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On the implicit Black–Scholes formula
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(Received 11 November 2006; in final form 31 July 2007)

We prove that, if the Black–Scholes formula holds implicitly then the model is the Black–Scholes
model. In a recent paper, [Hamza K. and Klebaner F. C. On nonexistence of non-constant volatility in the
Black–Scholes formula. Discrete and Continuous Dynamical Systems, 6 (2006), 829–834] it is shown
that, models with non-constant implied volatility ut, assumed to be a function (possibly random) of time t,
are not compatible with the Black–Scholes formula, unless ut is a constant. Here, we give generalizations
by allowing ut to also depend on the maturity T ; u ðt;TÞ.

Keywords: Black–Scholes; Semimartingale; Volatility; Merton model; Implied volatility; Stochastic
volatility
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1. Introduction

It is hard to overestimate the importance and impact of the Black–Scholes formula in

financial mathematics as well as in practical applications to financial markets and risk

management. This formula gives the price of an option when the stock price is modelled by

the constant volatility Black–Scholes–Merton model.

It is widely believed and experimentally verified that, stocks do not have a constant

volatility, rather this parameter varies with time [4,5,7,15]. In spite of this fact, the Black–

Scholes options pricing formula (2) remains the yardstick of option pricing. Practitioners

justify its use by incorporating adjustments to the volatility. The question of existence of a

model, in which options prices are given by the Black–Scholes formula is of great interest in

financial mathematics as well as in practical applications [1–3,13].

In this paper, we show that, if the Black–Scholes formula holds implicitly then the model

must be the Black–Scholes–Merton model. The precise definition of “holds implicitly” is

given later, but it essentially means that the option price can be calculated by the Black–

Scholes formula with some “volatility” parameter u, not necessarily related to the model of
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stock. In a recent paper [6], the authors have shown that, when the parameter u is only a

random function of time t, then the assumption that the Black–Scholes formula holds

implicitly implies that u is constant. Here, we extend this conclusion to the case when

u is a function (possibly random) of time t as well as maturity T, u(t, T) (Theorem 3). The case

when u also depends on the strike K is still open.

To make the above discussion precise, we introduce notations and recall the basic facts on

options pricing [11,14]. Let St denote the price of a stock at time t. We can assume without

loss of generality, that the riskless interest rate r ¼ 0, otherwise work with discounted prices

St e2rt. The first fundamental theorem of asset pricing states that a model does not admit

arbitrage if and only if there exists an equivalent probability measure Q such that St is a

Q-martingale. The price at time t of a call option that pays ðST 2 KÞþ at time T is given by

Ct ¼ EQ½ðST 2 KÞþjF S
t �; ð1Þ

where EQ is the expectation under Q and F S
t is the s-field generated by the process Su, u # t.

To introduce the Black–Scholes formula, we let Bt be a Brownian motion on a filtered

probability space satisfying the usual conditions, (V, F, F, Q). Let Zt evolve according to the

Black–Scholes–Merton model

dZt ¼ sZt dBt; Z0 ¼ z0:

The parameter s is known as the volatility of the process Zt.

The price of an option on stock Zt is given by the famous Black–Scholes formula denoted

here by C(T, t, K, s, z),

CðT; t;K;s; zÞ ¼ E½ðZT 2 KÞþjZt ¼ z�

¼ StF
log St

K
þ s 2

2
ðT 2 tÞ

s
ffiffiffiffiffiffiffiffiffiffiffi
T 2 t

p

 !
2 KF

log St
K
2 s 2

2
ðT 2 tÞ

s
ffiffiffiffiffiffiffiffiffiffiffi
T 2 t

p

 !
ð2Þ

where F denotes the standard normal distribution function.

The following result was proved in [6].

Theorem 1. Let St and ut be two adapted processes such that, u0 ¼ s and S0 ¼ z0. Assume

that, St is strictly positive, that F0 is trivial and that there exist three terminal times,

T1 , T2 , T3 such that, for all K and all t # Ti, i ¼ 1,2,3,

E½ðSTi
2 KÞþjF t� ¼ CðTi; t;K; ut; StÞ:

Then u2
t ¼ s2 for all t # T1.

As stated earlier, this paper considers the case of a maturity-dependent u. It is well known

[15] that the Black–Scholes formula holds in the Black–Scholes–Merton model with

constant volatility (as mentioned above), but also in the more general case of a volatility that

is a non-random function of time: dSt ¼ qðtÞSt dBt, where q(t) is non-random function of t.

In this model, the distribution of the stock St is also log-normal, and the Black–Scholes

formula holds with averaged future volatility

u2ðt; TÞ ¼
1

T 2 t

ðT
t

q2ðuÞdu:

K. Hamza and F.C. Klebaner98



D
ow

nl
oa

de
d 

B
y:

 [M
on

as
h 

U
ni

ve
rs

ity
] A

t: 
23

:3
0 

20
 J

an
ua

ry
 2

00
8 

In this paper, we prove that, under certain mild technical conditions, non-random volatility

is the only case compatible with the Black–Scholes formula. In the proof, we use the concept

of the stochastic logarithm of S, herein denoted as L(S). It is defined as the unique

semimartingale X such that S ¼ S0E(X); that is dS ¼ S2dX. Its existence is guaranteed by the

following result [10,11].

Lemma 1. Let X be a positive semimartingale such that X and X2 remain strictly positive.

Then there exists a unique semimartingale, herein denoted L(X), such that X ¼ X0E(L(X)).

It is given by dLðXÞt ¼ ðdXt=Xt2Þ.

2. Results

Throughout this section S is a non-negative process adapted to a filtration F on a probability

space (V, F, Q).

Definition. We say that, the Black–Scholes formula holds implicitly at T if there exists an

adapted process, ðuðt; TÞÞt#T , such that for all t # T and for all K $ 0,

E½ðST 2 KÞþjF t� ¼ CðT ; t;K; uðt; TÞ; StÞ: ð3Þ

Theorem 2. Suppose that the Black–Scholes formula holds implicitly at T, that S is

continuous, that ST . 0, and that ðuðt; TÞÞt#T is predictable and of finite variation. Then

u2ðt; TÞ ¼
1

T 2 t

ðT
t

d S; Sh iu

S2
u

: ð4Þ

In particular, if F0 is trivial then
Ð T

0
dkS; Slu=S2

u is non-random.

Theorem 3. Suppose that the Black–Scholes formula holds implicitly at all T # T *, that S is

continuous, that ST * . 0, that F0 is trivial, and that, for any T # T *, ðuðt; TÞÞt#T is

predictable and of finite variation. Then there exists a Gaussian martingale L with non-

random quadratic variation UðtÞ ¼ kL; Llt, such that dSt ¼ StdLt and for all t # T # T *,

u2ðt; TÞ ¼
1

T 2 t
ðUðTÞ2 UðtÞÞ: ð5Þ

Moreover, if u 2(0, T ), as a function of T, is differentiable, non-decreasing and satisfies

u 2(0,0) . 0, then there exists a non-random function q(t) and a Brownian motion Wt, such

that dSt ¼ qðtÞSt dWt, and

u2ðt; TÞ ¼
1

T 2 t

ðT
t

q2ðuÞdu: ð6Þ

Remark. Before we attend to the proofs let us discuss the requirement that the Black–Scholes

formula holds implicitly for all T # T * rather than a single fixed T. The question can be

reformulated as whether non-randomness of the integral
Ð T

0
H2

t dt (for a single fixed T) of a

predictable process H2
t implies non-randomness of the process H2

t itself, 0 # t # T. Note

that, the standard example of Ht ¼ signðBtÞ does not meet our requirements since in this case

H2
t ; 1 is deterministic.

Stochastics 99
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The following example exhibits a (random, non-constant) predictable H such thatÐ 1

0
H2

t dt ¼ 1. Let t be the first time a Brownian motion started at zero hits ^1,

t ¼ inf{t : jBtj ¼ 1},

Ht ¼ Bt^t; t # 1=2 and Ht ¼
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2

ð1=2

0

B2
s^t ds

s
; t . 1=2:

H is clearly predictable (adapted and left continuous) and satisfies

ð1

0

H2
t dt ¼

ð1=2

0

H2
t dt þ

ð1

1=2

H2
t dt ¼

ð1=2

0

B2
t^t dt þ 2 1 2

ð1=2

0

B2
t^t dt

 !
£

1

2
¼ 1:

The proofs of theorems 2 and 3 are broken into a number of propositions. Note that the

assumptions of these are more general, in particular continuity is not always assumed.

Proposition 1. Suppose that the Black–Scholes formula holds implicitly at T. Then St and

S2
t eðT2tÞu 2ðt;TÞ, t # T, are martingales.

We give a sketch of the proof only since it follows the steps of Proposition 2 in [6].

Proof. The proof uses the fact that the function GðKÞ ¼ E½ðX 2 KÞþjG� defines the

conditional distribution of X given G. The fact that St; t # T , is a martingale then immediately

follows from the application of (3) to the case K ¼ 0,

E½ST jF t� ¼ CðT; t; 0; ut; StÞ ¼ E½ZT jZt ¼ z�s¼ut ; z¼St ¼ zjs¼ut ;z¼St ¼ St:

The second statement uses the fact that, for a positive X,

E½X 2jG� ¼ 2

ð1
0

E½ðX 2 KÞþjG�dK:

Indeed,

E½S2
T jF t� ¼ E½Z2

T jZt ¼ z�js¼uðt;TÞ; z¼St ¼ S2
t eðT2tÞu 2ðt;TÞ;

which establishes that S2
t eðT2tÞu 2ðt;TÞ, t # T, is a martingale. A

Since, S2
t is a strict submartingale such that S2

t eðT2tÞu 2ðt;TÞ is a true martingale, and u(t,T)

is predictable and of finite variation, it follows that e2ðT2tÞu 2ðt;TÞ is the multiplicative

compensator of S2
t . In the terminology of [10], 2ðT 2 tÞu2ðt; TÞ is the exponential

compensator of 2 ln St, i.e. it is the (unique) predictable process of finite variation (in fact,

increasing process) in the multiplicative decomposition of the special semimartingale (in fact,

submartingale), S2
t [8,10].

The following result can be extracted from [8,9,10], but for convenience we include a

simple proof.

Lemma 2. Let X be a positive submartingale such that X and X2 remain strictly positive.

If L(X) is a special semimartingale and V denotes the (unique) predictable process of finite

variation in its canonical decomposition, then XEðVÞ21 is a local martingale. Furthermore,

E(V) is the unique predictable process of finite variation D satisfying D0 ¼ 1 such that

X ¼ LD where L is a local martingale.

K. Hamza and F.C. Klebaner100
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Proof. As a submartingale, X is special, and the uniqueness of the decomposition X ¼ LD is

given in [8], Corollary 3. Since EðVÞ21 is a predictable process of finite variation, the

integration by parts formula ([9], Theorem 2.53) yields,

dðXEðVÞ21Þt ¼ EðVÞ21
t dXt þ Xt2 dðEðVÞ21Þt:

Let M ¼ LðXÞ2 V . Then dXt ¼ Xt2 dLðXÞt ¼ Xt2 dMt þ Xt2 dVt is the canonical

decomposition of X, and, writing Ct for
P

s#tðDVsÞ
2=EðVÞs,

dðXEðVÞ21Þt ¼ EðVÞ21
t Xt2 dMt þ EðVÞ21

t Xt2 dVt þ Xt2 2
dVt

EðVÞt2
þ dCt

� �
¼ EðVÞ21

t Xt2 dMt þ Xt2 DðEðVÞ21Þt dVt þ dCt

� �
¼ EðVÞ21

t Xt2 dMt þ Xt2 2
DVt

EðVÞt
dVt þ dCt

� �
¼ EðVÞ21

t Xt2 dMt:

A

Proposition 2. Suppose that the Black–Scholes formula holds implicitly at T, that ST . 0,

and that u(t, T) is predictable and of finite variation. Then,

u2ðt; TÞ ¼
lnðEðVÞT Þ2 lnðEðVÞtÞ

T 2 t
¼

1

T 2 t
VT 2 Vt þ

X
t,s#T

½lnð1 þ DVsÞ2 DVs�

 !
ð7Þ

where V is the (additive) predictable compensator of the stochastic logarithm L(S 2).

In particular, if F0 is trivial, then ln (E(V)T) is non-random.

Proof. Since S is a non-negative martingale, S ; 0 on the stochastic interval [t, þ 1), where

t ¼ inf{t : St ¼ 0} [9]. The positivity of ST then guarantees that T , t, that S and S2 are

strictly positive on [0,T], and that 1/S2 is locally bounded [8,10]. This in turn implies that

1=S2
2 is also locally bounded and that L(S 2), as a stochastic integral of a locally bounded

predictable process with respect to a special semimartingale, is itself special ([9], Proposition

2.51). Applying the above lemma to X ¼ S 2 and using Proposition 1, we get the desired

result,

EðVÞ21
t ¼ EðVÞ21

T eðT2tÞu 2ðt;TÞ: A

Proof of Theorem 2. In the special case of a continuous S, Proposition 2 simplifies as follows:

dVt ¼ dkS; Slt=S2
t , E(V) ¼ eV and u2ðt; TÞ ¼ 1

T2t

Ð T
t
dkS; Slu=S2

u. Finally, if F0 is trivial, then

all F0-measurable functions are constants and Tu2ð0; TÞ ¼
Ð T

0
dkS; Slu=S2

u is non-

random. A

Proof of Theorem 3. Applying Theorem 2 to each T # T *, we get that the process

VT ¼
Ð T

0
dkS; Slt=S2

t , T # T *, is deterministic. But it is the quadratic variation U(t) of the

continuous local martingale L ¼ L(S). It follows ([12], Exercise V.1.14) that L is a Gaussian

martingale; and since it is a stochastic logarithm dSt ¼ StdLt, and (5) follows from (4).

Stochastics 101
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Finally, if u 2(0,T) is differentiable and non-decreasing, then UðTÞ ¼ Tu2ð0; TÞ is

differentiable and strictly increasing (recall that u 2(0,0) . 0) and the process

Wt U

ðt
0

1

U 0ðsÞ
dLs

is a continuous local martingale with kW ;Wlt ¼
Ð t

0
1=ðU 0ðsÞÞdUðsÞ ¼ t. By Lévy’s

characterization, W is a Brownian motion. Hence, dLt ¼ q (t)dWt where qðtÞ ¼
ffiffiffiffiffiffiffiffiffiffi
U 0ðtÞ

p
.

This in turn implies that, dSt ¼ q ðtÞStdWt, dUðtÞ ¼ q2ðtÞdt, and (6) follows. A
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