 2 (Z+1/2), and only at even
times are the sites on Z. The set of occupied sites at time t starting from an
initial occupied set A is designated tAt . The evolution satisfies

P(x ¥ tAt+1 | t
A
t )=f(|t

A
t 5 {x−1/2, x+1/2}|),

and given tAt , the events {x ¥ t
A
t+1} are independent with

f(0)=0, f(1)=p1, f(2)=p2, 0 [ p1, p2 [ 1,

132 Katori, Konno, Sudbury, and Tanemura



where |A| is the number of elements in A. In this paper, however, the sites
will be located on Z at every time. The rule above will be modified to one
of two possibilities,

P(x ¥ tAt+1 | t
A
t )=f(|t

A
t 5 {x−1, x}|),

P(x ¥ tAt+1 | t
A
t )=f(|t

A
t 5 {x+1, x}|),

as we need to identify sites at times t, t+1. There are obvious couplings
between these processes and the process on Z 2 Z+1/2. At time t the first
possibility has occupied set translated t/2 to the right and the second pos-
sibility t/2 to the left.
Sudbury and Lloyd (6) showed how to find duals of interacting particle

systems evolving in continuous time. Their method relied on two key
properties of such a system, first, that with probability 1 only one event
takes place at any time and, secondly, that the infinitesimal operator or
Q-matrix is a sum of two-site infinitesimal Q-matrices. In discrete time,
many events occur simultaneously and these crucial properties are lost.
Nevertheless an analysis having some features in common with theirs can
be made. The duals we discuss take the form

E(x |t
B
t 5 A|)=E(x |g

A
t 5 B|),

where t is a process drifting to the right and g a process drifting to the left.
If the equation is true for all finite sets A, B and all times, we would also
have at any t

E(x |t
B
t 5 A+t|)=E(x |g

A+t
t 5 B|).

Using the obvious coupling again, it would follow that

E(x |t
B
t 5 A|)=E(x |g

A
t 5 B|)

for the equivalent processes without drift on Z 2 Z+1/2. Thus we only
need to establish the duality for the processes with drift.
This paper is organized as follows. Section 2 is devoted to a general

theory for discrete-time interacting particle processes in one dimension. In
Section 3, we give a duality for the Domany–Kinzel model tAt and the
DKdual gAt starting from A: E(x

|tAt 5 B|)=E(x |g
B
t 5 A|) if x=1−(2p1−p2)/p1

(see Theorem 2). Section 4 treats the self-duality for the Domany–Kinzel
model: E(x |t

A
t 5 B|)=E(x |t

B
t 5 A|) if x=1−(2p1−p2)/p

2
1 (see Theorem 3). In

Section 5, we present a result on the self-duality for the DKdual: E(x |g
A
t 5 B|)

=E(x |g
B
t 5 A|) if x=1−(2p1−p2) (see Theorem 4). Section 6 contains the

thinning-relationship between the Domany–Kinzel model and the DKdual
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(see Theorem 5). In the final section, we give an application of Theorem 2
for the non-attractive Domany–Kinzel model.

2. A GENERAL THEORY OF DUALITY

As mentioned in Section 1 we aim to find a relationship between
tBt 5 A and gAt 5 B where t drifts to the left and g to the right. We require
either A or B to be finite. Assume without loss of generality it to be B.
Define

B t=B 2 {the t sites to the left of B}.

tBt … B
t and gAt 5 B=gA 5 Bt

t 5 B, thus if we fix t and prove the duality
equation for the processes confined to B t, it will also be true for processes
on the whole of Z. We note that in the finite case the evolutions of the
rightmost position of B t under t and the leftmost position under g are not
defined. We shall assume the processes evolve as if the sites to the right and
left of B t were fixed to be unoccupied for all t. This would have been true
for tB operating on any set containing B t, and sites to the left of B t cannot
influence gAt 5 B in any case.
We locate the processes on G, a finite continuous subset of Z. The

state-spaces of both t and g will be {0, 1}G. Each state is represented by a
basis vector in a 2n-dimensional vector space, where n=|G|, the number of
sites in G. Such a basis vector can also be represented as a tensor product
of single-site vectors. For example, when G has just 2 sites, the state, site 1
occupied, site 2 unoccupied can be represented as

R01
0
0

S=R1
0
S é R0

1
S ,

and in general

R acad
bc
bd

S=Ra
b
S é R c

d
S .

Site 1 is only affected by sites 1 and 2, and site 2 only by sites 2 and 3 and
so on. Thus the changes at each time step can be broken down into a
sequence of changes beginning at 1 and ending at n. So, the operator, Q,
representing the Domany–Kinzel model can be represented as

Q=Qn, n−1Qn−1, n−2 · · ·Q2, 1,
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where the operators Qn, n−1 are 2n×2n matrices. Note that we are using the
convention by which matrices operate to the left of the states so that the
columns add to 1. Each Qn, n−1 only changes the distribution at site n−1
but depends on the states at sites n, n−1. It is the product form above
that enables us to create a dual equation in a similar way to that done in
Sudbury and Lloyd. (6)We shall assume Q can be represented in this way.
Qx, x−1 is the operator which defines the probability that x−1 is

occupied at time t+1 given the state of the process at sites x−1, x at
time t. Qx, x−1 is a 2n×2n matrix, but we may also represent it as a 4×4
matrix operating on the 4-dimensional vector space defining the state of the
process at x−1, x which has as basis the tensor products of the states at
x−1, x. For the Domany–Kinzel model we have:

Qx, x−1 R
1
0
0
0

S=R
p2
0
1−p2
0

S , Qx, x−1 R
0
1
0
0

S=R
0
p1
0
1−p1

S ,

Qx, x−1 R
0
0
1
0

S=R
p1
0
1−p1
0

S , Qx, x−1 R
0
0
0
1

S=R
0
0
0
1

S ,
representing the transitions 11Q 11 or 01, 10Q 10 or 00, 01Q 11 or 01,
00Q 00. It can be seen that these transitions only affect the site x−1.
These equations imply that

Qx, x−1=R
p2 · p1 ·
· p1 · ·

1−p2 · 1−p1 ·
· 1−p1 · 1

S
where sometimes we shall represent 0 by ‘‘ · ’’ in order to make the contents
of the matrix clearer.
A single-site operator only affects the distribution at a single-site. For

example, suppose the probability that site i is occupied is p. The effect of
the single-site operator at i

Xi=Rx 1
1 1
S ,
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is

Xi R p1−pS=R
(x−1) p+1

1
S ,

or, for example, using the 2n×2n form of Xi,

Xi RRa1b1
S é · · · é Ra i

b i
S é · · · S=Ra1

b1
S é · · · é Rxa i+bi

a i+bi
S é · · · .

Define X=XnXn−1 · · ·X1, then

XQ=XnXn−1Qn, n−1Xn−2Qn−1, n−2 · · ·X1Q2, 1, (2.1)

since operators on different sites commute.
We now look for another operator P drifting in the opposite direction

to Q, such that XP=QTX. Then,

XPm=QTXPm−1=(QT)2 XPm−2=·· ·=(QT)m X. (2.2)

Then (2.1) implies

QTX=QT2, 1X1X2(X
−1
2 Q

T
3, 2X2X3) · · · (X

−1
n−1Q

T
n, n−1Xn−1Xn).

Since P tends to produce a drift in the opposite direction to Q, we may
suppose P=P1, 2 · · ·Pn−1, n, so that

XP=X1X2P1, 2(X3P2, 3) · · ·XnPn−1, n.

A sufficient condition for XP=QTX is then

XjXj+1Pj, j+1=Q
T
j+1, jXjXj+1

for j=1,..., n−1.
Consider two sets of occupied sites A, B.We represent A by a vector

a=R a1
1−a1
S é · · · é R an

1−an
S ,

where a i=1 or 0 according as site i belongs to A or not. b is similarly
defined. We note that

(a1 1−a1) Rx 1
1 1
S R b1
1−b1
S=(x−1) a1b1+1,
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which is x if a1=b1=1, and 1 otherwise. So the scalar product is mul-
tiplied by x when i belongs to both A and B and

aTXb=x |A 5 B|. (2.3)

If the initial state in the Q-process is b, then tBt=Q
tb and, using (2.2) and

(2.3),

aTXQ tb=E(x |t
B
t 5 A|)=bT(QT) t Xa=bTXP ta=E(x |g

A
t 5 B|),

where g is the process represented by P. As we have seen, we may also
extend the result to cases in which one of A, B is infinite. Further, the result
is true if the sets are random, as can be seen by simply summing the expec-
tations over all possible initial configurations. Thus we have shown:

Theorem 1. If t and g are discrete-time interacting particle processes
on Z whose operators Q, P are defined by pairwise operations which satisfy

XjXj+1Pj, j+1=Q
T
j+1, jXjXj+1,

then

E(x |t
B
t 5 A|)=E(x |g

A
t 5 B|)

as long as one of A, B is finite.

3. DUALS OF THE DOMANY–KINZEL MODEL

Given a value of x we can calculate the pairwise transition probabil-
ities for a dual of the Domany–Kinzel model. If all these probabilities are
non-negative then we have a proper dual. XjXj+1 operates on two sites and
is thus represented by the 4×4 matrix

Rx 1
1 1
S é Rx 1

1 1
S=R

x2 x x 1
x x 1 1
x 1 x 1
1 1 1 1

S .
Define M1 to be the 4×4 matrix of 1’s. Because the columns of P and the
rows of QT sum to 1, PM1=M1, QTM1=M1. We may thus subtract M1

from XjXj+1 when satisfying the above equation to give
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Rx
2 x x 1
x x 1 1
x 1 x 1
1 1 1 1

S=M1+(x−1) R
x+1 1 1 0
1 1 0 0
1 0 1 0
0 0 0 0

S .
Now we find the P which satisfies QTj+1, jXjXj+1=XjXj+1Pj, j+1 where,
however, we use the simplified form of XjXj+1 in the above equation. We
note that

Rp2 · 1−p2 ·
· p1 · 1−p1
p1 · 1−p1 ·
· · · 1

S Rx+1 1 1 01 1 0 0
1 0 1 0
0 0 0 0

S

=R
x+1 1 1 0
1 1 0 0
1 0 1 0
0 0 0 0

S

×
1
1−x
R p1+(p1−p2) x 2p1−p2 0 0

(p2−2p1) x p2−p1(1+x) 0 0
(1−p1)−(1−p2) x−p1x2 p2−p1(1+x) 1−x 0
(p1−p2) x+p1x2 (2p1−1) x+1−p2 0 1−x

S .
For example, one may check the 1,1 position on the r.h.s. is p1[(1+x)2−
2x−1−x2]+p2[−x(1+x)+x+x]+1 − x=(1−x)(p2x+1). We now
look for values of x which make the last matrix positive.
However, before doing this we should be aware of a problem that will

arise. The operator of the Domany–Kinzel model satisfies the equation
Q=Qn, n−1Qn−1, n−2 · · ·Q2, 1. That is, the change in distribution can be
regarded as a sequential change, first at site 1, then site 2, and so on. The
two-site operator Q2, 1 in fact only affects site 1 and this is reflected in the
form of the associated matrix which allows 11Q 01 but not 11Q 10, and
thus has a 0 in row 2, column 1. When the dual matrix above has all its
elements non-negative, it certainly defines a process when the occupied set
is finite, however, this process may be a sequential change of two sites at
a time. If this is the case, it is no longer possible to define the occupation
probability at site x at time t+1 in terms of the values at sites x+1, x at
time t. In fact you need to know all the values from x+1 to t. With an
infinite occupied set it may not define a process at all.
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The above considerations suggest that it will not be possible to define
a satisfactory dual model which allows the transition 10Q 01. In the dual
matrix, this transition has probability p2−p1(1+x). We choose x to make
this expression 0.

Assumption. x=−(p1−p2)/p1.

As explained above, the matrix does not appear to be in the correct
form until we decompose it:

R p2 p1 · ·
p1−p2 · · ·
1−p1 · 1 ·
· 1−p1 · 1

S=R
p2/p1 1 · ·
1−p2/p1 · · ·
· · 1 ·
· · · 1

SR p1 · · ·
· p1 · ·

1−p1 · 1 ·
· 1−p1 · 1

S .
The second matrix allows the changes 11Q 01 and 10Q 00 with probabil-
ity 1−p1. It therefore represents a ‘‘p1-thinning’’ of the first site which
stays 1 with probability p1. We write this equation as Pj, j+1=Rj, j+1Tj. We
then have

P1, 2 · · ·Pn−1, n=R1, 2T1 · · ·Rn−1, nTn−1=R1, 2 · · ·Rn−1, nT1 · · ·Tn−1. (3.1)

Remembering that a sufficient number of the outer sites of 1,..., n are
always unoccupied, we see that P can be interpreted as a p1-thinning of all
sites followed by the changes 11Q 11 with probability p2/p1 and 10Q 11
with probability 1. R then represents a version of the Domany–Kinzel
model, drifting in the opposite direction to Q, and with p −2=p2/p1, p

−

1=1.
We shall call this model the DKdual. We note it is only defined for p2 [ p1.

Theorem 2. The Domany–Kinzel model with parameters p2 [ p1 is
dual with parameter x=−(p1−p2)/p1 to a model which at each stage
represents a p1-thinning of all sites, followed by an application of the
Domany–Kinzel model with p −2=p2/p1, p

−

1=1.

When p2=p1 we have site-percolation. This is known to have a
coalescing dual which is equivalent to x=0 when 00 is interpreted as 1 (see
Sudbury and Lloyd (6)).
When p2=0 we have x=−1. This is equivalent to an annihilating

dual and can be retrieved from graphical representations. In general, this is
possible for coalescing and annihilating duals, but not when x ] 0, −1.
When p2=0 we can split the transition into 2 phases. First, a deter-

ministic phase in which 11 at sites j, j−1 always produces a 0 at site j−1,
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and 01 at sites j, j−1 always produces a 1. 00 does not change. Then there
is a p1-thinning of all sites. This is equivalent to the Domany–Kinzel model
with p1 > 0, p2=0. In the first transition, the value at site j−1 at time t+1
is the sum of the values at sites j, j−1 (mod 2) at time t. The p1-thinning is
equivalent to the site being open with probability p1. The probability a site
x is occupied at time t given initial set A, is then the probability that the
number of paths from A to x is odd, where a path cannot pass through
a closed site. The probability that a set B has an odd number of sites
occupied at time t is then the probability that the number of paths from A
to B is odd. But this is, of course, equivalent to the event that the number
of paths from B to A is odd. The equality of the probabilities can be
written

E((−1) |t
A
t 5 B|)=E((−1) |g

B
t 5 A|).

In reverse time the process is a p1-thinning followed by the Domany–
Kinzel model with p1=1, p2=0. We see that in the mixture of bond and
site-percolation it is essential to state in which order they are to be
observed.

4. SELF-DUALITY OF A DIFFERENT TYPE

The self-duality for the Domany–Kinzel model can also be derived in a
somewhat similar way to that given in Section 2. As before we consider two
sets of occupied sites A, B. We represented by vectors a, b. We look at the
effect of Q at site i.We write the 2-vector of occupation probabilities at site
i as (Qa)i.

(Qa)i=R p(i, i+1)1−p(i, i+1)
S ,

where p(i, i+1)=p2 if a i+ai+1=2,=p1 if a i+ai+1=1,=0 if a i+ai+1
=0. Defining X as in Sections 2 and 3,

(XQa)i=R (x−1) p(i, i+1)+11
S .

If x=1−(2p1−p2)/p
2
1, then (x−1) p2+1=((x−1) p1+1)

2. We will then
have

R b i
1−b i
ST (XQa)i=((x−1) p1+1)bi(ai+ai+1),
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since the r.h.s will be 1 if b i=0. Now writing Q as QL as its operation
drifts to the left, and noting that the scalar product over a tensor product
of vectors is the product of the individual scalar products, we have

bTXQLa=((x−1) p1+1);
n
i=0 bi(ai+ai+1).

We now consider QR, the Domany–Kinzel model moving backwards in
time from b to a and with the value at site i+1 determined by those at sites
i, i+1. After a similar analysis to that above, we obtain

aTXQRb=((x−1) p1+1);
n
i=0 ai+1(bi+bi+1)=((x−1) p1+1);

n
i=0 bi(ai+ai+1),

since a0=b0=an+1=bn+1=0. Because

bTXQLa=aTXQRb=bTQTRXa

for all a, b, XQL=Q
T
RX and, since QL, QR are both the same Domany–

Kinzel model, this model is seen to be self-dual. Then we have the follow-
ing result:

Theorem 3. The Domany–Kinzel model is self-dual with parameter
x=1−(2p1−p2)/p

2
1.

5. SELF-DUALITY OF THE DK-DUAL

We saw in Section 3 how the Domany–Kinzel model was dual to a
process which we called the DKdual. This process could be split into two
phases, a p1-thinning of all sites, followed by an application of the Domany–
Kinzel model with p −2=p2/p1, p

−

1=1. (3.1) in Section 3 can be written
as PR=RRT, where the subscript R indicates that the operation is to the
right. The Domany–Kinzel model can be viewed as these two phases in
reverse order, so we may put QL=TRL. The duality stems from the equa-
tion QTLX=XPR, which is equivalent to

(TRL)T X=XRRT2 (RLT)T TTX=TTX(RRT),

implying that the DKdual is self-dual. At a single-site the effect of TTX is

Rp1 1−p1
0 1
S Rx 1
1 1
S=Rp1(x−1)+1 1

1 1
S=Rx

− 1
1 1
S ,

when x=−(p1−p2)/p1, and x −=1−(2p1−p2).

Theorem 4. The DKdual is self-dual with parameter 1−(2p1−p2).
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6. THINNINGS

Theorem 11 of Sudbury and Lloyd, (7) is:
If

E(x |t
B
t 5 A|)=E(x |g

A
t 5 B|), E(y |t

B
t 5 A|)=E(y |z

A
t 5 B|),

and, y < x, then z is a p-thinning of g, where p=(1−x)/(1−y).
In other words, if the initial distribution of z is a p-thinning of the

initial distribution of g, then the distribution remains a p-thinning at all
subsequent times. In an obvious notation

zmpt =(g
m
t )p.

We have shown above that the Domany–Kinzel model is self-dual with
parameter 1−(2p1−p2)/p

2
1, and dual to a model we called the DKdual

with parameter −(p1−p2)/p1. However, we cannot use the same argument
as in Sudbury and Lloyd, (7) Section 7, since the self-duality does not have
the form XjXj+1Qj, j+1=Q

T
j+1, jXjXj+1. But this is the form of the self-

duality with parameter 1−(2p1−p2) of the DKdual. This gives us a thin-
ning with prameter

1−(1−2p1+p2)
1−(−(p1−p2)/p1)

=p1.

This thinning is obvious in another way since (TR)m Tb=T(RT)m b.

Theorem 5. The Domany–Kinzel model is a p1-thinning of the
DKdual.

We can see this thinning-relationship by coupling the two processes.
We split both the Domany–Kinzel model and the DKdual into two phases
rather as in Theorem 2, and we shall allow the first phase to occur at times
k+1/2 where k is an integer.

1. Let m be the distribution of the DKdual at time 0.
2. At time t=1/2, it undergoes a p1-thinning.
3. Start the Domany–Kinzel model at time t=0 with the same con-
figuration as the DKmodel at time t=1/2.

4. Couple the processes together until time t0−1/2 for the Domany–
Kinzel, t0 for the DKmodel. This can be done because the transi-
tions for the Domany–Kinzel model are the same as those for the
DKmodel lagged by time unit 1/2.

5. Perform a p1-thinning for the Domany–Kinzel model at time t0.
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The distribution of the Domany–Kinzel model started and ended as a
p1-thinning of the DK dual.

7. CONVERGENCE IN DISTRIBUTION IN THE NON-ATTRACTIVE
CASE

In this section we return to the problem of the convergence of Pascal’s
triangle, sometimes known a Wolfram’s rule 90. We have shown that when
p2 < p1, E(x |t

B
t 5 A|)=E(x |g

A
t 5 B|) where t represents the Domany–Kinzel

model, g the DKdual and x=−(p1−p2)/p1. Starting t with product
measure nh and, conditioning on non-extinction of the DKdual, we obtain

E(x |t
nh
t 5 A|)=P(|gAt |=0)+E(x

|gAt 5 nh | | |gAt | > 0) P(|g
A
t | > 0),

=P(|gAt |=0)+E((1−h+hx)
|gAt | | |gAt | > 0) P(|g

A
t | > 0). (7.1)

But, since g can die out, |gAt |Q {0,.} a.s. and, since |1−h+xh| < 1, we
may conclude that

E(x |t
nh
t 5 A|)Q P(|gA. |=0).

In fact using the arguments in Sudbury (5) this convergence can be seen to
be true for any initial measure n that is essentially infinite, that is, the inter-
section of which with any infinite set is a.s. infinite. This is because then
E(x |g

A
t 5 n| | |gAt | > 0)Q 0 a.s. since |x| < 1.
As the convergence is true for all finite sets A, we have

Theorem 6. If the initial measure n of the Domany–Kinzel model is
a.s. infinite then

tnt Q mg,

the measure uniquely determined by E((−(p1 −p2)p1
) |mg 5 A|)=P(|gA. |=0) for all

finite A and p1 > p2.

In Wolfram’s rule 90, because p1=1, the thinning phase does not
occur and the process is self-dual. P(|tAt |=0)=0 and x=−1. Then (7.1)
becomes

E(x |t
nh
t 5 A|)=E((1−2h) |t

A
t |).

Because of the unbounded fluctuations in the number of occupied sites, it is
clear this can only converge for 0 < h < 1 when h=1/2. Convergence from
h=0, 1 is trivial. This reproduces a result shown by Miyamoto, (4) Lind, (3)
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and by Durrett (2) who uses the annihilating duality in a similar way to that
given here for the more general duals.

ACKNOWLEDGMENTS

This work is partially financed by the Grant-in-Aid for Scientific
Research (B) (No. 12440024) of Japan Society of the Promotion of
Science.

REFERENCES

1. Domany, E., and Kinzel, W. (1984). Equivalence of cellular automata to Ising models and
directed percolation. Phys. Rev. Lett. 53, 311–314.

2. Durrett, R. (1988). Lecture Notes on Particle Systems and Percolation, Wadsworth,
California.

3. Lind, D. A. (1984). Applications of ergodic theory and sofic systems to cellular automata.
Physica D 10, 36–44.

4. Miyamoto, M. (1979). An equilibrium state for a one-dimensional life game. J. Math.
Kyoto Univ. 19(3), 525–540.

5. Sudbury, A. W. (2000). Dual families of interacting particle systems on graphs. J. Theoret.
Probab. 13(3), 695–716.

6. Sudbury, A. W., and Lloyd, P. (1995). Quantum operators in classical quantum theory. II.
The concept of duality in interacting particle systems. Ann. Probab. 23(4), 1816–1830.

7. Sudbury, A. W., and Lloyd, P. (1997). Quantum operators in classical quantum theory. IV.
Quasi-duality and thinnings of interacting particle systems. Ann. Probab. 25(1), 96–114.

144 Katori, Konno, Sudbury, and Tanemura


	1. INTRODUCTION
	2. A GENERAL THEORY OF DUALITY
	3. DUALS OF THE DOMANY-KINZEL MODEL
	4. SELF-DUALITY OF A DIFFERENT TYPE
	5. SELF-DUALITY OF THE DK-DUAL
	6. THINNINGS
	7. CONVERGENCE IN DISTRIBUTION IN THE NON-ATTRACTIVE CASE
	ACKNOWLEDGMENTS

