
Queueing Systems 35 (2000) 23–54 23

A large closed queueing network with autonomous service
and bottleneck

Vyacheslav M. Abramov

26/7 Rambam St., Petach Tiqwa 49542, Israel
E-mail: vyachesl@inter.net.il

Received 2 October 1998; revised 28 September 1999

This paper studies the queue-length process in a closed Jackson-type queueing network
with the large number N of homogeneous customers by methods of the theory of martingales
and by the up- and down-crossing method. The network considered here consists of a central
node (hub), being an infinite-server queueing system with exponentially distributed service
times, and k single-server satellite stations (nodes) with generally distributed service times
with rates depending on the value N . The service mechanism of these k satellite stations is
autonomous, i.e., every satellite server j serves the customers only at random instants that
form a strictly stationary and ergodic sequence of random variables. Assuming that the first
k − 1 satellite stations operate in light usage regime the paper considers the cases where
the kth satellite station is a bottleneck node. The approach of the paper is based both on
development of the method from the paper by Kogan and Liptser [16], where a Markovian
version of this model has been studied, and on development of the up- and down-crossing
method.

Keywords: closed queueing network, autonomous service, bottleneck, martingales and semi-
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1. Introduction

Consider a closed Jackson-type Markovian network consisting of N homogeneous
customers with the following structure. There are a central node (hub), being an infinite
server queueing system with identical servers numbered by 0, and k satellite nodes,
being single-server stations numbered by 1, 2, . . . , k. At the initial time moment all
customers are assumed to be at the hub. After service completion at the hub, a
customer visits satellite node j with probability pj (

∑k
j=1 pj = 1). Being served at the

satellite node customers return to the hub. A service time at the hub is exponentially
distributed random variable with the expectation λ−1 for each customer and a service
time at satellite node j is exponentially distributed with the expectation (µjN )−1.

Let QNj (t), j = 1, 2, . . . , k, denote a queue-length at time t at satellile node j,
and QN0 (t) denote a queue-length at the hub. According to convention, QNj (0) = 0,
1 6 j 6 k, and QN0 (0) = N .
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We say that a satellite node j is a bottleneck node if µj 6 λj . Otherwise,
that node j is called nonbottleneck node. As N → ∞, Kogan and Liptser [16]
showed that the nonstationary queue-length distribution for every nonbottleneck node
is the same as some stationary M/M/1 queue-length distribution whose parameters
explicitly depend on t, i.e., the queue-length process is described by the Yule process
(see Bharucha-Reid [6]), and in the case where there is no bottleneck node in the
network, the nonstationary queue-length processes for every node is described by
geometrical distribution for all t > 0.

More accurately, denote λj = λpj , 1 6 j 6 k, and suppose that nodes j =
1, 2, . . . , k−1 are nonbottleneck nodes and node k is a bottleneck node. It was shown
that the distribution of the queue-length QNj (t), j = 1, 2, . . . , k − 1, as N → ∞,
for any fixed t > 0 tends to the stationary distribution of the M/M/1 queue-length
process with constant arrival rate λj[πk + (1 − πk) exp(−λkt)], where πk = λ−1

k µk
and service rate µj .

Under the same assumption on bottlenecks Abramov [4] studied a more general
model where service times at the single-server hub are generally distributed and de-
pending on the number of customers residing here. It was shown that the limiting as
N → ∞ nonstationary distribution of the queue-length QNj (t), j = 1, 2, . . . , k − 1,
coincides with the stationary distribution of the GI/M/1 queue-length process with
parameters explicitly depending on t due to the same effect of bottleneck station k.

In this paper we develop the model of Kogan and Liptser [16] in the following
direction.

(*) The service mechanism of k satellite stations is autonomous, i.e., every server
j = 1, 2, . . . , k serves customers only in random instants ξNj,1, ξNj,1 + ξNj,2, . . . , and
server can accept only one of waiting customers for a service (provided that the
correspondent node is not empty). The sequences {ξNj,1, ξNj,2, . . .} are assumed
to be strictly stationary and ergodic sequences of random variables for each j,
EξNj,1 = (µjN )−1.

Assumption (*) corresponds to models of computer networks in practice, where
a message can be processed only in a given random instant. For example, token ring
network with a star-ring topology is a network where assumption (*) is appropriate
and corresponds to our concerns.

Let λj = λpj and ρj = λj/µj . It is assumed that for large N , ρj < 1, j =
1, 2, . . . , k − 1, while ρk > 1. Node j is said to operate in light, moderate, heavy
usage regime if respectively ρj < 1, ρj = 1, ρj > 1. As N → ∞ these regimes
are respectively called asymptotically light, moderate and heavy usage regimes. In
the further account the word “asymptotically” will be omitted, and taking the limit as
N →∞ we assume that the series of random sequences indexed by N are given.

As in the Markovian case, a node in moderate or heavy usage regime is also called
a bottleneck node, and a node in light usage regime is called a nonbottleneck node.
Thus, according to assumption above, the first k − 1 satellite nodes are nonbottleneck
nodes, while kth satellite node is a bottleneck node.
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Queueing systems with autonomous service was introduced and studied by
Borovkov [8]. He proved the theorems on stability for a wide class of those queueing
systems and suggested the methods to calculate the stationary probabilities for certain
autonomous queueing systems in which interarrival and departure epochs are indepen-
dent identically distributed random variables. For a wide class of queuing systems with
autonomous service, under assumption that the sequences of interarrival and departure
epochs form strictly stationary sequences of random variables, Abramov [3] derived
relationships between stationary probabilities immediately before arrival and departure
of customers with large number. To obtain appropriate relationship he used an idea of
up- and down-crossings. This idea is also used in the present paper. For other papers
using an up- and down-crossing approach see also Cohen [11] and Abramov [1,2,4].

As in a number of earlier papers closely related to this one (see already mentioned
papers of Kogan and Liptser [16], Abramov [4] as well as Kogan et al. [17]), the present
paper studies the cases of moderate and heavy usage regime for the kth satellite node.
The methods of analysis for the kth satellite node are based on the development of
the methods of the mentioned paper by Kogan and Liptser [16]. Nevertheless, those
results related to the queue-length process of the kth satellite node remain the same as
the similar results from the respective cases of the paper by Kogan and Liptser [16].
At the same time, the analysis of the queue-length process at the first k − 1 satellite
nodes essentially differs from that part of the paper by Kogan and Liptser [16] and
leads to new specific effects.

To obtain limiting nonstationary queue-length distributions Kogan and Liptser [16]
used the Doob–Meyer semimartingale decomposition for the indicators of the queue-
length processes and then used the standard techniques of stochastic analysis and the
theory of martingales. Note, that the Doob–Meyer semimartingale decomposition for
indicators of the queue length is the martingale analogue of the Chapman–Kolmogorov
equations. The present paper studies the limiting nonstationary queue-length probabil-
ities with the aid of two approaches: up- and down-crossing approach, which is the
development of the method of the paper by Abramov [3], and martingale approach,
which is in turn the development of the method of the paper by Kogan and Liptser [16].

Whereas both for the Markovian version of the network of Kogan and Liptser [16]
and for non-Markovian model from the paper by Abramov [4], the limiting non-
stationary queue-length distribution at the first k − 1 satellite nodes was obtained in
explicit form, in the case of the present version of network the general assumption of
(*) does not permit us to obtain such kind of the results. The result discussed here
connects the nonstationary queue-length probability at time t with nonstationary queue-
length probability immediately before the last departure of a customer before time t,
and enables us only to judge on the qualitative behavior of the limiting nonstationary
queue-length process because of effect of the bottleneck node.

In the case of Markovian network, where all sequences {ξNj,i} consist of in-
dependent identically and exponentially distributed random variables, we obtain the
probabilities in explicit form, while the mentioned paper by Kogan and Liptser [16]
suggested us more complicated representation in the form of generalized functions.
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Unfortunately, approach of the present paper does not permit us to obtain the
results giving us something in terms of habital for us transformations, Laplace–Stieltjes
transform, say. This is because that approach does not permit us to separate the case
of independent identically distributed random variables from considered in the paper
case of strictly stationary and ergodic sequence of random variables {ξNj,i}i>1. Such
kind of result was obtain in Abramov [4] in the case where a hub is a single-server
whose service times are conditionally independent random variables depending upon
the number of customers residing there.

For different papers closely related to diffusion and fluid approximation as well
as to similar models of queueing networks see also Kogan [15], Krichagina et al. [21],
Kogan et al. [17,18], Konstantopoulos et al. [19,20], Chen and Mandelbaum [9,10],
Mandelbaum and Pats [25], Whitt [30], etc.

The paper is structured as follows. It consists of 10 sections. Section 1 is intro-
duction. Section 2 describes the queue-length process at satellite nodes in terms of ar-
rival and departure point processes to introduce us to the Skorohod reflection principle,
one of the main methods of the paper. Section 3 reduces the problem to the Skorohod
reflection principle and describes it in terms of stochastic calculus by using the Doob–
Meyer semimartingale decomposition. Section 4 studies the normalized queue-length
process by dividing the characteristics of that process to large parameter N , the number
of customers in the system. The purpose of this section is to study the asymptotic be-
havior of normalized queue-length process both for the bottleneck node and for satellite
nonbottleneck nodes. Section 5 studies another properties of normalized queue-length
to prove then the collapse theorem (in the same section) and the theorems on diffusion
and fluid approximation (in section 8). Section 6 proves the stability result, which is
the existence of limiting nonstationary queue-length probabilities for the first k − 1
satellite nodes, by using the Skorohod reflection principle and expressing those limiting
distributions of the queue-length processes via limiting distributions of supremum of
appropriate processes with strictly stationary and ergodic increments. Section 7 proves
a main result of this paper on limiting nonstationary queue-length probabilities at the
first k − 1 satellite nodes, which are nonbottleneck nodes. The proof of the theorem
uses the up- and down-crossings approach. This section contains also the special case
of the Markovian version of network related to results of the earlier paper by Kogan and
Liptser [16]. Section 8 studies the same results with the aid of martingale approach by
developing the method by Kogan and Liptser [16]. One subsection derives the Doob–
Meyer semimartingale decompositions for the indicators of the queue-length processes.
The other subsection focuses on the proof of the main result of this section with the
aid of asymptotic analysis of those stochastic equations, as the number of customers
in network, N , increases to infinity. Section 9 proves the theorems on diffusion and
fluid approximations at the bottleneck node. The main results of this section are the
diffusion approximation with reflection at zero in the case of moderate usage regime
and the fluid and Gaussian diffusion approximation in the case of heavy usage regime.
Section 10 consisting of two subsections discusses the future work and the possible ex-
tension of the model. The first subsection discusses the situation where arrival process
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to satellite node j is generated by the nonhomogeneous Poisson process depending on
time. For such kind of networks see also the paper by Mandelbaum and Pats [25]. The
second subsection discusses a more general situation where arrival process to satellite
node j is generated by a process with strictly stationary and ergodic increments.

2. Queue-length processes at satellite nodes

In this section we consider a description of queue-length process for satellite
node j. The queue-length process for that node can be written as follows:

QNj (t) = Aj,N (t)−Dj,N (t), (2.1)

where Aj,N (t) is the arrival process to node j, and Dj,N (t) is the departure process
from node j.

To define a departure process let us consider the point process

Sj,N (t) =
∞∑
l=1

I
{
xNj,l 6 t

}
, xNj,l =

l∑
i=1

ξNj,i, l > 1.

Then,

Dj,N (t) =

∫ t

0
I
{
QNj (s−) > 0

}
dSj,N (s)

=Sj,N (t)−
∫ t

0
I
{
QNj (s−) = 0

}
dSj,N (s). (2.2)

To define an arrival process, let {πj,i(t)}, i = 1, 2, . . . ,N , be a collection of
independent Poisson processes with rate λj . Then,

Aj,N (t) =

∫ t

0

N∑
i=1

I

{
N −

k∑
l=1

QNl (s−) > i
}

dπj,i(s) (2.3)

(for details see Kogan and Liptser [16] and Krichagina et al. [21]).

3. Reduction to the Skorohod problem

In view of (2.1) and (2.2) the queue-length process QNj (t) can be rewritten as

QNj (t) = Aj,N (t)− Sj,N (t) +

∫ t

0
I
{
QNj (s−) = 0

}
dSj,N (s). (3.1)

Equation (3.1) implies that QNj (t) is the normal reflection of the process

Xj,N (t) = Aj,N (t)− Sj,N (t), Xj,N (0) = 0 (3.2)

at zero. More accurately, QNj (t) is the non-negative solution of the Skorohod problem
(see Skorohod [27] as well as Tanaka [29] and Anulova and Liptser [5]) of the normal
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reflection of the process Xj,N (t) at zero (see also Kogan and Liptser [16]), since the
function

ϕj(t) =

∫ t

0
I
{
QNj (s−) = 0

}
dSj,N (s) (3.3)

satisfies the following two properties:

(1)
∫ t

0 h[QNj (s)] dϕj (s) = 0 for any continuous non-negative function h(y) with
h(0) = 0;

(2) the function
∫ t

0 [Y (s)−QNj (s)] dϕj (s) is nondecreasing for any non-negative func-
tion Y (s) from the Skorohod space D.

(Detailed proof of those properties is the same as in Kogan and Liptser [16]).
Therefore, the function in (3.3) can be represented as

ϕj(t) = − inf
s6t

Xj,N (s). (3.4)

For our further purposes and for the sake of simplicity we shall use the notation

Ψt(X) = − inf
s6t

X(s) (3.5)

for any function X(t), t > 0, from the Skorohod space D with X(0) = 0. From (3.1)
and (3.3)–(3.5) we have

Qj,N (t) = Xj,N (t) + Ψt(Xj,N ). (3.6)

Next, let us take into account that the processes Aj,N (t) and Sj,N (t) are the
semimartingales adapted with respect to the filtration Ft given on stochastic ba-
sis (Ω,F , F = (Ft)t>0, P). Then the process Xj,N (t) in (3.6) can be rewritten
in the form of the Doob–Meyer semimartingale decomposition (see, e.g., Liptser
and Shiryayev [24], Jacod and Shiryayev [14]). Denoting Apj,N (t) and Spj,N (t) the
compensators of the processes Aj,N (t) and Sj,N (t) respectively, then the processes
Aj,N (t) − Apj,N (t) and Sj,N (t) − Spj,N (t) are the local square integrable martingales
(see Liptser and Shiryayev [23, chapter 18]). We, therefore, obtain

Xj,N (t) = Apj,N (t)− Spj,N (t) +Mj,N (t), (3.7)

where

Mj,N (t) =
[
Aj,N (t)−Apj,N (t)

]
−
[
Sj,N (t)− Spj,N(t)

]
is a local square integrable martingale.

Note, that a compensator of the process Aj,N (t) defined in (2.3) has the repre-
sentation

Apj,N (t) =

∫ t

0
λj

{
N −

k∑
l=1

QNl (s)

}
ds (3.8)

(for details see Dellacherie [13], Liptser and Shiryayev [23; 24, theorem 1.6.1]).
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Since the jumps of Aj,N (t) and Sj,N (t) are disjoint, keeping in mind (3.8), for
the predictable quadratic characteristic of Mj,N (t) we obtain

〈Mj,N 〉t =
〈
Aj,N −Apj,N

〉
t
+
〈
Sj,N − Spj,N

〉
t

=Apj,N (t) +

∫ t

0

[
1− ∆Spj,N (s)

]
dSpj,N (s) 6 Apj,N (t) + Spj,N (t), (3.9)

where ∆Spj,N (t) denotes the jump of Spj,N (t) in point t (see, e.g., Liptser and Shirya-
yev [23, chapter 18]).

4. Asymptotic properties of normalized queue-length process

In this section we study the queue-length process under appropriate normalization,
dividing the characteristics of the process by N .

The process

qNj (t) =
1
N
QNj (t) (4.1)

is called normalized queue-length process. The aim of this section is to calculate the
limit of qj,N (t), j = 1, 2, . . . , k, as N → ∞. Along with the process qNj (t) we shall
consider the following normalized process:

xj,N (t) =
1
N
Xj,N (t) (4.2)

which has similar properties as the process Xj,N (t) being introduced in section 3.
Let us write the semimartingale decomposition for xj,N (t). From (3.7) we have

xj,N (t) =
1
N
Apj,N (t)− 1

N
Spj,N (t) +mj,N (t) (4.3)

with the local square integrable martingale

mj,N (t) =
1
N
Mj,N (t).

From (3.9) for the predictable quadratic characteristic of that martingale we have

〈mj,N〉t =
1
N2 〈Mj,N〉t 6

1
N2 A

p
j,N (t) +

1
N2 S

p
j,N (t). (4.4)

Equations (4.1)–(4.3) permit us to write

qNj (t) =
1
N
Apj,N (t)− 1

N
Spj,N (t) +mj,N (t) + Ψt(xj,N ). (4.5)

Note that

qNj (t) = xj,N (t) + Ψt(xj,N ) = Φt(xj,N ), (4.6)

where Φt(X) = X(t) + Ψt(X), X(t) is a function from Skorokhod space D.
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In view of (4.6) and (3.8), the relation (4.3) can be rewritten as follows:

xj,N (t) =

∫ t

0
λj

[
1−

k∑
l=1

Φs(xl,N )

]
ds− 1

N
Spj,N (t) +mj,N (t). (4.7)

Let us prove that

P-lim
N→∞

1
N
Spj,N (t) = µjt, (4.8)

where P-lim denotes a limit in probability. For this purpose represent N−1Spj,N (t) in
the form

1
N
Spj,N (t) =

1
N

[
Spj,N (t)− Sj,N (t)

]
+

1
N
Sj,N (t). (4.9)

It is clear that the term

1
N

[
Spj,N (t)− Sj,N (t)

]
(4.10)

is a local square integrable martingale. Its quadratic characteristic is〈
1
N

[
Spj,N − Sj,N

]〉
t

=
1
N2

∫ t

0

[
1− ∆Spj,N(s)

]
dSpj,N (s) 6 1

N2 S
p
j,N (t). (4.11)

According to Lenglart–Rebolledo inequality (see, e.g., Liptser and Shiryayev [24,
p. 66]) we have

P
{

sup
06s6t

Spj,N (s) > εN2
}
6 εN3/2 + 1

εN2 + P
{
Sj,N (t) > εN3/2} (4.12)

and, therefore, the quadratic characteristic (4.11) vanishes as N →∞. Next, applying
the Lenglart–Rebolledo inequality once again we obtain:

P
{

sup
06s6t

∣∣Spj,N (s)− Sj,N (s)
∣∣ > δN

}
6 ε

δ2 + P
{
Spj,N (t) > εN2}. (4.13)

It is readily seen that both terms of right hand side of (4.12) vanish as N → ∞
whenever ε > 0, and hence, the left side of (4.13) also vanishes as N →∞ because
of arbitrariness of ε. Therefore, the term (4.10) vanishes in probability as N → ∞.
This means that the both terms N−1Spj,N (t) and N−1Sj,N (t) have the same limit in
probability as N →∞. Note by the way that similar result holds for the point process
Aj,N (t):

1
N

[
Aj,N (t)−Apj,N (t)

]
vanishes in probability as N →∞.

Let us find the limit in probability for the term N−1Sj,N (t). For this purpose
take into consideration the following result by Krichagina et al. [21].
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Lemma 1. Let AN = (ANt )t>0, N > 1, be a sequence of increasing right continuous
random processes with AN0 = 0. Let

BNt = inf
{
s: ANs > t

}
, t > 0,

where inf(φ) =∞.
If for every t taken from dense in R+ set S, BNt → at as N →∞ (a > 0), then,

as N →∞,

sup
t6T

∣∣∣∣ANt − t

a

∣∣∣∣→ 0 (4.14)

in probability for each T > 0.

Let us apply this lemma. Take ANt = N−1Sj,N (t). Then

BNt =

[Nt]+1∑
i=1

ξNj,i,

where [Nt] denotes the integer part of Nt. It is clear from the weak law of large
numbers that, as N → ∞, BNt → µ−1

j t in probability. According to lemma, as
N → ∞, N−1Sj,N (t) → µjt in probability and, therefore, N−1Spj,N (t) → µjt in
probability as well.

Next, because of the Lenglart–Rebolledo inequality and (3.8)

P
{

sup
06s6t

∣∣mj,N (t)
∣∣>δ}

6 P
{

sup
06s6t

∣∣[Aj,N (s) + Sj,N (s)
]
−
[
Apj,N (s) + Spj,N (s)

]∣∣ > δN
}

6 ε

δ2 + P
{
Apj,N (t) + Spj,N (t) > εN2} 6 ε

δ2 + P
{
Spj,N (t) > εN2 − λjNt

}
and taking into account (4.12) and arbitrariness of ε > 0 it is readily seen that mj,N (t)
vanishes in probability as N →∞.

Next, let

P-lim
N→∞

xj,N (t) = xj(t).

It follows from (4.7) and (4.8) that xj(t) should be a solution of the set of equations

xj(t) =

∫ t

0

{
λj

[
1−

k∑
l=1

Φs(xl)

]
− µj

}
ds, j = 1, 2, . . . , k. (4.15)

This solution is unique because of the Lipshitz condition:

sup
t6T

∣∣Φt(X)−Φt(Y )
∣∣ 6 2 sup

t6T
|Xt − Yt| (4.16)
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(for details see Kogan and Liptser [16]). Moreover, following that paper by Kogan
and Liptser [16],

xk(t) = q(t) =
(
1− ρ−1

k

)(
1− e−λkt

)
, (4.17)

xj(t) = (λj − µj)t−
∫ t

0
λjq(s) ds, j = 1, 2, . . . , k − 1. (4.18)

5. Further study of the asymptotic properties of normalized queue-length and
the collapse theorem

Lemma 2. For any fixed t > 0 and ε > 0

lim
N→∞

P
{

sup
s6t

∣∣xj,N (s)− xj(s)
∣∣ > ε} = 0, j = 1, 2, . . . , k.

Proof. The proof of this lemma is the same as the respective proof by Kogan and
Liptser [16, lemma 6.1]. The only difference in the proof is that for every δ > 0,

lim
N→∞

P
{
〈mj,N 〉t > δ

}
= 0, j = 1, 2, . . . , k. (5.1)

Indeed,

〈mj,N 〉t 6
1
N
λjt+

1
N2 S

p
j,N (t),

and (5.1) follows from estimation (4.12). The lemma is proved. �

From proved lemma we have the following properties for normalized queue-
length:

lim
N→∞

P
{

sup
s6t

qNj (s) > ε
}

= 0, j = 1, 2, . . . , k − 1, (5.2)

lim
N→∞

P
{

sup
s6t

∣∣qNk (s)− xk(s)
∣∣ > ε} = 0. (5.3)

Proof of (5.2), (5.3) is based on the Lipshitz condition (4.16). For details see analogous
proof in Kogan and Liptser [16, p. 46]. For our further purposes we need stronger
ergodic properties than above given by lemma 2.

Now, let us prove the following theorem.

Theorem 1 (Collapse). For any t > 0 and d > 0

lim
N→∞

P
{

sup
s6t

QNj (s) > d
√
N
}

= 0, j = 1, 2, . . . , k − 1.

Proof of this theorem is based on the following result.
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Lemma 3. For any fixed t > 0 and ε > 0

lim
N→∞

P
{

sup
s6t

√
NqNj (s) > ε

}
= 0, j = 1, 2, . . . , k − 1, (5.4)

and

lim
N→∞

P
{

sup
s6t

√
N
∣∣qNk (s)− xk,N (s)

∣∣ > ε} = 0. (5.5)

The proof of this lemma is, in turn, based on the following result by Kogan and
Liptser [16].

Lemma 4. Let XN (t), N > 1, be a sequence of random processes such that

XN (t) = −cN
∫ t

0
bN (s) ds +GN (t), (5.6)

where bN (t) > 0 and GN (t), N > 1, are the random processes with paths in D and
GN (0) = 0, bN (t) > 0, n > 1. Let the following assumptions be fulfilled:

(1) {cN} is a nondecreasing sequence of non-negative numbers tending to infinity;

(2) for any fixed t > 0 there exists a positive constant b (possibly depending on t)
such that

lim
N→∞

P
{

inf
s6t

bN (s) 6 b
}

= 0;

(3) the sequence GN (t), N > 1, converges weakly (in Skorohod–Lindvall topology
of space D) to the continuous random process G(t).

Then for any fixed t > 0 and ε > 0

lim
N→∞

P
{

sup
s6t

Φs

(
XN

)
> ε
}

= 0.

For the definition of the Skorohod–Lindvall topology of space D see, e.g.,
Stone [28], Bilingsley [7], Lindvall [22] as well as Jacod and Shiryayev [14] and
Liptser and Shiryayev [24].

Proof of theorem 1. Denoting

XN
j (t) =

√
N xj,N (t), j = 1, 2, . . . , k − 1; XN

k (t) = −
√
N xk,N (t),

let us apply lemma 4. Each of the processes XN
j (t), j = 1, 2, . . . , k, can be represented

in the form (5.6):

XN
j (t) = −

√
N

∫ t

0
bNj (s) ds+GNj (t),
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where∫ t

0
bNj (s) ds=−

∫ t

0
λj

[
1−

k∑
l=1

qNl (s)

]
ds+

1
N
Spj,N (t), j = 1, 2, . . . , k − 1, (5.7)

∫ t

0
bNk (s) ds=

∫ t

0
λk

[
1−

k∑
l=1

qNl (s)

]
ds− 1

N
Spk,N (t), (5.8)

GNj (t) =
√
N mj,N (t), j = 1, 2, . . . , k − 1, GNk (t) = −

√
N mk,N (t). (5.9)

Taking into consideration (4.8) one can write

lim
N→∞

P
{

inf
s6t

bNj (s) > µj − λj
}

= 1, j = 1, 2, . . . , k − 1,

and

lim
N→∞

P

{
inf
s6t

bNk (s) > λk
[
1− sup

s6t
xk,N (s)

]
− λk

k−1∑
l=1

sup
s6t

qNl (s)− µk

}
= 1. (5.10)

By (5.2) and (5.3) the expression

λk

[
1− sup

s6t
xk,N (s)

]
− λk

k−1∑
l=1

sup
s6t

qNl (s)− µk

has a non-negative limit in probability as N → ∞. If λk < µk this limit is equal to
(λk − µk) e−λkt. Hence, the assumptions (1) and (2) of lemma 4 are fulfilled.

Let us verify the assumption (3). Indeed,
√
N mj,N (t), j = 1, 2, . . . , k − 1, and

−
√
N mk,N (t) are the square integrable martingales with jumps no more than 1/

√
N

and with predictable quadratic characteristics

〈√
N mj,N

〉
t

= N〈mj,N〉t 6
∫ t

0
λj

[
1−

k∑
l=1

qNl (s)

]
ds+

1
N
Spj,N (t).

By (4.8), as N →∞, the term N−1Spj,N (t) converges in probability to µjt, and
by (5.2) and (5.3), as N →∞,∫ t

0
λj

[
1−

k∑
l=1

qNl (s)

]
ds

converges in probability to ∫ t

0
λj
[
1− xk(s)

]
ds.
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Therefore, 〈
√
N mj,N〉t = N〈mj,N 〉t tends in probability to a limit which is not greater

than ∫ t

0

{
λj
[
1− xk(s)

]
+ µj

}
ds

as N → ∞ for any fixed t > 0. According to Liptser and Shiryayev [24, theo-
rem 5.5.4] as N →∞, GNj (t) converges in Skorohod–Lindvall topology to a continu-
ous Gaussian martingale Gj(t), j = 1, 2, . . . , k. The relation (5.4) follows immediately
from lemma 4 since

√
N qNj (t) = Φt

(
XN
j

)
, j = 1, 2, . . . , k − 1.

The relation (5.5) is also implied by lemma 4 by virtue of

sup
s6t

√
N
∣∣qNk (s)− xk,N (s)

∣∣= sup
s6t

√
N
∣∣∣[xk,N (s)− inf

s6t
xk,N (s)

]
− xk,N (t)

∣∣∣
= sup

s6t
XN
k (t)

and the obvious estimation

sup
s6t

XN
k (t) 6 sup

s6t
Φs

(
XN
k

)
.

The proof of lemma is completed.

The statement of theorem 1 follows immediately from relation (5.4). �

6. A stability problem

In this section we prove a statement on stability, that is existence of the limiting
nonstationary probability at satellite nodes. That proof of stability extends the similar
proof of Borovkov [8]. Below we prove the existence of the limiting probabilities
limN→∞ P{QNj (t) = l}, l > 1, only. Proof for existence of limiting probabilities
for the random time moments such as the last arrival or departure immediatelly be-
fore time t is analogous and can be provided by developing the similar proof of
Borovkov [8] and using the same idea of proof of theorem 2 given below.

Theorem 2 (Statement on stability). Under assumption that {ξNj,i}i>1 is a strictly sta-
tionary and ergodic sequence of random variables, there exist limN→∞ P{QNj (t) = l},
l = 0, 1, . . . , for all t > 0.

Proof. It follows from (4.17) and (5.2), (5.3) that

lim
N→∞

P
{

inf
s6t

∣∣qN0 (s) + 1− xk(s)
∣∣ > ε} = 0, (6.1)
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where

qN0 (t) =
1
N
QN0 (t)

is a normalized queue-length at the hub in time t, and

lim
N→∞

P
{

sup
s6t

qN0 (s) 6 1
}

= 1. (6.2)

Let us first prove that

P
{

lim
N→∞

sup
s6t

[
Aj,N (s)− Sj,N (s)

]
<∞

}
= 1. (6.3)

It follows from (6.2) that Aj,N (t) 6 πNj (t) with probability 1 for all t, where πNj is
the Poisson process with rate λjN given on the same probability space as the point
process Aj,N (t). Therefore, it is sufficient to prove that

P
{

lim
N→∞

sup
s6t

[
πNj (s)− Sj,N (s)

]
<∞

}
= 1. (6.4)

According to assumption of ergodicity and stationarity of the sequence {ξNj,i}i>1 we
have

lim
i→∞

xNj,i

i
=

1
µjN

(P-a.s.), xNj,n =
n∑
i=1

ξNj,i.

Therefore,

lim
N→∞

Sj,N (t)
Nt

= µj (P-a.s.).

It is also well known that

lim
N→∞

πNj (t)

Nt
= λj (P-a.s.).

Thereby,

lim
N→∞

πNj (t)− Sj,N (t)

Nt
= λj − µj (P-a.s.).

Since ρj < 1 implies λj − µj < 0, it holds that

lim
N→∞

[
πNj (t)− Sj,N(t)

]
= −∞.

Therefore, (6.4) as well as (6.3) follows by the fact that the process πNj (t) − Sj,N (t)
has path from Skorohod space D.

Next, let

Q̃N
j (t) = πNj (t)−Dj,N (t),
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where Dj,N (t) is defined in (2.1). Then, according to Skorohod reflection principle
(see section 3)

Q̃N
j (t) = πNj (t)− Sj,N (t)− inf

s6t

[
πNj (t)− Sj,N (t)

]
. (6.5)

Under assumptions of this statement, πNj (t) − Sj,N (t) is the process with strictly sta-
tionary and ergodic increments, and it is obvious follows from (6.5) that

Q̃N
j (t) = sup

s6t

[(
πNj (t)− Sj,N (t)

)
−
(
πNj (s)− Sj,N (s)

)]
(6.6)

and because of stationarity of increments πNj (t)− Sj,N (t) one can conclude that

sup
s6t

[(
πNj (t)− Sj,N (t)

)
−
(
πNj (s)− Sj,N (s)

)] d
= sup

s6t

[
πNj (s)− Sj,N (s)

]
. (6.7)

Hence, in view of (6.6) and (6.7) we have

Q̃N
j (t)

d
= sup

s6t

[
πNj (s)− Sj,N (s)

]
. (6.8)

Therefore, because of Aj,N (t) 6 πNj (t) we obtain

lim
N→∞

P
{
QNj (t) = l

}
> lim
N→∞

P
{
Q̃N
j (t) = l

}
= lim
N→∞

P
{

sup
s6t

[
πNj (s)− Sj,N (s)

]
= l
}
. (6.9)

Further, keeping in mind (6.1) let us introduce the Poisson process ΠN
j (z) with

rate λjN e−λkt. (We use the argument z for the process instead of usual t because the
parameter of this process depends on variable t introduced earlier.) Assuming that the
both processes Aj,N (z) and ΠN

j (z) are given on the same probability space, one can
write Aj,N (z) > ΠN

j (z) for all z > 0, and since λj e−λkt < µj , analogously to (6.9)
of the previous case one can prove that

lim
N→∞

P
{
QNj (t) = l

}
6 lim

N→∞
P
{

sup
s6t

[
ΠN
j (s)− Sj,N (s)

]
= l
}
. (6.10)

Inequalities (6.9) and (6.10) allow us to write:

lim
N→∞

P
{
QNj (t) = l

}
=α(t) lim

N→∞
P
{

sup
s6t

[
πNj (s)− Sj,N(s)

]
= l
}

+
[
1− α(t)

]
lim
N→∞

P
{

sup
s6t

[
ΠN
j (s)− Sj,N(s)

]
= l
}

,

where α(t) 6 1 for all t > 0. This means that the limiting nonstationary queue-length
distribution for satellite nodes exists, and theorem 2 is, therefore, proved. �
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7. Main results for nonstationary probabilities at the first k − 1 satellite
nodes. I. Up- and down-crossing approach

The main purpose of this section is to prove the following:

Theorem 3. Let

s∗j,N = inf
{
s > 0: Sj,N (s) = Sj,N (t)

}
, j = 1, 2, . . . , k − 1.

Then,

lim
N→∞

P
{
QNj
(
s∗j,N−

)
= 0
}

= 1− ρj(t), (7.1)

lim
N→∞

P
{
QNj (t) = l

}
=

1
ρj(t)

lim
N→∞

P
{
QNj
(
s∗j,N−

)
= l + 1

}
, l = 0, 1, . . . , (7.2)

where ρj(t) = ρj[1− q(t)], and the function q(t) is defined in (4.17).

Proof. Denote

S∗j,N (u) = inf
{
s > 0: Sj,N (s) = Sj,N (u)

}
, j = 1, 2, . . . , k − 1.

Then

s∗j,N = S∗j,N (t).

Prove, first, the following representation:

lim
N→∞

1
µjN

E
∫ t

0
I
{
QNj (s−) = l

}
dSj,N (s) = lim

N→∞

∫ t

0
P
{
QNj
(
S∗j,N (s)−

)
= l
}

ds,

l = 0, 1, . . . , (7.3)

where S∗j,N (s)− implies limε→0[S∗j,N (s)− ε].
Take the small semi-interval U = (u,u+ du]. As earlier in section 2 let xNj,n =∑n

i=1 ξ
N
j,i. Denote

n1 = min
{
n: xNj,n ∈ U

}
,

n2 = max
{
n: xNj,n ∈ U

}
.

Then, keeping in mind that N−1[Sj,N (u + du) − Sj,N (u)]
P→ µj du (see lemma 1),

accordind to theorem by Cesaro (see, e.g., Polya and Szego [27]) we obtain

lim
N→∞

P
{
QNj
(
S∗j,N (u+ du)−

)
= l
}

= P-lim
N→∞

1
[Sj,N (u+ du)− Sj,N(u)]

n2∑
i=n1

P
{
QNj
(
xNj,i−

)
= l
}
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= lim
N→∞

1
µjN du

E
n2∑
i=n1

P
{
QNj
(
xNj,i−

)
= l
}

= lim
N→∞

1
µjN du

E
n2∑
i=n1

I
{
QNj
(
xNj,i−

)
= l
}

=
1

du
lim
N→∞

1
µjN

E
(
I
{
QNj
(
u∗−

)
= l
}[
Sj,N (u+ du)− Sj,N (u)

])
,

l = 0, 1, . . . , (7.4)

where u∗ ∈ U . Thus, (7.3) follows.
Analogously, denoting

A∗j,N (u) = inf
{
s > 0: Aj,N (s) = Aj,N (u)

}
, j = 1, 2, . . . , k − 1,

one can prove the following representation:

lim
N→∞

1
λjN

E
∫ t

0
I
{
QNj (s−) = l

}
dAj,N (s) = lim

N→∞

∫ t

0
P
{
QNj
(
A∗j,N (s)−

)
= l
}

ds,

l = 0, 1, . . . , (7.5)

where A∗j,N (s)− implies limε→0[A∗j,N (s)− ε].
Next, for all l = 1, 2, . . . , j = 1, 2, . . . , k − 1 and t > 0 we have the following

relationship connecting the number of up- and down-crossings:

Aj,N (t)∑
i=1

I
{
QNj
(
tNj,i−

)
= l − 1

}
=

Sj,N (t)∑
i=1

I
{
QNj
(
xNj,i−

)
= l
}

+ I
{
QNj (t) > l

}
, (7.6)

where {τNj,i}i>1 is the sequence of interarrival times of satellite node j, and

tNj,n =
n∑
i=1

τNj,i.

It follows from (7.3), (7.5) and (7.6) that

lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l− 1

}
dAj,N (s) = lim

N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l

}
dSj,N (s),

l = 1, 2, . . . . (7.7)

Rewrite the left-hand side of (7.7) as

lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l − 1

}
dAj,N (s)

= lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l − 1

}
dApj,N (s)

+ lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l − 1

}
d
[
Aj,N (s)−Apj,N (s)

]
. (7.8)
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Note, that as N →∞,

1
N

[
Aj,N (s)−Apj,N (s)

]
vanishes in probability (see section 4) and, hence, the term

1
N

E
∫ t

0
I
{
QNj (s−) = l − 1

}
d
[
Aj,N (s)−Apj,N (s)

]
vanishes as N →∞. Therefore, from (7.8) we obtain

lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l − 1

}
dAj,N (s)

= lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l − 1

}
dApj,N (s). (7.9)

Taking into consideration that

lim
N→∞

1
N
Apj,N (t) = λj

∫ t

0

[
1− q(s)

]
ds (7.10)

(see (3.8), (4.17) and (5.3)) and substituting it for (7.9) we obtain

lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l− 1

}
dAj,N (s) = λj

∫ t

0
P
{
QNj (s) = l− 1

}[
1− q(s)

]
ds.

(7.11)
Therefore, substituting (7.11) for (7.7) we obtain

lim
N→∞

λj

∫ t

0
P
{
QNj (s) = l− 1

}[
1− q(s)

]
ds= lim

N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l

}
dSj,N (s),

l = 1, 2, . . . ,

and taking into consideration (7.3) yields

lim
N→∞

ρj

∫ t

0
P
{
QNj (s) = l − 1

}[
1− q(s)

]
ds = lim

N→∞

∫ t

0
P
{
QNj
(
S∗j,N (s)−

)
= l
}

ds,

l = 1, 2, . . . .

Thus, relation (7.2) of theorem follows. Relation (7.1) follows from the condition
∞∑
l=0

lim
N→∞

P
{
QNj (t) = l

}
= 1.

Theorem is proved. �

Special case (Kogan and Liptser [16]). If the sequence {ξNj,i}i>1 consists of indepen-
dent identically and exponentially distributed random variables, then we have

lim
N→∞

P
{
QNj (t) = l

}
=
[
1− ρj(t)

]
ρlj(t), l = 0, 1, . . . .
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Proof. Indeed, keeping in mind that

lim
N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l

}
dSj,N (s) = lim

N→∞

1
N

E
∫ t

0
I
{
QNj (s−) = l

}
dSpj,N (s),

l = 0, 1, . . . ,

limit relation (7.3) can be rewritten as follows:

lim
N→∞

∫ t

0
P
{
QNj
(
S∗j,N (s)−

)
= l
}

ds = lim
N→∞

1
µjN

E
∫ t

0
I
{
QNj (s−) = l

}
dSpj,N (s),

l = 0, 1, . . . .

Taking into consideration that in the given case Spj,N (t) = µjNt, we have

lim
N→∞

P
{
QNj
(
s∗j,N−

)
= l
}

= lim
N→∞

P
{
QNj (t) = l

}
, l = 0, 1, . . . . (7.12)

The property of (7.12) means that departures see time averages. Substituting (7.12)
for (7.2) we obtain the desired result. The statement is proved. �

8. Main results for nonstationary probabilities at the first k − 1 satellite
nodes. II. Martingale approach

8.1. The Doob–Meyer decomposition for the indicators of queue-length processes

In this section we derive the Doob–Meyer semimartingale decomposition for the
process

INj,l(t) = I
{
Qj,N (t) = l

}
, j = 1, 2, . . . , k − 1; l = 0, 1, . . . ,N.

Since a technique of this section is standard and well known, see, e.g., Kogan and
Liptser [16], Kogan et al. [17] we shall try to be possibly brief, omitting the technical
details.

Taking into consideration that INj,−1(t) = I{QNj (t) = −1} = 0 and denoting the
jump of process INj,l(t) by ∆INj,l(t) as well as the jumps of the processes Aj,N (t), Sj,N (t)

and QNj (t) by ∆Aj,N (t), ∆Sj,N (t) and ∆QNj (t), respectively, we have

∆INj,l(t) = I
{
QNj (t−) + ∆QNj (t) = l

}
− I
{
QNj (t−) = l

}
= INj,l−1(t−)∆Aj,N (t) + INj,l+1(t−)∆Sj,N (t)I

{
QNj (t−) > 0

}
+ INj,l(t−)

[
1− ∆Aj,N (t)

][
1− ∆Sj,N (t)I

{
QNj (t−) > 0

}]
− INj,l(t−). (8.1)

Since ∑
s6t

∆INj,l(s) = INj,l(t)− INj,l(0),
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and the jumps of Aj,N (t) and Sj,N (t) are disjoint, the process INj,l(t) can be represented
as follows:

INj,l(t) = INj,l(0) +

∫ t

0

[
INj,l−1(s−)− INj,l(s−)

]
dAj,N (s)

+

∫ t

0

[
INj,l+1(s−)− INj,l(s−)

]
I
{
QNj (s−) > 0

}
dSj,N (s). (8.2)

Next, using Doob–Meyer decomposition, from (8.2) we obtain

INj,l(t) = INj,l(0) +

∫ t

0

[
INj,l−1(s−)− INj,l(s−)

]
dApj,N (s)

+

∫ t

0

[
INj,l+1(s−)− INj,l(s−)

]
I
{
QNj (s−) > 0

}
dSpj,N (s) +MN

j,l(t), (8.3)

with the local square integrable martingale

MN
j,l(t) =

∫ t

0

[
INj,l−1(s−)− INj,l(s−)

]
d
[
Aj,N (s)−Apj,N (s)

]
+

∫ t

0

[
INj,l+1(s−)− INj,l(s−)

]
I
{
QNj (s−) > 0

}
d
[
Sj,N (s)− Spj,N (s)

]
. (8.4)

For the predictable quadratic characteristic of that martingale we have〈
MN
j,l

〉
t
=

∫ t

0

[
INj,l−1(s−)− INj,l(s−)

]
dApj,N (s)

+

∫ t

0

[
INj,l+1(s−)− INj,l(s−)

]
I
{
QNj (s−) > 0

}[
1− ∆Spj,N(s)

]
dSpj,N (s)

6
∫ t

0

[
INj,l−1(s−)− INj,l(s−)

]
dApj,N (s) +

∫ t

0

[
INj,l+1(s−)− INj,l(s−)

]
dSpj,N (s).

(8.5)

8.2. Proof of theorem for nonstationary probabilities

This section suggests another proof of theorem 3. Namely, we prove the following
statement.

Lemma 5. For any fixed t > 0 and any smooth function f (s), 0 6 s 6 t,

lim
N→∞

1
N

E
∫ t

0
f (s)I

{
QNj (s−) = 0

}
dSj,N (s) = µj

∫ t

0
f (s)

[
1− ρj(s)

]
ds,

j = 1, 2, . . . , k − 1, (8.6)

lim
N→∞

1
N

E
∫ t

0
f (s)I

{
QNj (s−) = l + 1

}
dSj,N (s)

= lim
N→∞

λj

∫ t

0
f (s)

[
1− q(s)

]
P
{
QNj (s) = l

}
ds,

j = 1, 2, . . . , k − 1; l = 0, 1, . . . . (8.7)
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Note. By virtue of (7.3), lemma 5 implies theorem 3.

Proof of lemma 5. It is sufficient to prove (8.7), because according to note, (8.6)
follows from (8.7). Let us prove (8.7). For this purpose use the Doob–Meyer semi-
martingale decomposition (8.3) for INj,l(t) = I{QNj (t) = l}. Consider first the special
case of l = 0 because representation for that case differs from the case l > 1. We
have

1
N

∫ t

0
f (s) dINj,0(s) =−

∫ t

0
λjf (s)

[
1−

k∑
i=1

qNi (s)

]
INj,0(s−) ds

+
1
N

∫ t

0
f (s)

[
INj,1(s−)− INj,0(s−)

]
I
{
QNj (s−) > 0

}
dSpj,N (s)

+
1
N

∫ t

0
f (s) dMN

j,0(s). (8.8)

From (8.8) we obtain the following relation:

1
N

∫ t

0
f (s)INj,1(s−) dSpj,N (s) =

∫ t

0
λjf (s)

[
1−

k∑
i=1

qNi (s)

]
INj,0(s−) ds

− 1
N

∫ t

0
f (s) dMN

j,0(s)− 1
N

∫ t

0
f (s) dIj,0(s)

=KN
1 +KN

2 +KN
3 . (8.9)

As N →∞, let us consider asymptotic behavior for those three terms. By (5.2), (5.3)
and Lebesgue theorem on bounded convergence we have

P-lim
N→∞

KN
1 = E lim

N→∞
λj

∫ t

0
f (s)

[
1− q(s)

]
INj,0(s−) ds

= lim
N→∞

λj

∫ t

0
f (s)

[
1− q(s)

]
P
{
QNj (s) = 0

}
ds. (8.10)

Next, by (8.5),

E
(
KN

2

)2
=

1
N2 E

∫ t

0
f 2(s) d

〈
MN
j,0

〉
s

6 1
N

E
∫ t

0
λjf

2(s)

[
1−

k∑
i=1

qNi (s)

]
INj,1(s−) ds +

1
N2 E

∫ t

0
f 2(s) dSpj,N (s).

Taking into account (5.2), (5.3), it is readily seen that, as N →∞, the term

1
N

E
∫ t

0
λjf

2(s)

[
1−

k∑
i=1

qNi (s)

]
INj,1(s−) ds
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vanishes. Using a partial integration for the term

1
N2 E

∫ t

0
f 2(s) dSpj,N (s)

we obtain

1
N2 E

∫ t

0
f 2(s) dSpj,N (s) =

1
N2 E

[
f 2(t)Spj,N (t)− 2

∫ t

0
f (s)f ′(s)Spj,N (s) ds

]
,

and this term vanishes as well, and thus,

P-lim
N→∞

KN
2 = 0. (8.11)

Next, by partial integration

1
N

∫ t

0
f (s) dINj,0(s) =

1
N

[
f (t)INj,0(t)−

∫ t

0
f ′(s)INj,0(s) ds

]
,

and, therefore,

P-lim
N→∞

KN
3 = 0. (8.12)

Combining (8.10)–(8.12), we can see that the limit in probability for the right-
hand side of (8.9), as N →∞, is equal to

lim
N→∞

λj

∫ t

0
f (s)P

{
QNj (s) = 0

}
ds.

Keeping in mind, that both N−1Sj,N (t) and N−1Spj,N (t) have the same limit in prob-
ability for the left-hand side of (8.9) we obtain

lim
N→∞

1
N

E
∫ t

0
f (s)INj,1(s−) dSpj,N (s) = lim

N→∞

1
N

E
∫ t

0
f (s)INj,1(s−) dSj,N (s),

and the statement (8.7) under l = 0 follows.
Let us now prove the statement (8.7) under l > 1. For this purpose use the

semimartingale decomposition (8.3) for INj,l(t) = I{QNj (t) = l}, l > 1. We obtain

1
N

∫ t

0
f (s) dINj,l(s) =

∫ t

0
λjf (s)

[
1−

k∑
i=1

qNi (s)

][
INj,l−1(s−)− INj,l(s−)

]
ds

+
1
N

∫ t

0
f (s)

[
INj,l+1(s−)− INj,l(s−)

]
I
{
QNj (s−) > 0

}
dSpj,N (s)

+
1
N

∫ t

0
f (s) dMN

j,l(s). (8.13)
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From (8.13) we can readily obtain the relation

1
N

∫ t

0
f (s)

[
INj,l+1(s−)− INj,l(s−)

]
dSpj,N (s)

= −
∫ t

0
λjf (s)

[
1−

k∑
i=1

qNi (s)

][
INj,l−1(s−)− INj,l(s−)

]
ds

− 1
N

∫ t

0
f (s) dMN

j,l(s)−
1
N

∫ t

0
f (s) dINj,l(s)

= KN
1 +KN

2 +KN
3 . (8.14)

As N →∞, let us consider asymptotic behavior for those three terms. By (5.2),
(5.3) and Lebesgue theorem on bounded convergence we have

P-lim
N→∞

KN
1 = −E lim

N→∞
λj

∫ t

0
f (s)

[
1− q(s)

][
INj,l−1(s)− INj,l(s)

]
ds

= − lim
N→∞

λj

∫ t

0
f (s)

[
1− q(s)

][
P
{
QNj (s) = l − 1

}
− P

{
QNj (s) = l

}]
ds. (8.15)

Next, by (8.5), as N →∞,

E
(
KN

2

)2
=

1
N2 E

∫ t

0
f 2(s) d

〈
MN
j,l

〉
s

6 1
N

E
∫ t

0
λjf

2(s)

[
1−

k∑
i=1

qNi (s)

]
INj,l(s) ds+

1
N2 E

∫ t

0
f 2(s) dSpj,N (s)→ 0

(the detailed explanation is the same as for (8.11)), i.e.,

P-lim
N→∞

KN
2 = 0. (8.16)

Next, by partial integration

1
N

∫ t

0
f (s) dINj,l(s) =

1
N

[
f (t)INj,l(t)−

∫ t

0
f ′(s)INj,l(s) ds

]
,

and therefore,

P-lim
N→∞

KN
3 = 0. (8.17)

Combining (8.15)–(8.17) for the P-limit of the right-hand side of (8.14) as
N →∞ we have

P-lim
N→∞

3∑
i=1

KN
i = P-lim

N→∞
KN

1 . (8.18)
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Keeping in mind that both N−1Sj,N (t) and N−1Spj,N (t) have the same limit in
probability for the left-hand side of (8.14) we obtain

P-lim
N→∞

1
N

∫ t

0
f (s)

[
INj,l+1(s−)− INj,l(s−)

]
dSpj,N (s)

= P-lim
N→∞

1
N

∫ t

0
f (s)

[
INj,l+1(s−)− INj,l(s−)

]
dSj,N (s),

and the statement (8.7) of this lemma follows by applying the Lebesgue theorem on
bounded convergence. Lemma 5 is comletely proved. �

9. Fluid and diffusion approximations for a bottleneck node

Let us study now the moderate and heavy usage regimes for the bottleneck node.
Denote

Y N (t) =
√
N
[
qNk (t)− q(t)

]
.

Theorem 4 (Diffusion approximation with reflection). Let us slightly modify one of
our previous notation. Namely, assume that

1
N

EξNk,1 =
1

µk,N
,

and

lim
N→∞

√
N (µk,N − λk) = 0. (9.1)

Then the sequence Y N = [Y N (t)]t>0, N > 1, converges weakly (in the Skorohod–
Lindvall topology of space D) to a non-negative diffusion process Y = [Y (t)]t>0 with
normal reflection at zero defined by the Itô equation:

Y (t) = −
∫ t

0
λkY (s) ds+

√
2λkW (t) + Ψ(t),

where W (t) is a Wiener process, and Ψ(t) is the functional of the normal reflection.

Proof. Under condition (9.1) the function q(t) = 0 for all t and, consequently,

Y N (t) =
√
N xk(t)− inf

s6t

√
N xNk (s)

= Φt

(√
N xNk

)
= Φt

(
UN
)
, UN =

√
N xNk (t).
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We must show that the sequence UN = (UNt )t>0, N > 1, converges in Skorohod–
Lindvall topology to a process U = (Ut)t>0 of diffusion type defined by the Itô
equation

Ut = −
∫ t

0
λkΦs(U ) ds +

√
2λkW

U (t) (9.2)

with respect to Wiener process WU (t). In view of (4.3) and (3.8) under j = k we
have the following representation for UNt :

UNt = λkt
√
N −

∫ t

0
λk

[
√
N

k−1∑
l=1

qNl (s) + Φs

(
UN
)]

ds

− 1√
N
Spk,N (t) +

√
N mk,N (t). (9.3)

The jumps of UN are no more than 1/
√
N . By the Lipshitz condition (4.16),

equation (9.2) has a unique solution. Note that by (9.1)

P-lim
N→∞

[
Spk,N (t)
√
N
− λkt

√
N

]
= 0. (9.4)

Indeed, by (4.8) and (9.1)

E

∣∣∣∣Spk,N (t)
√
N
− λkt

√
N

∣∣∣∣ =
√
N E

∣∣∣∣Spk,N (t)

N
− λkt

∣∣∣∣ =
√
N |µk,N − λkt| → 0,

and the convergence (9.4) follows.
Therefore, one can apply theorem 8.3.1(c) by Liptser and Shiryayev [24] checking

two of its conditions:

P-lim
N→∞

sup
s6t

∣∣∣∣∣
∫ s

0
λk

k−1∑
l=1

√
N qNl (u) du

∣∣∣∣∣ = 0 (9.5)

and

P-lim
N→∞

sup
s6t

∣∣〈√N mk,N
〉
s
− 2λks

∣∣ = 0. (9.6)

The convergence (9.5) holds by (5.2). The convergence (9.6) holds by (5.2),
(5.3), (4.4), since

P-lim
N→∞

〈√
N mk,N

〉
t

= 2λkt,

and moreover,

P-lim
N→∞

sup
s6t

∣∣〈√N mk,N
〉
s
− 2λks

∣∣ = 0.

Thus, the desired convergence holds and with the aid of continuous map-
ping method (see, e.g., Jacod and Shiryayev [14] or Liptser and Shiryayev [24])
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{Φt(UN )}t>0 converges weakly to {Φt(U )}t>0 as N → ∞, i.e., Y N (t) = Φt(UN )
converges weakly to

Y (t) = Φt(U ) = U (t)− inf
s6t

Us.

Therefore,

Y (t) = −
∫ t

0
λkY (s) ds +

√
2λkW

U (t)− inf
s6t

Us.

According to Liptser and Shiryayev [24, theorem 10.2.1] or to Anulova and
Liptser [5, theorem 5] the process Y (t) can be represented in the form of the Itô
equation with the normal reflection:

Y (t) = −
∫ t

0
λkY (s) ds +

√
2λkW (t) + Ψ(t)

with the Wiener process W (t) and the functional of the normal reflection Ψ(t) adapted
to the filtration denerated by Y = {Y (t)}t>0. Theorem 4 is proved. �

Theorem 5 (Fluid and Gaussian diffusion approximation). Let us assume that λk >
µk. Then for any fixed t > 0 and ε > 0

lim
N→∞

P
{

sup
s6t

∣∣qNk (s)− q(s)
∣∣ > ε} = 0. (9.7)

(Recall that qNk (t) = N−1QNk (t), and q(t) is defined in (4.17).) The sequence Y N =
[Y N (t)]t>0, N > 1, converges weakly (in the Skorohod–Lindvall topology of space D)
to Gaussian diffusion process Y = [Y (t)]t>0 defined by the Itô equation

Y (t) = −
∫ t

0
λkY (s) ds+

∫ t

0

√
λk
[
1− q(s)

]
+ µk dW (s)

with respect to a Wiener process W (t).

Proof. Indeed, the statement (9.7) follows immediately from (4.17) and (5.3). Let us
prove the residual part of the theorem. Along with the process Y N let us introduce
the process V N = [V N

t ]t>0, where

V N
t =

√
N
[
xk,N (t)− xk(t)

]
.

By (4.17) it is clear that

Y N (t)− V N
t =

√
N
[
qNk (t)− q(t)

]
−
√
N
[
xk,N (t)− xk(t)

]
=
√
N
[
qNk (t)− xk,N (t)

]
. (9.8)

It follows from (9.8) and (5.6) that

P-lim
N→∞

sup
s6t

∣∣Y N (s)− V N
s

∣∣ = 0. (9.9)
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Hence, by Liptser and Shiryayev [24, problem 6.2.1], both sequences Y N and V N

converge weakly to the same limit (if that limit does exist). Let us prove the weak
convergence of V N to Y . From (4.7) and (4.15) we have the following representation
for V N

t :

V N
t =−

∫ t

0
λk

k∑
l=1

[
Φs

(√
N xl,N

)
−Φs

(√
N xl

)]
ds

− 1
N
Spk,N (t) + µkt+

√
N mk,N (t). (9.10)

Keeping in mind that

k∑
l=1

[
Φs

(√
N xl,N

)
−Φs

(√
N xl

)]
=
√
N
[
qNk (s)− xk(s)

]
+

k−1∑
l=1

√
N qNl (s)

=
k−1∑
l=1

√
N qNl (s) +

√
N
[
qNk (s)− xk,N (s)

]
+ V N

s ,

rewrite (9.10) as

V N
t =−

∫ t

0

{
λkV

N
s + λk

[
k−1∑
l=1

√
N qNl (s) +

√
N
[
qNk (s)− xk,N (s)

]]}
ds

− 1
N
Spk,N (t) + µkt+

√
N mk,N (t).

Taking into consideration that the jumps of V N are no more than 1/
√
N , and

N−1Spk,N (t) converges in probability to µkt, in order to prove the weak convergence
of V N to Y , we can apply theorem 8.3.1(c) by Liptser and Shiryayev [24] checking
for any fixed t > 0 only two of its conditions:

P-lim
N→∞

sup
s6t

∣∣∣∣∣
∫ s

0

{
λk

[
k−1∑
l=1

√
N qNl (u) +

√
N
[
qNk (u)− xk,N (u)

]]}
du

∣∣∣∣∣ = 0 (9.11)

and

P-lim
N→∞

sup
s6t

∣∣∣∣〈√N mk,N
〉
s
−
∫ s

0
λk
[
1− q(u)

]
du− 1

N
Spk,N (s)

∣∣∣∣ = 0. (9.12)

Indeed, (9.11) follows immediately from lemma 3, and (9.12) follows, in turn, from
lemma 2, since

〈√
N mk,N

〉
t

= λk

∫ t

0

[
1−

k∑
j=1

qNj (s)

]
ds+

1
N
Spk,N (t)
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(see relation (4.4)) and, therefore,

sup
s6t

∣∣∣∣〈√N mk,N
〉
s
−
∫ s

0
λk
[
1− q(u)

]
du− 1

N
Spk,N (s)

∣∣∣∣
= sup

s6t

∣∣∣∣∣
∫ s

0
λk

[
k∑
j=1

qNj (u)− q(u)

]
ds

∣∣∣∣∣.
Theorem 5 is proved. �

10. Discussion for the future work and extension of the model

In this section we discuss an extension of the model in the following two cases as
the service time in the hub and, therefore, inputs to satellite node are time dependent
and the inputs to satellite nodes are generated by a process with strictly stationary and
ergodic increments. In those both cases we omit the technical details and pay attention
to general behavior of the model.

10.1. A model with time dependent inputs to satellite nodes

Although this model seems to be the straightforward generalization of our model
it has some interesting specific features.

Consider the queue-length process at satellite node j defined by (2.1). Let the
process Dj,N (t) is the same as in (2.2) while the process Aj,N (t) is defined as follows.
Assume that {Pj,i(t)}, i = 1, 2, . . . ,N , is a collection of independent nonhomogeneous
Poisson processes with rate λj(t). Then,

Aj,N (t) =

∫ t

0

N∑
i=1

I

{
N −

k∑
l=1

QNl (s−) > i
}

dPj,i(s). (10.1)

Next,

Apj,N (t) =

∫ t

0

{
N −

k∑
l=1

QNl (s−)

}
dP pj,1(s), (10.2)

where P pj,1(t) is a compensator of the point process Pj,1(t), and

P pj,1(t) = λj(t)t (10.3)

(for details see Dellacherie [13] or Liptser and Shiryayev [23, theorem 1.6.1]). There-
fore, substituting (10.3) for (10.2) we have

Apj,N (t) =

∫ t

0

{
N −

k∑
l=1

QNl (s−)

}
d
[
sλj(s)

]
(10.4)
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and, further,

1
N
Apj,N (t) =

∫ t

0

{
1−

k∑
l=1

qNl (s−)

}
d
[
sλj(s)

]
, qNl (s) =

1
N
QNl (s). (10.5)

Thus, analogously to (4.15) we have

xj(t) =

∫ t

0

{
1−

k∑
l=1

Φs(xl)

}
d
[
sλj(s)

]
− µjt, j = 1, 2, . . . , k, (10.6)

(we use here the same notation as in the usual case). And if λj(t) is a continuous
function in point t, the solution of (10.6) depends on whether λj(t) < µj or λj(t) > µj .
The first inequality leads to nonbottleneck case, the second one to bottleneck case. It
is interesting to study a behavior around bifurcation points where a node is changed
from nonbottleneck to bottleneck case.

10.2. A general model with state dependent service times at the hub

In this section we consider the situation where the hub is a single-server queueing
system with service depending on queue-length generated in turn by point process with
strictly stationary and ergodic increments. That is,

Π(t) =
∞∑
i=1

I{ti 6 t}, tn =
n∑
i=1

τi,

where {τi}i>1 is a strictly stationary and ergodic sequence of random variables, having
the expectation λ−1. A service time at the hub depends on the number of customers
residing here as follows. If immediately before a service time of ith customer there
are K customers at the hub, we set that service time to be equal to K−1τi.

Note, that the case of independent identically and exponentially distributed ran-
dom variables {τi} reduces this model with service at the hub depending on queue-
length to the model where the hub is an infinite-server queueing system, as it was
considered in the previous sections of the paper.

Let us consider now satellite node j where the queue-length process is defined
by (2.1) and the departure process by (2.2).

To define an arrival process we should first construct an auxiliary process with
strictly stationary and ergodic increments by thinning the initial process Π(t). To do
that let us introduce the sequence {τj,i}i>1 as follows:

τj,1 = τ1 + τ2 + · · ·+ τνj,1 ,

τj,n = τνj,1+νj,2+···+νj,n−1+1 + · · ·+ τνj,1+νj,2+···+νj,n ,

where {νj,i}i>1 is the sequence of independent identically distributed positive integers,
P{νj,1 = n} = pj(1− pj)n−1.
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Let now

πj(t) =
∞∑
i=1

I{tj,i 6 t}, tj,n =
n∑
i=1

τj,i.

It is clear that {τj,i}i>1 is a strictly stationary and ergodic sequence of random variables,
and the process πj(t), being a thinning of the process Π(t), satisfies the necessary
properties.

Next, define an arrival process as follows:

Aj,N (t) =

∫ t

0
dπj
([
QN0 (s∗−)

]
s
)

=

∫ t

0
dπj

([
N −

k∑
l=1

QNl (s∗−)

]
s

)
, (10.7)

where s∗ 6 s is the instant of the last departure before time s of a customer from the
hub. It is obvious that

Aj,N (t) 6 Ãj,N (t) =

∫ t

0
dπj

([
N −

k∑
l=1

QNl (s−)

]
s

)
(10.8)

with probability 1. Inequality (10.8) holds because during time interval (s∗, s) cus-
tomers can return from satellite nodes to the hub, and the queue-length at the hub
during that time interval can only increase.

It follows also from (10.8) that

Apj,N (t) 6 Ãpj,N (t), (10.9)

where Apj,N (t) and Ã p
j,N (t) are the compensators for the processes Aj,N (t) and Ãj,N (t),

respectively, and

〈Mj,N 〉t 6 Apj,N (t) + Spj,N (t) 6 Ã p
j,N (t) + Spj,N(t). (10.10)

Next, denoting πpj (t) the compensator for πj(t) and taking into consideration that

πpj (t) =
∞∑
i=1

∫ t∧τj,i

t∧τj,i−1

dFj,i(s)
1− Fj,i(s−)

, (10.11)

where Fj,i(x) = P{τj,i 6 x | τj,i−1, . . . , τj,0} and τj,0 is assumed to be zero (see, e.g.,
Liptser and Shiryayev [23,24], Davis [12]), from (10.8) we obtain

Ã p
j,N (t) =

∫ t

0
dπpj

([
N −

k∑
l=1

QNl (s−)

]
s

)
. (10.12)

Equations (10.7), (10.8) and (10.12) are very general for analysis similar to that
for the model considered earlier in the previous sections. Nevertheless, those equa-
tions seem useful to prove the statement on stability for this network with the aid of
development of the method in the sixth section of the paper.
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