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Abstract. The paper studies a closed queueing network containing two types of node. The first type
(server station) is an infinite server queueing system, and the second type (client station) is a single server
queueing system with autonomous service, i.e. every client station serves customers (units) only at ran-
dom instants generated by strictly stationary and ergodic sequence of random variables. It is assumed
that there are r server stations. At the initial time moment all units are distributed in the server stations,
and the ith server station contains N; units, i = 1,2, ..., r, where all the values N; are large numbers
of the same order. The total number of client stations is equal to k. The expected times between depar-
tures in the client stations are small values of the order O(N _1) (N = Ny + Ny + --- + N;). After
service completion in the ith server station a unit is transmitted to the jth client station with probability
pi,j (G = 1,2,..., k), and being served in the jth client station the unit returns to the ith server station.
Under the assumption that only one of the client stations is a bottleneck node, i.e. the expected number
of arrivals per time unit to the node is greater than the expected number of departures from that node,
the paper derives the representation for non-stationary queue-length distributions in non-bottleneck client
stations.

Keywords: closed queueing network, autonomous service, multiple customer classes, bottleneck, stochas-
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AMS subject classification: 60K25, 60H30, 68M07, 90B18

1. Introduction
1.1. Description of the model and motivation

We consider a closed queueing network containing two types of node. The first type
(server station) is an infinite server queueing system with identical servers. There are
r server stations. The second type (client station) is a single server queueing system
with autonomous service, where customers (units) are served only at random instants
generated by strictly stationary and ergodic sequence of random variables.

Queueing systems with autonomous service were introduced and originally studied
by Borovkov [4,5]. Below we recall the definition of the version of queueing system
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with autonomous service in the case when both arrival of customers and their service are
ordinary (i.e. not batch), and all processes (arrival, departure, etc.) start at 0.

Let E(¢) and S(¢) be right continuous, having the left-limits, point processes, de-
fined for all > 0. Let E(¢) describe an arrival process, and let S(¢) describe a departure
process. We say that the service mechanism is autonomous if the queue-length process
Q(t) is defined by the equation

Q@) =E@) —fo {O(s—) > 0} dS(s),

where I(A) denotes an indicator of event A, and the integral is understood in the sense
of the Lebesgue—Stieltjes integral. For a more general definition of queueing systems
with autonomous service, when arrivals and departures occur by batches see [4,5].

Along with r server stations there are k client stations. The departure instants in
the jth client station (j = 1,2, ..., k) are denoted &; 1, §;1 + &; 2, ..., where as it was
mentioned above,

e cach sequence {§;1,&;, ...} forms a strictly stationary and ergodic sequence of ran-
dom variables.

The closed network contains N units. At the initial time moment they are dis-
tributed in the server stations, and the ith server station contains N; units (N; + N, +
-+ 4+ N, = N). The service time of each unit of the ith server station is exponen-
tially distributed random variable with the expectation A;. After a service completion
at the ith server station a unit is transmitted to the client station j with probability
pi.j =0, Zl;zl pi,j = 1, and then, after the service completion at the jth client station,
the unit returns to the ith server station. Thus, the model of the network considered here
is a model with multiple customer classes defined by r server and k client stations.

Denote A; ; = A;p; j and (u;N)~' = E&; ;. Then, the input rate to the jth client
station is

Zki,jNi,
i=1
and the traffic intensity
1 r
(N) = AiiN;.
o) =g > i

i=1

In the following it will be assumed that

e the series parameter N increases to infinity, and, as N — o0, each fraction N;/N
converges to some positive number ¢;.

Then client station j is called non-bottleneck station if, as N — o0, the limiting
value ¢; = limy_ o 0;(N) is less than 1. Otherwise, the jth client station is called
bottleneck station.

It is assumed in the paper that:
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Figure 1. Network with two server stations is decomposed into two subnetworks.

e the first k — 1 client stations are non-bottleneck stations, while the kth client station
is a bottleneck station.

It was assumed above that

e the probabilities p; ; satisfy the following two conditions: p; ; > 0 and Zl;zl Dij
=1

These two conditions define a general class of connections between the client and
server stations. For example, if p; ; = 0 for some indexes i, j, then there is no con-
nection between the ith server station and the jth client station. Keeping in mind that
according to the convention that the kth client station is a bottleneck station, the behav-
ior of queues in the non-bottleneck client stations essentially depends on topology of the
network, that is on existing connections between the server and client stations. In order
to clarify this, consider two different topologies of the network containing two server
and four client stations. These two topologies are shown in figures 1 and 2.

In the network described in figure 1 the probabilities p; 3, pi.4, p2.1 and p;, are
equal to 0, while the probabilities p; i, pi.2, p2.3 and p, 4 are positive. Then four client
stations are separated into two nonintersecting groups, and the network is decomposed
into two subnetworks forming the simplest tree.

Another example of the network is described in figure 2. In this network all the
probabilities p; ; are strictly positive, and then the network can not be decomposed into
subnetworks, and it forms a net.

Itis clear that the case of the network described in figure 1 is artificial rather than re-
alistic: the considered network is explicitly separated into two subnetworks. The analy-
sis of that network is reduced to the same analysis of the network with one server. One of
subnetwork has a bottleneck client station, other has non-bottleneck client stations only.
The analysis of the network with only one server station (hub) and a number of client
(satellite) stations has been done in [1], and earlier, in the case of Markovian network
in [16].
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Figure 2. The network topology where all client stations are connected with all server stations.

The network topology described in figure 2 is a topology where there are connec-
tions between all client stations and all server stations. The behavior of this network,
as N — o0, also has simple intuitive explanation and can be reduced to the case of the
network studied in the earlier paper of Abramov [1]. In the following we will return to
the explanation of that behavior.

Now, speaking about the general network topology it is worth noting the following.
The specific feature of the network, having a hub and several satellite stations, is that if
there is a bottleneck node, then the behavior of queues in all non-bottleneck stations
depends on the behavior of the queue in the bottleneck station. In the limiting case
as N — oo the dependence vanishes. However, the limiting non-stationary queue-
length distributions in all non-bottleneck satellite stations are dependent of time ¢ (see
[1]). The behavior of the network containing several server and client stations is more
complicated. For details see sections 1.3 and 1.4.

There is a large number of different applications for the queueing network with
two types of node described above. Below we provide one of the possible motivation as
a database distributed in r server stations. Then by unit we mean records of data or data
units that can be called by users from the client stations. The action of user is to call
and update a data unit. Being called by one client station the data unit becomes blocked
and not accessible from other ones. After completion of the processing of the data unit
the system unblocks it, and again the data unit becomes accessible for new actions.
Note, that our assumption that the service mechanism is autonomous is one of possible
generalizations of Markovian networks. Autonomous service mechanism is of interest
for technologies of computer systems, where from time to time the system automatically
looks up the queue in order to provide then the service for its units (messages, queries)
waiting for their processing.

1.2. The history of question and the goal of the paper

The history of subject is very rich. There is a large number of papers in the queueing
literature explicitly or implicitly related to the subject. A large number of papers study
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state-dependent and time-dependent queueing models, providing different approxima-
tions including diffusion and fluid approximations (e.g., [6—8,22,26-29,35-37] and oth-
ers). A state-dependent queueing model, where the arrival and service rates depend on
the current workload of the system, can be considered as a model for separated client sta-
tion of computer network. The detailed asymptotic analysis of such systems by analytic
methods is given in a number of papers of Knessl et al. [10-14], etc. A number of papers
study one server and one client stations only. Containing two types of node these system
are closer to the considered system. Such systems have been studied in [20,21,23] and
other papers. Different models, closed to the considered model, have been also studied
in [15,17,18,31,34] and others.

Nevertheless, speaking about the history of subject we restrict our attention only
with a small number of papers, having a close relation to the considered paper in some
aspects as description of model, main goal of research and mathematical methods. Only
the papers by Kogan and Liptser [16], Abramov [1,2] will be discussed here. These three
papers form a chronological chain of papers providing a comprehensive analysis of the
queueing networks with one server station (hub) and a number of client stations (satellite
nodes), where one of the satellite nodes is a bottleneck station. All these networks
depend on the large parameter N, the number of tasks in the server, and, as N — oo,
the papers study the limiting non-stationary queue-length distribution in non-bottleneck
satellite stations. The papers also provide the diffusion and fluid approximations (given
under appropriate assumptions) for the queue-length in the bottleneck satellite station.
The method of analysis in these papers is the theory of martingales, where in two of these
three papers [16] and [1], the dominated method is the stochastic calculus, while the main
method in [2] is the up- and down-crossings approach and the martingale techniques in
discrete time. The part of the paper of Abramov [2], related to the bottleneck analysis,
uses the stochastic calculus as well, but its application is related to the special examples
rather than to the theory. Below we briefly discuss the part of the results related to the
limiting non-stationary distributions in the non-bottleneck nodes.

Kogan and Liptser [16] study a closed Markovian queueing network with an
M /M /oo hub, a large number N of customers (tasks) which at the initial time moment
all distributed in the server, and k different M /M /1 satellite nodes, assuming that the
kth satellite node operates as a bottleneck node. It was shown that, as N — oo, the lim-
iting non-stationary queue-length distribution in the non-bottleneck node is a geometric
distribution with parameter depending on time.

Abramov [1] develops the model considered in the paper of Kogan and Liptser [16],
assuming that the service mechanism in satellite nodes is autonomous, and the sequence
of intervals between service completions there forms a strictly stationary and ergodic
sequence of random variables. It is established the expression, where the limiting non-
stationary queue-length distribution in non-bottleneck node in time ¢ is expressed via
limiting non-stationary queue-length distribution immediately before the last departure
of a unit before time . The obtained representation enables us to conclude that for any
time ¢ > O the queue-length in the bottleneck node has the same order as that in the
Markovian variant of network, having the same traffic intensities in the satellite nodes.
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Abramov [2] develops the Markovian model of Kogan and Liptser [16] as follows.
Whereas in the model of Kogan and Liptser [16] the hub is an infinite-server queueing
system, Abramov [2] studies the model where service times in the hub are generally
distributed random variables, depending on the number of customers (tasks) residing
there, but as in the model of Kogan and Liptser [16], the service times in the satel-
lite stations are assumed to be exponentially distributed as well. More precisely, it is
assumed the following: if immediately before a service of a sequential customer the
queue-length at the hub is equal to K < N, then the probability distribution function
is Gx(Kx), g,}l = fooox dGk(x) < oo and, as N — 00, the sequence of probabil-
ity distributions {Gy(x)} converges weakly to G(x) with g ! = foooxdG(x) < 00,
and G(04) = 0. Along with these assumptions it is required the stochastic order rela-
tions between two neighbor distribution functions Gx (Kx) and Gg1(Kx + x). It is
assumed that Gg(Kx) < Gg4+1(Kx + x) for all x > 0. The sense of this order rela-
tion is intuitively clear: a rate of service time at the hub increases, as a queue-length
increases there. Note, that this assumption is automatically implied in the special case of
Gi(x) = Gsr(x) = --- = Gy(x) = G(x) = 1 —e ¥, leading to the network considered
by Kogan and Liptser [16].

Studying a more general model than in the paper of Abramov [1], we are not going
to provide a comprehensive analysis of the network as it is done in the three above-
mentioned papers of Kogan and Liptser [16] and Abramov [1,2]. Namely, we are not
going to study diffusion and fluid approximations for a bottleneck node in the corre-
sponding cases of moderate and heavy usage regimes respectively (for the definition
see, e.g., [16]). The reason for this is the following. During the last decades the diffu-
sion and fluid approximations have been intensively studied in a large number of works
related to quite general class of stochastic models. Although, to our best knowledge, the
model considered here is not covered, the behavior of the bottleneck client station under
appropriate heavy traffic conditions remains the same as of the earlier models consid-
ered in the abovementioned papers. In other words, the behavior of the bottleneck client
station is expected to be described by the similar stochastic Itd equations as in the paper
of Kogan and Liptser [16] or Abramov [1]. In the analysis of the multi-server stochastic
network considered here, the new effects can be expected namely for the limiting non-
stationary queue-length distributions in the non-bottleneck stations, and therefore, it is
the main object for study of the present paper.

1.3. The main result and the special cases

Introduce the following notation, which will be used throughout the paper. The queue-
length process in the client station j (j = 1,2,..., k) will be denoted Q;(7). Each

queue-length process Q;() is a function of the set of parameters Ny, N,, ..., N,,
ie. Q) = Q;(t,Ni, N, ..., N,). To avoid the complicated notation, these pa-
rameters will be always omitted. Thus, writing limy_ P{Q;(f) = [} we mean

limy_o P{Q;(t, Ni, Nay...,N,) = [} or limy_,o P{Q;(t, N) = [}. (All the para-
meters N;j, j =1,2,...,r,depend on N, and, as N — o0, all them increase to infinity
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as well.) We hope that it does not cause a misunderstanding. The same note holds for
the other processes appearing in the paper.

The point processes S;(t), j = 1,2, ..., k, associated with the random sequences
{6j1,&j2, ...}, are defined as follows:

Sty => Yo, <1)
=1

where I(A) denotes the indicator of event A and

!
oj1 = Zéj,i, [ > 1.
i=1
For any ¢ > 0 introduce the process
§*(t) = inf{s > 0: S;(s) = S;(0)},

having a sense as the moment of the last jump of the point process S;(¢) before time 7.

Theorem 1.1. Under the assumptions of the paper for j = 1,2, ...,k — 1 and for any
t > 0 we have:

Jim P{O;[$7(N] =0} =1 p;(),

Jlim / pi@P{Q;(s) =1}ds = lim | P{Q;[Sj()] =1+1}ds, 1=0.1,...,
0

where

pj(f):Qj[l—CI(f) Z ﬂi,jﬂi,k:|,

iEIjﬂIk
1
q(t) = <1 - —)(1 — e oM, (1.1
Qk
Ao
ﬂi,j:+a i=1,2,...,r,

9j

and Z; is the set of indexes i = 1,2, ..., r, where 4; ; > 0.

Some special cases associated with theorem 1.1 are given below. For Markovian
network we have the following:

Corollary 1.2. If the point processes S;(t), j = 1,2, ..., k, all are mutually indepen-
dent Poisson processes, then forall j =1,2,...,k—1

lim P{O;() =1} = [1 - p;0][p,®] . =012,

where p;(¢) are given by (1.1).
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In the case when there is only one server station, we obtain theorem 3 of
Abramov [1].

Corollary 1.3 (Abramov [1]). Ifi = 1thenforall j =1,2,...,k—1and forany ¢ > 0

Jlim P{0,[5;(0] =0} = 1 - ;[1 - q(0].

lim i oi[1 —q®)]P{Q;(s) =1} ds

N—o0
t

= lim | P{Q,[Sj()]=1+1}ds, [=0,1,....

N—o0 0

The following two corollaries considers the cases when the bottleneck and non-
bottleneck client stations respectively have or does not have common server stations. In
the first case we have:

Corollary 1.4. Assume that the client stations j and k are connected with the common
server stations, i.e. both p; ; and p; ; are positive for the same set of indexes i. Then for
all j=1,2,...,k—1andforany t > 0

Jlim P{0,[5;(0] =0} = 1 - ;[1 - q(0].

lim i 0;[1 —q)]P{Q;(s) =1}ds

N—o0
t

= lim | P{Q,[Sj()]=1+1}ds, [=0.1,....

N—o0 0

In the second case we have:

Corollary 1.5. If for the client stations j and k there is no common server station, i.e.
the subset Z; N Zy = ¥, then forall j =1,2,...,k — 1 and for any t > 0

Nli_I)lgoP{Qj[S;f(t)] =0}=1-0,, (1.2)

t

. ! [ .
Nh—I};O/(; P{Q;(s) =1}ds = — lim [ P{Q,[S;(s)]=1+1}ds, [=0,1,..

Qj N=ee o (1.3)

i.e. limiting non-stationary queue-length distribution in that client station is independent
of time, and therefore it coincides with the limiting stationary queue-length distribution.

Finally, we have:

Corollary 1.6. If g, = 1, then the limiting non-stationary queue-length distribution in
all client stations j, 1 < j < k — 1, is independent of time and given by (1.2) and (1.3).
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Figure 3. A network with one server station and four client stations.

1.4. Discussion of the main result on simple examples

To discuss the main result of the paper and the corollaries we give a number of sim-
ple examples of network topologies of the network containing two server stations and
four client stations. The two simple examples for topologies of that network have been
considered above in figures 1 and 2. The case of the network topology in figure 1 is in-
tuitively clear and can be described without any analysis by applying the known results
on the network with one server station.

Let us consider the network topology in figure 2. There are four client and two
server stations, and the fourth client station is a bottleneck node. The two server stations
of that network are common for all client stations. Therefore, according to corollary 1.4,
the limiting non-stationary queue-length distribution of the non-bottleneck client station
is as in the network with a single server station, illustrated in figure 3.

Thus, we join two server stations to one common server station, assuming that
the traffic parameters in the both networks are equivalent. The intuitive explanation
of this case is the following. As N large, all outputs from server stations are close to
Poisson processes. The joining of the processes outgoing from the server stations is
close to Poisson process as well. Next, the input processes to the client stations are
the thinning of the processes outgoing from the server stations, and they are also close
to the corresponding Poisson processes. Again, the joining of these thinning processes
corresponding to the server stations leads to the processes closed to Poissonian.

Let us now consider a new network topologies of two server and four client stations,
as it is shown in figure 4. Both the first and second server stations have connection with
three client stations. The server station 1 is not connected with a bottleneck node. One
of connections of the server station 2 is the bottleneck client station. (According to
convention we always assume that the bottleneck node is the client station 4.)

Then, according to corollary 1.5, the limiting non-stationary queue-length distri-
bution in the client station 2 is independent of time for any ¢ > 0 and coincides with
the limiting stationary queue-length distribution as ¢+ — oo. The client stations 1 and 3
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Figure 4. Every of server stations is connected with three client stations only.
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Figure 5. An example of network that can not be decomposed to simple subnetworks.

depend on bottleneck station 4. There is only one server station connected with this
bottleneck station, and the client stations 1, 3 and 4 are connected with the common
server station 2. Therefore, the subnetwork consisting of the server station 2 and the
client stations 1, 3 and 4 can be considered as a network with a single server station and
three client stations, and the limiting non-stationary queue-length distribution can be cal-
culated by corollary 1.4. The intuitive explanation for the case of the abovementioned
subnetwork of the server station 2 and the client stations 1, 3 and 4 is not the same as in
the case of the network in figure 2, since input rate to the client stations 1 and 3 includes
both streams from the server stations 1 and 2 while the input stream to the client station 4
arrives from the server station 2 only.

Our last example is the case, where the network can not be reduced to the more
simple cases as it was above. Let us consider the network in figure 5.

The bottleneck node, the client station 4, receives units from the both server sta-
tions. Every of client stations is connected only with one server station. Therefore,
neither corollary 1.4 nor corollary 1.5 can be applied. Then, as N — oo, the limiting
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non-stationary queue-length distributions for the client stations 1, 2 and 3 are determined
from the main result, theorem 1.1.

1.5. The structure of the paper

The paper is structured into 5 sections. Section 1 is an introduction, where description
of the model, review of the literature, motivation, main result and its discussion are
provided. Section 2 derives the equations for the queue-length processes in the client
sections and reduces the problem to the Skorokhod reflection principle. Section 3 studies
asymptotic properties of the normalized queue-length processes in the client stations. It
deduces a system of equations of the normalized queue-lengths, permitting us to describe
a dynamics of the normalized queue-lengths in the client stations. Section 4 proves the
stability of the queue-length process in non-bottleneck client stations, i.e. existence
of functionals associated with the limiting non-stationary queue-length distributions in
those client stations. The main result of this work is proved in section 5.

2.  Queue-length processes in the client stations and reduction to the Skorokhod
problem

Consider the client station j, j = 1,2, ..., k. Recall that Q;(7) denote a queue-length
at time 7. According to the convention, Q;(0) = 0, and for positive time instant r > 0
we have:

Qi) =A;@)— D), 2.1

where A (t) is the arrival process to client station j and D;(t) is the departure process
from client station j.
The departure process is described by the equation

Dj(t):/o I{Qj(s—)>0}de(s):Sj(t)—/o {Q;(s—) =0}dS;(s), (2.2)

where the point process S;(#) was defined above in section 1.4.
The description of the arrival process A;(t) is the following. Let Z; be the set of

indexes i where A; ; > 0, i = 1,2,...,r (see also section 1.4). Then we have the
representation
Aj) =) A (), 2.3)
iEIj

where A; ; (1) denotes the arrival process from the server station i to the client station j.

To define the explicit representations for the processes A; ;(¢) let us introduce the
following notation. Let J; be the set of indexes j where A; ; > 0, and let Q; ;(¢) denote
the number of units in the queue at the jth client station arriving from the ith server
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station. Introduce also {7; ; , (1)}, v =1,2,..., N;, a collection of independent Poisson
processes with rate A, ;. Then we have

r Ni
Aij(t) = / ZI{N,» =Y Qus—) > u} dr; ;. (5), (2.4)
0 v=1

leTJ;

and

Qi)=Y 0. 2.5)

i€Z;
From (2.1), (2.2) we have the following representation for the queue-length process
Q;®)
Qi) =A;(t) = S;(t) + /OII{Q]-(S—) = 0} ds;(), (2.6)
which implies that Q ;(#) is the normal reflection of the process
Xit)=A;t)—=S8;1), X;0)=0 2.7

at zero. More accurately, Q;() is a non-negative solution of the Skorokhod problem
(e.g., [3,32,33]) of the normal reflection of the process X ;(¢) at zero (for the detailed
arguments see [16]). According to Skorokhod problem

t
@; (1) :/ {Q;(s—) =0}dS;(s) = — inf X;(s). (2.8)
0 5SS
In the following we will use the notation

v (X) =— iréfX(s) 2.9)

for any cadlag function X (¢), ¢ > 0, with X (0) = 0. Then we have

Qi) =X;) +V¥,(X)). (2.10)
We will use also the notation

D (X)= X))+ V¥ (X) (2.11)

for any cadldg function X(¢), + > 0, with X(0) = 0. Then (2.11) is rewritten as
Q;@) = d,(X)).

Take into account that the processes A; ;(t), S;(t), j = 1,2,...,k, i € I;, all
are the semimartingales adapted with respect to filtration J; given on stochastic ba-
sis {2, F,F = (F;):>0, P}. In the following the compensators of these processes are
pointed out by hat. For example, :S’\j(t) is a compensator corresponding to the semi-
martingale S;(z) in the Doob-Meyer decomposition (i.e. S;(r) = S;() + Ms,(1)).
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Taking into account that the processes S;(¢) — :S’\j(t), A; (1) — ;\\,J ®,j=12,...,k,
i € 1;, all are the local square integrable martingales (see [24, chapter 18]) we obtain

X;(t) = A;(t) — §;(t) + M; (1), (2.12)
where
Aj0)y =" A (2.13)
iEIj
(see (2.3)), and
M) =[A;(0) — A;(0] = [S;() = S;(0)] (2.14)
is a local square integrable martingale. In addition to (2.12)
Aij(0) = / )w,j{Ni - Z Qi,l(s)} ds (2.15)
0 leT;

(for details see [9; 25, theorem 1.6.1]). Introduce the random function g; ;(#), the in-
stantaneous rate of units arriving from the server station i to the client station j in time
t>0
E{A; j(t) — Aij(t = A) | Ni = 317 Qia(0)}

A

AL () — At —A)
= lim, A = hij | Vi — IXJ: 0L, (216
€Ji

g, (1) = iiglo

coinciding with the integrand of (2.15). Then, the sense of
&)

is the fraction of the instantaneous rate of units arriving from the server station i to the
client station j in time ¢ with respect to the instantaneous rate of units arriving to the
client station j in time ¢.

For small A andt — A > 0 let

(2.17)

M; (1) — M j(t — A) = %[Aj(z) —Aj(t—A) = A1)+ At — A)]
- %[Sj(t) —S;(t—A) = S;(1) +S;t — A
(2.18)
Then
M (1) = 819 g s) (2.19)

0 Zzez_, g1,j(s)
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is a local square integrable martingale. It is readily seen from (2.19) that

(t)_Zf Zgl](S) de(S)
1

leI i€l; €I 8 ](S)

— Z _ &) dM;(s) = M;(1). (2.20)

0 jez; ZZGIJ 815 (8)

3. Asymptotic properties of normalized queue-length in client stations

Forj=1,2,...,k,let

1
q;(t) = ﬁQj(t) (3.1
denote the normalized queue-length process, and let
1
xi(t) = ﬁXj(t) (3.2)

denote the associated normalization of the process X (). From (2.12) we have

1 ~ 1~
xi(t) = NAj(t)—NSj(t)+mj(t), 3.3)
where
1
m](t): NM](t) (34)
is a local square integrable martingale. From (3.1)—(3.4) we obtain the equation
1 ~ 1~
qit) = —=A;t) — =S;@) +m;(t) + ¥ (x;). 3.5)
N N
Following (2.11), equation (3.5) can be rewritten in the other form
q;(t) = @, (x;). (3.6)
Going back to relation (2.5) we can also write
q;i(t) =Y qij®), i=12...r 3.7)
i€Z;
where
1
qi.j () = NQi,j(t)- (3.8)

In the following we will use the formalization

gi;(t) = D(x)), (3.9)
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giving us
D (x;) = Y ®j(x)). (3.10)
iEIj

Next, let us introduce the normalized process

L[ i) " Lo i) =
xjt)=— | =—————dA;(s) — — | =————dS;(s) +m, (), (3.11)
! N Jo ZZeI_, 81.j(5) ’ N Jo Zzg_, 81,j(s) ! !
where
1
mi (1) = - M j (@). (3.12)
Relations (3.11), (2.15) and (2.17) yield
L[ L g
xi (1) = —/ ki,‘{Ni - Q. (S)} ds — — | ==L——dS;(s) +m; ().
! N Jo ,EXJ: Z NJo Yiez, 8156 !
(3.13)
Taking the sum over i in (3.13) we obtain
1 [ 1 ~
Xj(l) = N/ Z)\i’j{Nl‘ — Z Ql-’l(s)} ds — NS](t) +mj(t). (314)
0

ie€Z; leJ

Let us now study the solution of equation (3.14) as N — oo. Notice first that
N S
(P-lim denotes the limit in probability.) This limiting relation is proved in [1, p. 30-31].
Here we briefly recall the main steps of that proof.
We have
1~ 1~ 1
ﬁSj(t) = N[Sj(t) — Sj(t)] + NS]'(I) =11 (N) + I,(N). (3.16)

The first term of the right-hand side /,(/N) is a local square integrable martingale. As
N — oo this term vanishes in probability. The proof of that is established by application
of the Lenglart—Rebolledo inequality (see also [19]). In view of (3.16) this means

1 ~
P- lim —S;() =P- lim I,(N). (3.17)
N—oo N N—oo
Hence, (3.15) will be proved if we prove that
o1
}P’Nh_r)réo st(t) = [;t. (3.18)

Limiting relation (3.18) in turn follows by application of the following lemma of
Krichagina et al. [20].
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Lemma 3.1. Let AY = (AY),>9, N > 1, be a sequence of increasing right continuous
random processes with A) = 0. Let

BN :inf{s: Aﬁ,v > t}, t >0,

t

where inf(J) = oo. If, for every ¢ taken from dense set S C Ry, 8" — atas N - o0
(a > 0), then, as N — oo,

in probability for each T > 0.

Note that analogously to (3.17) and (3.18) we have

) 1 ~ . 1
IP’-Nh_r}éo NAi’j(t) = P}\}l_r)rgo NAi’j(t)’ (3.19)
and therefore
1 ~ 1
P- Nh_I)I;O NA (1) =P- hm —A i(@). (3.20)

Next, applying the Lenglart—-Rebolledo inequality, for any positive § we obtain

IP{ sup |m; ()| > 3}

0<s <t

gP{ sup [[A;(s) + S;9)] — [A;(5) + 5;(9)]| > 3N}

0<s <t
&
<5 +P{A;(1) +5;(1) > eN?}
< ;—2 + IP{?,-(;) >eN? =1 A N } (3.21)
iEIj

and because of arbitrariness of ¢ > 0, m(¢) vanishes in probability as N — 0o. Analo-
gously, it is not difficult to conclude that, as N — 00, also m; ;(¢) vanishes in probabil-

ity.
Next, let
P- lim x;(t) = x;f(t), (3.22)
N—o0
and
P- Nh_I)I;O x;, () = x;fj (). (3.23)

Then we have

x;fj(t)_/ [ =Dk AEH ] —P- 12201\7/ Zg”() dS;(s), (3.24)

leT; lEI glJ(S)
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and taking the sum over i in view of (3.15) we obtain
t
x;‘(t):/ Z)Ll][al—zcbg(x,*)} dS—f—th. (325)
0 iEI/ IE$

The solution of system (3.24), (3.25) is unique since because of the Lipschitz conditions

sup [®,(X) — &, (V)| < 2sup|X, — VI, (3.26)
t<T t<T
and
sup | @} (X) — @[ (¥)| < 2sup |[®,(X) — &,(Y)| < 4sup|X, — Vil. (3.27)
t<T t<T t<T

For the proof of Lipschitz condition (3.26) see [16]. In turn, the proof of (3.27) follows
easily from (3.10) and the triangle inequality.

Before solving the system (3.24) and (3.25) let us first establish some properties of
these equations. From (3.25) we obtain

! 1 :
xj(t):/ Qj:uj|:1_ ZZ)\,"]'CD;(X[*)]dS—FMjl
0 .

Q]M] iEIj IE$

t
<f OjlL; [1 —ZCDS(X,*):| ds + ;. (3.28)
0 1eJ;

Let us now consider the system of equations

p k
Xi(t) = / quj|:1 - ZCDS()E,*)j| ds +pjt, j=1,2,...,k. (3.29)
0 1=1
The unique solution of the system (3.29) is

) =q@) = (1 - i) (1 — eoumr), (3.30)

t
ﬁm=@mrwm—&w/q®®,j=Llnk—L (3.31)
0

Then considering the sequence of processes X;(t) = X;(N, t) satisfying the system of
equation

) L[ Lo 1~
xj(t):N/(; 0l 1—§q>t(x,) ds — ;0 +m; (@), (3.32)

one can conclude the following. First,

X)) <E(0, j=1,2,....k (3.33)
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where x;(¢) are given by (3.14) (see arguments in (3.28)). Second, following Abramov
[1, lemma 2], for any fixed > 0 and ¢ > 0 we have

lim Plsup |%(5) — & 9)] > 6] =0, j=1,2,....k (3.34)
N—o00 s<t
From (3.34) and Lipschitz condition (3.26) we obtain
lim P{supCIDS()Ej)>8}:O, i=1,2. . k=1, (3.35)
N—o0 s<t
and
lim Pfsup |0, (%) - F(s)| > e} =o0. (3.36)
N—o00 s<t

It follows from (3.35) and (3.36) that
Q) =0, j=12,....,k—1, (3.37)
and
P, (%) = q(1), (3.38)

where ¢ (¢) is defined above in (3.30) and in section 1.4. Then, from Lipschitz condi-
tion (3.27) applied to (3.25), along with (3.37) and (3.38) we obtain

d)t(xjf):O, j=12,...,k—1, (3.39)
and
D, (x;) = q(@). (3.40)

Substituting (3.39) for (3.24) and (3.25) we now have the following system (j =
1,2,....ki=1,2,...,r)

' : 1 gii(s) &
xF (@)= | rijlog — PL(x))|ds — P- lim — —20 " d4S.(s), (3.41
i (0 /0 gl (0] VN Sy Tz 0, j(s), 3.41)
t
Xi(1) = / D il — QL) ] ds — . (3.42)
0 iEIj
Let us now find the term
1 i -
P-gim ~ [ <8945 () (3.43)
N=oo N Jo Y ez, 815 (S)
of 3.41) (j = 1,2, ..., k). For this purpose let us find
P- fim — 54 (3.44)

N—o0 Z[te gl,j (t) ‘
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From the initial condition
1
P- lim —g;x(0) = A;xe;,
i, 8k 0) = A

and (3.39), (3.40) we have
1
P- lim — Y gi(t) = o[l — q(0)].

N—ooco N
i€Zy

Then from (3.45) and (3.46) we obtain
. 1
IP- Nh—I>I<1>o Ngi,k () = ki,kdi[l - q(t)],

together with

P Aj kOl . Aj kOl
D (xp) = Dy (xp) = q ().
Qk
Thus, forany ¢ > 0
i,j( Ak
P- Jim S0 _ A

9

N—o0 ZZGI_, g, o
and for the term of (3.43) under j = k we have

1 i -~ )Mi i

Pogim — [ SO g3 =
N=oo N Jo Y ez, 81k(5) Ok
In the following we will use the notation
Ai O .
ﬁi,j:+a _]:1,2,...,k
9j

(see also section 1.4), and then limiting relation (3.50) is rewritten as

1 i
P- lim — 8:4(5)

= dS;(s) = B,
Nooo N o Xier, g1als)

Now, let us consider the case j # k. Then we have the initial condition
o1
[P- Nh_Er;o Ngi,j(o) = A jQi,
and

P'Nli_f)go % Zgi,j(f) = Z)\i,jai —[1-4q)] Z)\i,jai-

i€l; ieZ; i€y

From (3.53) and (3.54) we obtain

. 1
P_Nh_{%o Ngi,j(t) = rijei{l — L ;[1—q®]},

63

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)
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where I; ; = 1ifi € Z; N1, and I; ; = 0 otherwise. Thus, for any r > 0
P- lim g (@) Ajo{l =1 (1 —q(0)]}
N=eo ez 8150 Ve, Mgl = D[ — (O}
and for the term of (3.43) for j = 1,2, ...,k — 1 we obtain

t

(3.56)

.1 &ij(s)

P- lim — Y
NS N 2tez; 81,7 ()
— P- lim L ljal{l [ _Q(S)]}

N—oo N ZZGI Al ]Ofl{l I ;[1 —q(s)]}
l]al{l 1][1—61(f)]}
ez, M jeatl = 111 — g0}

Y N B N A L el I LR (O)) }}
/0 o [Zzef_,)‘l,jal{l—lz,j[l—q(S)]}

_ M'{l Aijai{l = 1; j[1 —q ()]}
2 ez, Mjeufl — 1 ;11— q(O]}
—ftsd|: Aijjai{l —1; ;[1 — q(s)]} j|}
0 ZZEI_, Ajo{l =1 ;[1 —q(s)]}
Lol =L —q()1}
0 ez, Mjeu{l = I [T — g ()]}
In view of (3.52), (3.57) and (3.48), (3.51) system of equations (3.41) is rewritten

ds;(s)

t

dS;(s)

. 1

= (3.57)

as

xi (1) = / Mik[oi — Bixg(®)]ds — Bixpt, (3.58)
0

! l]al{l l][l - Q(S)]}
0 ez, Mjeufl = I [l = q(9)]}

’

0= [l = fuaao] o

j=12,...,k—1. (3.59)
From (3.42), (3.58) and (3.59) we obtain the following solution:
x5 () =Bixq (1), (3.60)

=i, Aijeifl = 111 — g ()]}
x; () jout — u,/ ZleI T LT — g0

— Aijoi Bk fq(s)ds, j=12,...,k—1. (3.61)
0

ds

From (3.60) and (3.61) we obtain the final solution of the system:
xp (1) = q(), (3.62)
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and

t
5O =@y == Y b [ q©ds, =120 k1,
0

iEIj NZy

Our next step is to prove the following:

Lemma 3.2. For any fixed¢ > Oand ¢ > 0

lim Pfsup |x;(s) —xi@)] > e =0, j=1.2,....k
N—o00 s<t

65

(3.63)

Proof. 'To prove this lemma only we have to show that the quadratic characteristics of
the square integrable local martingales m (), j = 1,2, ..., k, vanishes in probability,

i.e. forevery ¢ > 0

hmIP’{( i = e}:O, j=12,...,k

N—o00

(see [16, lemma 6.1] and [1, lemma 2]). Since

(M) < Aj(0) +8;(0) <t Y hiNi + S50,
iEIj

then taking into account (3.15) and

tz:” Sm

N;
i€l;

we obtain the desired statement of lemma 3.2. The lemma is proved.
Applying Liptschitz conditions (3.26), (3.27), for any ¢ > 0 we have

hmphw%u) }:Q i=1,2 . k=1,

N—o0 s<t
and

hm ]P’{sup ‘qk(s) — X (s)| } =0.

s<t

4. A stability of the queue-length processes in the client stations

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

Now, let us study a question on stability, i.e. existence of the limiting generalized func-

tions of the non-stationary probabilities

t

lim | P{Q;(s)=1I}ds, 1=0,1,...,

N—oo Jg

4.1
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for all + > O at the client stations j = 1,2, ...,k — 1, satisfying

lim Z/ P{Q;(s) =1}ds =1.
—>ool:O 0

The existence of the limiting generalized functions does not mean existence of the
limiting non-stationary probabilities

Jim P{Q;(s) =1}, 1=0,1,.... (4.2)

The proof of the lemma below is based on the same idea that the corresponding
proof in [1] and partially repeats that proof. However, there is a place in the proof of
stability in [1] that should be reconsidered and improved, and the proof given below is
doing that. Furthermore, the fact, that there are several server stations with different
behavior of the queue-lengths, adds a number of significant features as well.

Lemma 4.1. Under the assumptions given in the paper forall j = 1,2, ...,k — 1 there
exist the stationary queue-length processes Q%(¢), j = 1,2,...,k — 1, satisfying the
inequalities

liminfP{Q;(r) =1} <P{Qj(1) =1} < lilf[rl_)solipP{Qj(t) =1}, 1=0,1,....

Proof.  To prove this lemma let us denote the queue-length process in the server station i
by X; (7). As earlier, J; denote a set of indexes j where A; ; > 0. We have

D) =N —) Qu®, i=12...r 4.3)
leJ;
Normalization of (4.3) yields

1 .
nggoﬁzi(t)=ai—§qi,l(t), i=1,2....r (4.4)
eJi

Then, according to (3.67), (3.68) and (3.62), (3.63) we have the following two types of
nodes. If i does not belong to Z; then

. 1
IP- Nh—I};o NZ,- (1) =, 4.5)
for any ¢ > 0, otherwise, if i € Z; then forallr > 0
1
P- lim —X;(t) < ;. (4.6)
N—o0 N

More exactly, in the last case

P- lim %Ei(t) = a;[1 — q(0)Bix]. (4.7)

N—o0
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The relation (4.4) means that

1
i —Y(s) <l = P —
Nh_I)lgoP{ig)NEl(s) \a,} 1, i=12,...,r 4.8)
Prove that
P{]}Ln;oiig[Aj(s)—sj(s)] <oof=1, j=12.. k-1 @9

Indeed, it follows from (4.8) that A;(r) < m;(t) where 7;(¢) is a Poisson process with
parameter Zid/_ Ai jN; given on the same probability space as the process A; (). There-
fore the problem is reduced to prove

Py lim sup|7i(s) — S;(s)| <ooy =1, j=1,2,...,k—1. (4.10)
{ P[J j ] }

N—oo s gt
Obviously, that P-a.s.

. omi(t) = S;() .
J&T_QJMJ_MJ < 1. (4.11)

Therefore,
li (=S =- 4.12
Jlim [7;(t) — S;(1)] = —o0, (4.12)
and 54.10), (4.9) follow by the fact that both 77 () and S; () are cddlag functions. Next,

let Q;(¢t) = m;(t)—D;(t) where D;(t) is a function defined in (2.1) and (2.3). According
to the Skorokhod reflection principle

0;(t) =m;@t) — S;(t) —SiI<1€[7Tj(t) - S;0]. (4.13)

Because of the strict stationarity and ergodicity of increments of the process () —
S;(t), from (4.13) we obtain

0;(1) = sup (1) = S;(®) — (7;(5) = S;(5))]. (4.14)
and, in addition,
sup [(7, ) = $;®) — (mj(s) — ;)] £ sup [7;(s) = S;(9)]. (4.15)
Thus we have
0,1 = sup [7,(5) = S;(5)]- (4.16)

Taking into account that A;(¢) < m;(z) we obtain

liminfP{Q;(1) =1} > P{3;() =1} = lim Plsup [7;5) = ;0] =1} @.17)

N—o0 s<t
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Next, let us introduce a Poisson process IT;(z) with parameter

D ki iNi[1 = Big®)]. (4.18)
i€z
Assuming that both processes A;(z) and IT;(z) are given on the same probability space
we have A;(z) > I1;(z) for all z > 0, and because of

D ki iNi[1 = Bixg(D] < (4.19)

lEIj

then analogously to (4.17) we have the following

N—o0

limsup P{Q; (1) =1} < Nhféop{i‘;‘,’ [M56) = 8;9)] =1} (4.20)

Inequalities (4.17) and (4.20) together with the results of convergence in probability (see
(3.67), (3.68) and lemma 3.2) allow us to conclude that there exists a stationary process
Q;‘.(t), and for some a(¢), 0 < a(r) < 1, we have

P{Q5(t) =1} = a(t) 1}@;@{ Q;(1) =1} +[1 —a()] li;,n_)solip P{Q;(t) =1}, (4.21)
and the lemma is therefore proved. g

Notice, that existence of some stationary process Q;f(t) does not mean that there
exist limiting non-stationary queue-length distributions (4.2). However, then there ex-
ists the limiting generalized queue-length distributions (4.1). Notice also that in the
case when S;(r), j = 1,2,..., k, are Poisson processes, the limiting non-stationary
queue-length distributions (4.2) do exist and coincide with the distribution of the proces-
ses Q7 (1). The existence of limiting non-stationary distributions in the last case follows
from the Chapman—Kolmogorov equations, which can be written in explicit form.

5. The proof of the main result and special cases

We start from the proof of the main result.

Proof of theorem 1.1. The proof of this theorem is analogous to the corresponding proof
of [1, theorem 3]. Therefore we pay more attention to the new features where detailed
explanation is necessary.

First, we have the representation:

. 1 ' : ' .
Jlim_ ujNE/o I{Q,-(s—):l}dsj(s)legréO/O P{Q;[S;()] =1}ds,
1=0,1,..., G.D

where Sj (s) is introduced in section 1.4. (For the proof of (5.1) see appendix A.)
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Then, introducing
Ay =infls > 0: Aj(9) = A0}, j=1.2,.... k=1, (5.2)

we have the representation analogous to (5.1)

nglgozld PR / {0;(s—) =1}dA;(s) = 11111/ {0;[A5)] =1}ds

1=0,1,.... (5.3)

(The proof of (5.3) is completely analogous to the proof of (5.1) given in appendix A.)
Next, foralll = 1,2,...; j =1,2,...,k —1and ¢t > 0 we have the relation
connecting the number of up- and down-crossings:

Aj(1) Sj)
Y Qi) =11} =) 1Q;(0;.—) =1} +1{Q;(1) > 1}, (5.4)
u=1

u=1

where 7; 1, 7; 2, ... are the moments of arrival to node j, and 0}, 0, ... are the mo-
ments of departure from node j.
It follows from (5.1), (5.3) and (5.4) that

t

1 !
lim N/ H{Q;(s—) =1—1}dA;(s) = Jim {Q,~(s—)=l}de(s),
0

N—oo oo N
[=1,2,.... (5.5

Taking into account (3.20) the left-hand side of (5.5) can be rewritten as

t t
Jim_ —E/ {Q;(s—) =1—1}dA;(s) = Tim %E/O H{Q;(s—) =1—1}dA;(s).
(5.6)
(The technical details of the proof of that see in appendix B.)
From (2.13), (2.15) and asymptotic results of section 3 (see (3.39), (3.40) and
(3.48) together with notation (3.51)) we obtain

P .
P']\,ll_fgoﬁAj(f):Qij[l—Q(t) M ﬂ,»,,ﬂ,»,k], =12 k=1 (57

iEI_/ﬂIk

Therefore, substituting (5.7) for (5.6) we obtain

N—o0

=Q,~u,/0 P{Qj(s>=1—1}[1—q(s> > ﬂi,jﬂi,k}ds. (5.8)

iEIjﬂIk

lim i/ {Q;(s—) =1—1}dA;(s)
N Jo
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In turn, substituting (5.8) for (5.6) and (5.5) we obtain

N—o0

N
lim N/o {Q;(s—) =1}dS;(s)
zgjuj/ P{Qj(s):l_l}[l_Q(S) > ﬂi,jﬂi,k:|ds- (5.9)
0 ieT;NT;

Then, keeping in mind (5.1) proves the theorem. The theorem is proved. U
Let us now prove the special cases of this theorem.

Proof of corollary 1.2. Notice that

.1 ' .1 ' s
Jlim_ NIE/(; {Q;(s—) =1}dS;(s) = Tim_ NE/O {Q;(s—) =1}dS;(s),
[1=0,1,.... (5.10)
(For the proof see appendix B by replacing there the processes A () and A (1) with the

corresponding processes S;(f) and S;(¢).) Then limiting relation (5.1) can be rewritten
as

lim MjNE/O I{Qj(s—):l}d:S’\j(s):nglgO/O P{O,[Si(s)] =1} ds,
[=0,1,.... (5.11)

According to assumption S;(¢) is the Poisson process with rate p; N, and therefore,
Sj(t) = pujNt. Then, from (5.11) we obtain

Jim P{O;[S;(0] =1} = lim P{Q;(t) =1}, 1=0,1,..., (5.12)
and the result follows. O

Proof of corollary 1.3. Indeed, in this case By ; = B = 1 forall j =1,2,...,k -1,
and the result follows from theorem 1.1. Il

Proof of corollary 1.4. Indeed, in this case both B;; and B; ; are positive for the same
set of indexes i and therefore

Z BixBij =1, (5.13)

iGIjﬂIk
and the result follows. O
Proof of corollary 1.5. The proof follows immediately from theorem 1.1. U

Proof of corollary 1.6. Indeed, when g, = 1 we obtain ¢g(¢) = 0, and the result follows
from theorem 1.1. O
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Appendix A

Proof of relation (5.1). Take a small interval i/ = (u, u + du]. Denote

ny=min{n: o;, € U},

n, =max{n: o;, € U},
where the notation for o}, is given in section 1.4. Recall that o;, = > ;_, &;;, where
{&,i}i>1 are the increments associated with the point process S;(z). Then, according to

lemma 3.1 we obtain that N‘l[Sj(u +du) — §;(u)] £ wjdu.

Let us now apply the Cesaro theorem (e.g., [30]): if a sequence {a,} converges
to S, then also a sequence Sy = N~! ZIN: | a; converges to S. Applying this result and
the Lebesgue theorem on dominated convergence we obtain:

Jim P{Q;(S"(u + du) = 1)}
1 -

=P a5 2 e =)

i:nl

) 1 =2
= ym, MdeuEi;P{Qf(Gf”'_)zl}
o
:NlT},o u;Nd ang i;:lP{Qj(aj»i_) :l} | ny = ag, ny :062}

xP{n) = ay,ny = as}

1 e
= NN 2 B2 10, =1} "”z"“’m:az}

a1 <o i=aj

xP{n) = a1, ny = ay}

. 1 <
l=nj
L im #E(I{Qj(u*—) =1}[S;u+du) — S;w)]),
du N—oo I,L]N
where u* € U{. Relation (5.1) follows. O

Appendix B

Proof of relation (5.6). Rewrite the left-hand side of (5.6) as

lim lEf H{Q;(s—) =1—1}dA;(s)
N Jo

N—o0
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= lim iE/ 1Q;(s—) =1—1}dA;(s)
0

N—ooo N
1 ! -
+ lim —E/ HQ,(s—) =1—1}d[A;(s) — A;(9)]. (B.1)
N—ooo N 0
It follows from (3.20) that, as N — o0, the term
N[Aj(t) —A;(0] (B.2)

vanishes in probability, and also

<[E(A;0 - A;0)]. (B3

IE/O Q) =1—1}d[A;(s) — A;()]

Therefore, as N — oo, from (B.2), (B.3) and the Lebesgue theorem on dominated
convergence we obtain

. 1 ! ~
Jim. ﬁE/o {Q;(s—) =1—1}d[4;(s) — 4;(5)] =0,

and (5.6) follows. O
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