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Abstract

The optimal control problem for systems with controlled unilateral phase constraints is considered. The
definition of the generalized solutions is introduced, the transformation method for the original optimal
control problem within the class of generalized solution to a standard optimal control problem is proposed,
and the necessary optimality conditions are found.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In recent years there has been a significant interest in modeling [18–22,24,25] and control
[9–11] of impact mechanical systems. This interest is motivated by a wide range of applications,
including vibro-impact mechanics [1], robotics [13], and microelectromechanics [8]. Theoptimal
control problems for this class of systems, however, have remained largely unexplored. The
reason for this appears to be the difficulty in appropriately blending together impact mechanics
and impulsive control. To address this problem, in a series of recent works the present authors
have introduced a new class of systems —systems with active singularities, i.e., singularities
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that arise due to system interaction with controlled, or active, state constraints characterized by
the almost infinite “elasticity” [3–7], and proposed a novel physically based approach to their
representation. As a result, one can obtain the description of system dynamics in terms of a
nonlinear differential equation with measure. Singular motions are represented in the latter with
the aid of a shift-operator along the paths of a so-called “limit”, or “controlled infinitesimal
dynamics”, system [5–7]. In this paper, a class of optimal control problems for systems with
active singularities is formulated and the properties of the corresponding optimal solutions are
established.

The first step in developing an optimal control synthesis technique for the class of systems
considered is meaningfully defining a solution of a system with optimally controlled singularity.
A good starting point for this effort is a rigorous mathematical framework for the impulsive
control law synthesis developed in [17]. The approach considered in [17] is based on the concept
of a generalized solution for systems with impulsive controls as a limit of a sequence of ordinary
solutions at continuity points, leading to the infinitesimal solution generator in the form of a
nonlinear differential equation with a measure. This helps create the physically based concept of
generalized solution which can be approximated in the common sense by ordinary ones.

In this paper, however, we consider the class ofunilaterally constrained systems arising in
impact mechanics. In this case, characterized by phase (unilateral) constraints, the problem of
defining a solution appears to be more complicated and alternative concepts of generalized
solution need to be introduced. Furthermore, the control problem looks more challenging as
well, since the conditions for the existence of an optimal control law and the necessary optimality
conditions need to reflect the additional complexity of the controlled impact. To address these
problems, the present work employs a technique well tested for problems with state constraints
— admitting small (in some sense) violations (relaxation) of constraints. Then, a solution
can be realized through an approach similar to the so-called penalization method, where the
absolutely rigid constraint is replaced by its elastic approximation, and the generalized solution
is obtained in the limit as the elasticity coefficient goes to infinity [19]. The difference from
the penalization method, however, is that for the problems considered, penalty functions do not
arise.

In [17] two forms of generalized solutions are suggested, namely: strong and weak ones,
distinguished by their behaviors at points where the solution hits the constraints. For strong
solutions we admit the uniformly small constraint violation only, whereas for weak solutions we
admit violations small in theL1 sense. Both solution types have physical meaning depending on
the application area. With this approach, one can establish that the limit, i.e., the (generalized)
solution with discontinuous velocities, satisfies thedifferential equation with a measure, localized
at the constraint boundary. It has become commonplace to employ this differential equation with
a measure as a model for description of hybrid systems and systems with phase constraints,
using, for example, such techniques as complementarity, characterized by augmenting the
differential equation with algebraic relations between the pre-impact and the post-impact
velocities. However, in the case of controllable dynamics these solutions are not unique! The
sufficient condition for uniqueness which cannot be relaxed even in very simple cases is as
follows: All applied forces have to be analytical functions of time and coordinates[2]. Though
the necessity for this condition was demonstrated by a number of examples,it is absolutely
unreal for applied control problems.In view of a well-posed limit equation setting that could
guarantee uniqueness of solutions in the control problems, heuristically matching the solutions
generated by the controlled limit models to those generated by the systems obtained from limit
models through penalization has been proposed. Solutions generated by the latter are well-posed,
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and one can select the generalized solution of the limit system corresponding to that of its
penalized approximation. This approach, however, is still not entirely satisfactory, since it does
not introduce the dynamics necessary for fullycapturing the subtleties of impact phenomena.
Thus, developing well-posed controlled limit impact systems is at present an open problem.

To clearly bring out the problem, the present work considers some well known examples,
and demonstrates a typical use of the penalization method for selecting a solution out of those
produced from a typical limit description. Then, a technique is proposed that looks promising
for addressing this problem: the time–space transformation method [4], that permits describing
the solution jumps in a well-posed manner, and on this basis producing necessary optimality
conditions for the optimal control problem in the controlled singular phase.

The structure of the paper is as follows.Section 2 describes a general model of a
discrete–continuous controlled system with controlled singularities and states the general optimal
control problem for this system. The setting proposed is demonstrated on an example of a
juggling mechanical system. Then, various impact models, namely a classical one and models
with controlled singularities, are considered, and a strong dependence of the resulting post-
impact velocities on the profiles of the applied impulsive forces is demonstrated.Section 3
presents the method of discontinuous time transformation [17] and extends it to the new class
of optimal control problems, formulated inSection 2. It is shown that by using this method one
can reduce the originally singular control problem to a relatively standard one in terms of so-
called multiprocesses [12]. The last section presents conclusions, where the applicability of the
results obtained to classical problems of optimal control with unilateral constraints of the impact
type is assessed.

2. Generalized solutions in dynamical systems with controlled singularities

2.1. Model description

Consider a dynamical system whose behavior is described on the interval[0, T] by a pair of
continuous functions(xp(t), xv(t)) ∈ Rn × Rn, which satisfies the differential equation

ẋp(t) = Fr
p(xp(t), xv(t), t),

ẋv(t) = Fr
v (xp(t), xv(t),u(t), t)

+ Fs(xp(t), xv(t),w(t), t, µ)I {t : G(xp(t), t) ≤ 0},
(1)

with a given initial condition(xp(0), xv(0)) ∈ Rn × Rn. Onecan consider in(1) (xp(t), xv(t))
as the generalized state and velocity, and

u(t) ∈ U ⊂ Rm, w(t) ∈ W ⊂ Rk, (2)

whereU,W are some compact sets, are the control signals.
FunctionFs

v (xp, xv,w, t, µ) is supposed to be continuous and smooth in the areaG(xp, τ ) ≤
0, and to satisfy the constraints

Fs
v (xp, xv,w, t, µ) = 0, if

G(xp, t) = 0,
d

dt

∣∣∣∣
Fr

p

G(xp, t) = G′
x Fr

p + G′
t

∣∣∣∣∣
(xp,xv,t)

= 0

and the Lipshitz-type condition
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Fig. 1. Motion of a dynamic system with unilateral constraints ifµ < ∞.

Fig. 2. Limit motion of a dynamic system with unilateral constraints whenµ = ∞.

‖Fs
v (xp, xv,w, t, µ) − Fs

v (x
′
p, x

′
v,w, t, µ)‖

≤ L{‖xp − x′
p‖ + µ−1/2‖xv − x′

v‖}. (3)

Assume that for any given 0≤ µ < ∞ the joint system(1) has a unique solution for any given
measurable controlsu(·),w(·). A condition of the type(3) is satisfied for well-known models of
mechanical systems with viscoelastic obstacles(Kelvin–Foight, Maxwell, etc., models) and can
usually be described by Rayleigh’s dissipative potentials in the areaG(xp, τ ) ≤ 0 [14].

In thelimit µ ↑ ∞, system(1) could still have a solution. If such a limit solution exists, one
can treat it asthe generalized solution of a dynamical system with unilateral constraints, which
would then be described by the limiting form of the joint system asthe differential equation with
delta functionsin the rhs, or, more generally, with a measure. The motion of system(1) for finite
µ and the corresponding motion of its limit system forµ ↑ ∞ are depicted inFigs. 1and2,
respectively.

2.2. Description of the single-jump motion

Let the system start from the initial condition att = 0 and xp(0), xv(0) such that
G(xp(0),0) > 0 and letτ be the first point where the system engages with the constraint, so that

G(xp(τ ), τ ) = 0,
d

dt

∣∣∣∣
Fr

p

G(xp(τ ), τ ) < 0, (4)
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and the controlw(t, µ) is coordinated with the duration of theimpact and, therefore, has the form

w(t, µ) =
{
wτ ((t − τ )µ1/2), if t ≥ τ,

0, otherwise.
(5)

The typical case in mechanics is the case of viscoelastic constraints where the orders of the
constraint violation and the period of the constraint violation are∼ µ−1/2 (seeFigs. 1and2).
Therefore, the following space–time transformation in the vicinity of the jump point is natural.

Fors > 0 weput

yµp (s) = xp(τ )+ µ1/2[xp(τ + µ−1/2s)− xp(τ )],
yµv (s) = xv(τ + µ−1/2s),

t = τ + µ−1/2s.

(6)

Then the new variables{yµp (s), yµv (s)} satisfy the system of differential equations

ẏµp (s) = Fr
p

(
yµp (s)− xp(τ )

µ1/2 + xp(τ ), yµv (s), τ + µ−1/2s

)
,

ẏµv (s) = µ1/2Fs
v

(
yµp (s)− xp(τ )

µ1/2
+ xp(τ ), yµv (s),wτ (s), τ + µ−1/2s, µ

)

+µ−1/2Fr
v

(
yµp (s)− xp(τ )

µ1/2 + xp(τ ), yµv (s),u(τ + µ−1/2s), τ + µ−1/2s

)
(7)

with initial conditionsyµp(0) = xp(τ ), yµv (0) = xv(τ−).
Due to the continuity of Fr

p there exists

F̄p(yp, yv, xp, τ )

= lim
µ↑∞ Fr

p

(
yp − xp

µ1/2
+ xp, yv, τ + µ−1/2s

)
= Fr

p(xp, yv, τ ). (8)

Assume also that for given admissible controlw(·) there exists

F̄v(yp, ȳv,wτ (s), s, xp, τ )

= lim
µ↑∞µ

1/2Fs
(

yp − xp

µ1/2
+ xp, yv, w(τ + µ−1/2s), τ + µ−1/2s, µ

)
, (9)

defined for all(xp, τ ) suchthatG(xp, τ ) = 0. Then due to the condition(3), functionsF̄p, F̄v
are continuous with respect to all variables and Lipschitz inyp, yv.

Suppose that the system of limit equations describing the transformed singular phase motion

ẏp(s) = Fr
p(xp(τ ), yv(s), τ ),

ẏv(s) = F̄v(yp(s), yv(s),wτ (s), s, xp(τ ), τ ),
(10)

referred to in [6] as thecontrolled infinitesimal dynamics equation, for s ∈ [0,∞) with initial
conditionyp(0) = xp(τ ), yv(0) = xv(τ−), has a solution such that thereexists the exit time

s∗ = inf

{
s> 0 : G′

t

∣∣
(xp(τ ),τ )

s + G′
x

∣∣
(xp(τ ),τ )

(yp(s)− xp(τ )) = 0,

G′
t

∣∣
(xp(τ ),τ )

+ G′
x

∣∣
(xp(τ ),τ )

Fr
p(xp(τ ), yv(s), τ ) > 0

}
(11)
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such that on the interval(0, s∗)

Ḡ(xp(τ ), τ, yp(s), s) = Ḡ(y, η, z, s) = G′
t

∣∣
(y,η)s + G′

x

∣∣
(y,η)(z − y) < 0. (12)

Then, ifµ → ∞,

(yµp (s), yµv (s)) → (yp(s), yv(s)) uniformly on[0, s∗ + ε],
and for all sufficiently largeµ there exists the exit time

s∗
µ = inf


s > 0 :

G(xp(τ + µ−1/2s), τ + µ−1/2s) = 0,

(G′
t + G′

x Fr
p)

∣∣∣
(xp(τ+µ−1/2s),xv(τ+µ−1/2s),τ+µ−1/2s)

> 0


 (13)

suchthat

s∗
µ → s∗.

The following theorem [6] describes the single jumps of the generalized solution.

Theorem 1. If the above assumptions hold, then for sufficiently smallε > 0 on the interval
[0, τ+ε), the solution of the system(1) converges to some discontinuous functions(x̄p(t), x̄v(t)),
suchthat

x̄p(t) = xp(t), x̄v(t) = xv(t), t < τ,

and

x̄p(τ+) = lim
µ↑∞ xp(τ + µ−1/2s∗

µ) = xp(τ )

x̄v(τ+) = lim
µ↑∞ yv(τ + µ−1/2s∗

µ) = yv(s
∗).

Let

ϕ(·, s, wτ (·), τ ) =
(
ϕp(·, s, wτ (·), τ )
ϕv(·, s, wτ (·), τ )

)
(14)

be the generalsolution of(10) for s ≥ 0 with initial conditions

yp(0) = xp(τ ), yv(0) = xv(τ ). (15)

Then, the jump of the variablexv(·) at a pointτ is described by the relation

�xv(τi ) = ϕv(yp(0), yv(0), s
∗, wτ (·), τ )− yv(0). (16)

Thereby,�xv(τ ) is defined as theyv-component of the shift-operator along the paths of system
(14) up to the exit times∗ = s∗(yp(0), yv(0)). Therefore, the generalizedsolution is described
by a nonlinear generalized differential equation with Dirac measure

ẋp(t) = Fr
p(xp(t), xv(t), t),

ẋv(t) = Fr
v (xp(t), xv(t),u(t), t) + Ψv(xp(τ ), xv(τ−),wτ (·), τ )δ(t − τ ),

(17)

where

Ψv(yp, yv,wτ (·), τ ) = ϕv(yp, yv, s
∗, wτ (·), τ )− yv. (18)
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2.3. Example: Representation of the juggling system motion

In order to demonstrate this approach we derive a jump representation for a ball–racket
juggling system. Consider the system with the state vectorz = (xp1, xp2, Xp, xv1, xv2, Xv),
where(xp1, xp2) are the horizontal and the vertical coordinates of the moving ball,(xv1, xv2)

are the corresponding velocities, and(Xp, Xv) are the coordinate and velocity of the obstacle
surface in the vertical direction. Then, the free motion area is given by the relation

G(z) = xp2 − Xp ≥ 0. (19)

2.3.1. General motion equations
First, consider the motion along the vertical axis only. Suppose that in the area free of

constraint the motion is described by the equations

ẋp1(t) = xv1(t), ẋv1(t) = 0,

ẋp2(t) = xv2(t), ẋv2(t) = −g,

Ẋp(t) = Xv(t), Ẋv(t) = F(t)

M
.

(20)

In the inhibited areaG(z) = xp2 − Xp ≤ 0 the motion is described by the equation

ẋp1(t) = xv1(t), ẋv1(t) = −νµ Fs(z(t),w(t, µ))

m
signxv1(s),

ẋp2(t) = xv2(t), ẋv2(t) = −g + µ
Fs(z(t),w(t, µ), µ)

m
,

Ẋp(t) = Xv(t), Ẋv(t) = F(t)

M
− µ

Fs(z(t),w(t, µ), µ)

M

(21)

where:

• µFs(z(t), µ) is a viscoelastic force during the contact of ball and racket described by the
relation

Fs(z(t),w(t, µ), µ)

= −(xp2(t)− Xp(t))− 2µ−1/2ξ(xv2(t)− Xv(t))+ µ−1/2w(t, µ), (22)

• m,M are the masses of the ball and racket, respectively,
• g is the gravitational acceleration,
• ν ≥ 0 is thedry friction coefficient,
• F(t), such that|F(t)| ≤ F0 < ∞, is an external control force acting on the racket,
• µ > 0 is the elasticity coefficient and 0≤ ξ ≤ 1 is thedamping,
• w(t, µ) is the control of the singular motion acting during the impact phase and having the

representation

w(t, µ) = wτ ((t − τ )µ1/2) for t ≥ τ,

whereτ is the instant of the impact andwτ (·) is some integrable function.

Eqs. (20) and(21) describe the continuous motion in the case ofµ < ∞. The objective,
however, is to obtain the velocity jump representation corresponding to the limit motion as
µ → ∞.
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Since the motion in the vertical direction does not depend on coordinates(xp1, xv1), one
can obtain the jump representation independently. First, consider the motion in the vertical
direction with the corresponding reduced state vectorz̄(t) = (xp2, Xp, xv2, Xv). Applying
Theorem 1and calculatingF̄ using formula(10) yields the following system for new variables
(yp2(s),Yp(s), yv2(s),Yv(s)) describing the motion in the enlarged space–time scale:




ẏp2(s)
Ẏp(s)
ẏv2(s)
Ẏv(s)


 =




yv2(s)
Yv(s)

− 1

m
[(yp2(s)− Yp(s))+ 2ξ(yv2(s)− Yv(s))]

1

M
[(yp2(s)− Yp(s))+ 2ξ(yv2(s)− Yv(s))+w1(s)]


 . (23)

The system(23)has to be solved fors> 0 with initial conditions

yp2(0) = Yp(0) = xp2(τ ), yv2(0) = xv2(τ ) < Yv(0) = Xv(τ ), (24)

up tothe exit time defined by the relation(11)

s∗ = inf

{
s > 0 : yp2(s)− Yp(s) = 0,

yv2(s)− Yv(s) > 0

}
. (25)

The variable

Z(s) = yp2(s)− Yp(s),

which characterizes the constraintviolation satisfies the equation

d2

ds2
Z(s) = M + m

Mm

[
−Z(s)− 2ξ

d

ds
Z(s)

]
+ wτ (s)

M + m
, (26)

with initial conditions

Z(0) = 0,
d

ds
Z(0) < 0.

We consider the case when

|ξ | <
(

mM

M + m

)1/2

= 1

k
(27)

which guaranties the existence ofs∗ in (25) in most reasonable cases.

2.3.2. Jump representation in the vertical direction: continuous racket velocity
First we consider the case of continuous racket motion, sow1(s) = 0. In this case the solution

of (26)has the form

Z(s) = exp{−λs}Ż(0)
sinωs

ω
,

Ż(s) = exp{−λs}Ż(0)

(
cosωs − λ sinωs

ω

)
,

where

ω = k
√

1 − k2ξ2, λ = ξk.
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Then, there exists

s∗ = π

ω

satisfying(25), andby Theorem 1one can calculate the jumps of variablesxv2(τ ) and Xv(τ ).
For yv2, integration of the system(23)and(26)yields the representation

yv2(s) = xv2(τ−)+ M

M + m
[Ż(s)− xv2(τ−)+ Xv(τ−)]

+ 1

M + m

∫ s

0
wτ (u) du. (28)

The substitution ofs∗ into relationsyv2(s∗) = xv2(τ ) andY(s∗) = Xv(τ ) gives the following
formulas for the velocity increments:

�xv2(τ ) = − M(1 + kr )

M + m
[xv2(τ−)− Xv(τ−)],

�Xv(τ ) = m(1 + kr )

M + m
[xv2(τ−)− Xv(τ−)],

(29)

with the restitution coefficient

kr = exp

{
− πξ√

1 − k2ξ2

}
. (30)

Remark 1. These conventional relations for the change of velocity during the impact and
corresponding restitution coefficient can be found in [10,19,24]. The principalassumption is
the continuity of the racket velocity. Of course one can observe that these relations can be
derived with the aid of the usual approach based on conservation laws. Therefore, in this case the
approach based on consideration of a singular phase of motion gives the same result as a classical
one. However, in the case of active singularity one can admit the discontinuity of this velocity
during the impact. Therefore, the profile of the velocity change becomes critical. We consider two
different cases: in the first one the change of the racket velocity is uniformly distributed during
thephase of contact. In the second case the abrupt change of the racket velocity is concentrated
at some instant within the phase of contact. Thereby, this abrupt change plays a role of some
impulsive control withinthephase on contact.

2.3.3. Jump representation in the vertical direction: discontinuous racket velocity
In the first case of the uniform distribution of the impulsive effort during the contact phase

we have in Eqs.(26) and(28)wτ (s) = W = const. An explicit representation of the exit time
s∗ can be derived, but is rather cumbersome; however, we give the results of numerical solutions
obtained with the following data:

M = 100, m = 1, ξ = 0.2,

xv2(τ−) = −10, Xv(τ−) = 5, W = 300.
(31)

The numerical results are presented inFig. 3.
One can observe that the instants∗ exists ands∗ ≈ 3.8. The increments of the velocities can

be directly calculated as follows:

�xv2(τ ) = yv2(s
∗)− xv2(τ−) ≈ 32,
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Fig. 3. Motion of the “limit” system with a “uniform” break of the racket velocity during the impact.

�Xv(τ ) = yv2(s
∗)− Z(s∗)− Xv(τ−) ≈ 12.

In the second case of abrupt change of the racket’s velocity we have in Eqs.(26) and
(28) wτ (s) = Pδ(s − s1), wheres1 is the instant of the impulsive action application within
the singularity phase andP is the value of the impulse applied. On can easily derive the
representations

Z(s) = exp{−λs}Ż(0)
sinωs

ω
− P

M
exp{−λ(s − s1)}sinω(s − s1)

ω
,

Ż(s) = exp{−λs}Ż(0)

(
cosωs − λ sinωs

ω

)

− P

M
exp{−λ(s − s1)}

(
cosω(s − s1)− λ sinω(s − s1)

ω

)
,

an explicit representation of the exit time

s∗ = π

ω
+ arctan

P
M exp{λs1} sinωs1

Ż(0)− P
M exp{λs1} cosωs1

,

and the velocity after the impact calculated with the aid of a modified relation(28)as

xv2(τ ) = yv2(s
∗) = xv2(τ−)

+ M

M + m

[
Ż(s∗)− xv2(τ−)+ Xv(τ−)

] + P

M + m
. (32)

For themodelling we use the same data as in the case of uniform action distribution (see(31))
and assign

P = Ws∗ = 300∗ 3.8 = 1140,

which is equal to the external force impulse during the phase of contact. The dependence of an
exit time and the terminal ball velocity on the times1 of the impulse application is shown below
in Figs. 4and5.

The main observation is that the maximum terminal velocity can be achieved by application
of the impulse as closely as possible to the beginning of the singular phase and, vice versa,
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Fig. 4. Dependence of the exit times∗ on the instants1 of abrupt velocity change during the phase of contact.

Fig. 5. Dependence of the exit velocityyv2 on the instants1 of abrupt velocity change during the phase of contact.

the minimum can be achieved by application of the impulse as closely as possible to the end
of the singular phase. Moreover, comparing the values of the terminal velocity inFig. 3 and
the maximal value of the terminal velocity ats1 = 1 in Fig. 5, the impulsive force looks more
effective than the uniform distribution. The modelling results corresponding to the intermediate
case, i.e.s1 = 1, are shown inFig. 6.

2.3.4. Motion in the horizontal direction with dry friction

By using the space–time transformation of(xp1, xv1) we obtain the following system of
equations in the new space–time scale:(

ẏp1(s)
ẏv1(s)

)
=

(
yv1(s)

−νyv2(s)sign{yv1(s)}
)
, (33)
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Fig. 6. Motion of the “limit” system with an “abrupt” break of the racket velocity during the impact. The arrow shows
the instants1 = 1 of the abrupt velocity change during the phase of contact. At this moment the abrupt change of the
racket velocity takes place.

where by definition sign{0} = 0. The solution of(33)has the form

yv1(s) = yv1(0)− ν

∫ min{s,τ∗}

0
ẏv2(τ ) dτ = yv1(0)− ν[yv2(min{s, τ ∗})− yv2(0)],

where

τ ∗ = inf{τ > 0 : yv1(τ ) = 0}.
Therefore,

yv1(s
∗) = yv1(0)− ν[yv2(min{s∗, τ ∗})− yv2(0)],

and taking into accountthe initial conditionyv1(0) = xv1(τ−) by Theorem 1one can calculate
the velocity increment in the horizontal direction as

�xv1(τ ) =
{−ν�xv2(τ ), if [xv1(τ−)− ν�xv2(τ )]xv1(τ−) ≥ 0,
−xv1(τ−), otherwise,

(34)

where�xv2(τ ) is defined by the relation(29). The interesting observation is that the increment
of the horizontal velocity admits an explicit representation which depends only on the increment
of the vertical velocity and does not depend on the profile of the applied external force. This is
not surprising, since the increment of the vertical velocity is proportional to the impulse of the
normal component of the contacting force which, in turn, defines the impulse of the dry friction
force, i.e. the horizontal component of the contacting force.

2.4. Description of the discrete–continuous motion with the sequence of jumps

Consider a discrete–continuous dynamical system whose behavior is described on the interval
[0, T] by a pair of piecewise continuous functions

(xp(t), xv(t)) ∈ Rn × Rn,
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which satisfies the differential equation(1) with controlu(·) satisfying(2) with a given initial
condition

(xp(0), xv(0)) ∈ Rn × Rn.

Assume that this equation describes the continuous system evolution up to the attainment of the
switching surface defined by the relation

G(xp(t), t) = 0. (35)

Suppose that originallyG(xp(0),0) ≥ 0, and one can define a sequence of intersection times

0< τ1 < · · · < τl < · · · < T

as follows:

τ1 =




inf
0<t≤T

{
t : G(xp(t), t) = 0,

d

dt

∣∣∣∣
Fr

p

G(xp(τ ), τ ) < 0

}
,

∞, if the set is empty,

(36)

and

τi =




inf
τi−1<t≤T

{
t : G(xp(t), t) = 0,

d

dt

∣∣∣∣
Fr

p

G(xp(τ ), τ ) < 0

}
,

∞, if the set is empty.

(37)

As can be seen,τi , i = 1,2, . . ., are thetimes of exit from thedomain{(xp, t) : G(xp, t) ≥ 0}.
We considerτi to be the times of path singularity, i.e. the pathxv(·) to be discontinuous at instant
t = τi .

In order to control this discontinuity, we introduce the sequence of admissible controlswτi (·),
such that the corresponding�xv(τi ) are defined as theyv-components of the shift-operator along
the pathsof system(14) until the exit times∗ = s∗(xp(τi ), xv(τi −)). Therefore, the solution of
the discrete–continuous system is described by a nonlinear generalized differential equation with
Dirac measures

ẋp(t) = Fr
p(xp(t), xv(t), t),

ẋv(t) = Fr
v (xp(t), xv(t),u(t), t)

+
∑
τi ≤t

Ψv(xp(τi ), xv(τi −),wτi (·), τi )δ(t − τi ).

(38)

Representation of a jump in terms of the shift-operator along the paths of some auxiliary
system given by(18) is very important for analysis of the optimal control problems, since it
permits addressing the following tasks [16]:

• derivation of the representation of the generalized solution with a finite number of jumps in
terms of the differential equations with a measure, such as(38);

• rigorous statement of the optimal control problem for systems with active singularities;
• reduction of the optimal control problem for the transformed system to the multiprocess

form [12], and then derivation of the optimality conditions in the maximum principle form.
The latter two tasks are addressed in the next section.
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3. Optimal control problem for discrete–continuous systems with controllable singularities

Consider the optimalproblem for system(38) on a finite time interval as a problem of
minimizing the performance criterion

J[xp(·), xv(·),u(·),wτi (·), i = 1,2, . . .] = φ0(xp(T), xv(T)) (39)

whereφ0 is some continuously differentiable function.
In spite of the regularity assumptions in the system description, this problem belongs to a class

of extremely irregular ones due to the possible lack of solution extensibility. The latter could arise
for a variety of reasons:

(a) the set of pointss in the aboves∗ definition (11) being empty or the infimum being equal to
infinity; this case leads to capture of the system by the constraint;

(b) the number of jump points going to infinity, giving rise to so-called accumulation points [15];
(c) a “sliding mode” existing along the setG(x, t) = 0 as in systems with discontinuous right-

hand sides [23].

Each of these irregular cases requires a separate investigation that is mostly beyond of the
scope of this paper. The focus of the present work is on developing an approach to the optimal
control problem(39) that, through the use of a special time transformation, permits reduction of
the problem to a particular form of multiprocess optimization [12].

3.1. Time transformation

Assume that for some control functionu(·) all solutions of(38) are defined on the interval
[0, T], and thatany solution{xp(t), xv(t)} has a finite number of jumps at points{τi , i =
1, . . . , N}. This means that for everyi = 1, . . . , N the set ofcontrols{wτi (·)} and the set of
s∗
i = s∗(xp(τi ), xv(τi −)) < ∞, such that

xv(τi ) = ϕv(xp(τi ), xv(τi −), s∗
i , wτi (·), τi ),

are defined. Consider the time interval[0, T1], where

T1 = T +
N∑

i=1

s∗
i , (40)

and define on[0, T1] the function

α(s) =




0, if s ∈
[
τi +

∑
k<i

s∗
k , τi +

∑
k≤i

s∗
k

)
,

1, otherwise.

(41)

Also, define on[0, T1] the auxiliary system

ẏp(s) = α(s)Fr
p(yp(s), yv(s), η(s)),

ẏv(s) = α(s)Fr
v (yp(s), yv(s),u1(s), η(s))

+ (1 − α(s))F̄v(zp(s), yv(s),wi (s), θ(s), yp(s), η(s)),

żp(s) = (1 − α(s))Fr
p(zp(s), yv(s), η(s)),

η̇(s) = α(s),

θ̇ (s) = 1 − α(s)

(42)
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with initial conditions

yp(0) = zp(0), yv(0) = xv(0), η(0) = 0,

and with intermediate conditions

zp(s̄i ) = yp(s̄i ), θ(s̄i ) = 0, (43)

at points

s̄i = τi +
∑
k<i

s∗
k = inf{s : η(s) = τi },

whereα switches from 1 to 0, and with controls

u1(s) = u(η(s)),

wi (s) =


wτi (s − s̄i ),

if s ∈ [
s̄i , s̄i + s∗

i

) ;
arbitrary, but inW otherwise.

(44)

Then, the correspondence between the auxiliary and the original systems,(42) and (38),
respectively, is specified by the following theorem.

Theorem 2. For any solution {xp(t), xv(t)} of (38)define the functionη(s) by the relation (41)
and itsinverse by the relation

Γ (t) = inf{s : η(s) > t},
with Γ (T) = T1 by definition.

Let {yp(·), yv(·), zp(·), η(·), θ(·)} be the corresponding solution of(42). Then

xp(t) = yp(Γ (t)), xv(t) = yv(Γ (t)).

This result permits deriving the optimalityconditions by using the following approach.
According to theTheorem 2the auxiliary optimal control problem for system(42) with
intermediate conditions(43), terminal conditionη(T1) = T , andperformance criterion

J[yp(·), yp(·), zp(·), η(·), θ(·),u1(·),wi (·), i = 1,2, . . .] = φ0(yp(T1), yv(T1))

is equivalent to the original problem in the following sense: if the number of jumps is fixed
and given asN < ∞, then the optimal solution of the original problem gives, after the time
transformation, the optimal solution of the auxiliary optimal control problem and vice versa.
Therefore, the necessary optimality condition in the auxiliary problem can be transformed
into an optimality condition in the original problem with the aid of the inverse discontinuous
time transformation [17]. Since the auxiliary optimal control problem belongs to a class of
multiprocess problems [12], the optimality conditions in the maximum principle form are
straightforward.

3.2. Necessary optimality conditions

Let N < ∞. As follows from Theorem 2, the trajectory{xp(·), xv(·)} can be described as
follows:

• there exists a controlu(t) ∈ U a.e. on[0, T];
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• the set ofcontrolswτi (s) ∈ W is definedon the intervals[0, s∗
i ], wherei = 1, . . . , N;

• the set of variables{zi
p(·), zi

v(·)}, i = 1, . . . , N, is defined on the intervals[0, s∗
i ], and satisfies

the equations

żi
p(s) = Fr

p(xp(τi ), z
i
v(s), τi ),

żi
v(s) = F̄v(z

i
p(s), z

i
v(s),wτi (s), s, xp(τi ), τi )

with initial and terminal conditions

zi
p(0) = xp(τi ),

zi
v(0) = xv(τi −), zi

v(s
∗
i ) = xv(τi );

G(zi
p(0), τi ) = G(xp(τi ), τi ) = 0,

Ḡ(x(τi ), τi , z
i
p(s

∗
i ), s

∗
i ) = 0;

such that the path{xp(·), xv(·)} satisfies theequations

xp(t) = xp(0)+
∫ t

0
Fr

p(xp(s), xv(s), s) ds,

xv(t) = xv(0)+
∫ t

0
Fr
v (xp(s), xv(s),u(s), s) ds +

∑
τi ≤t

�xv(τi ),

with jumps defined by relations

�xv(τi ) = zi
v(s

∗
i )− zi

v(0).

Then, the optimality condition of the path{xp(·), xv(·)} has the following form of the maximum
principle:

Theorem 3. Assume that the set

{xp(·), xv(·),u(·), zi
p(·), zi

v(·),wτi (·), τi , s∗
i }

defines the optimal path in the problem with the cost function(39). Then, there exists the set of
elements

{ψp(·), ψv(·), ψ i
zp(·), ψ i

zv(·), λ0, λi , νi }
that are not equal to zero simultaneously, where:

(1) λ0, λi , νi , i = 1, . . . , N, are the constants,
(2) vector functions{ψp(·), ψv(·)} defined on the interval[0, T] satisfy the equations

ψp(t) = −λ0{φ0}′xp
(xp(T), xv(T))+

∫ T

t
[〈ψ̄p(s), {Fr

p}′
xp
(xp(s), xv(s), s)〉

+ 〈ψv(s), {Fr
v }′xp

(xp(s), xv(s),u(s), s)〉] ds +
∑
τi ≥t

�ψp(τi ),

ψv(t) = −λ0{φ0}′xv (xp(T), xv(T))+
∫ T

t
[〈ψ̄p(s), {Fr

p}′
xv
(xp(s), xv(s), s)〉

+ 〈ψv(s), {Fr
v }′xv (xp(s), xv(s),u(s), s)〉] ds +

∑
τi ≥t

�ψv(τi ),

(45)



B.M. Miller, J. Bentsman / Nonlinear Analysis 65 (2006) 999–1017 1015

where

ψ̄p(t) = ψp(t)+
∑
τi ≥t

(ψ i
xp + ψ̄ i

zp(t)), (46)

and

ψ i
xp = −λi G

′
xp
(xp(τi ), τi ), (47)

ψ̄ i
zp(t) =

{
−νi G

′
xp
(xp(τi ), τi ), if t ≥ τi ,

ψ i
zp(0), if t < τi ,

(48)

(3) the jumps of variables{ψp, ψv} at pointsτi are equal to

�ψp(τi ) = ψ i
zp(s

∗
i )− ψzp(0),

�ψv(τi ) = ψ i
zv(s

∗
i )− ψzv(0),

(49)

and
(4) variables{ψ i

zp(·), ψ i
zv(·)} are defined on the intervals[0, s∗

i ] and satisfy the equations

ψ i
zp(s) = −νi G

′
xp
(xp(τi ), τi )

+
∫ s∗

i

s
〈ψ i

zv(u), {F̄v}′zp
(zi

p(u), z
i
v(u),wτi (u),u, xp(τi ), τi )〉 du,

ψ i
zv(s) = ψv(τi )+

∫ s∗
i

s
〈ψ i

zv(u), {F̄v}′zv (zi
p(u), z

i
v(u),wτi (u),u, xp(τi ), τi )〉

+ 〈ψ i
zp(u), {Fr

p}′
zv
(xp(τi ), z

i
v(u), τi )〉 du.

(50)

The optimal trajectory and the optimal controls satisfy the relations:

• on the set[0, T] \ {τi , i = 1, . . . , N},
〈ψv(t), Fr

v (xp(t), xv(t),u(t), t)〉
≥ 〈ψv(t), Fr

v (xp(t), xv(t),u, t)〉 ≥ 0, (51)

for all u ∈ U,
• on the intervals[0, s∗

i ],
〈ψ i

zv(s), F̄v(z
i
p(s), z

i
v(s),wτi (s), s, xp(τi ), τi )〉

≥ 〈ψ i
zv(s), F̄v(z

i
p(s), z

i
v(s),w, s, xp(τi ), τi )〉 (52)

for all w ∈ W.

Thereby, optimality conditions of two types areobtained: the first one for the regular motion
phase, i.e.(51), and the second one for active singularity control, which also satisfies the
maximum principle, but only on the intervals describing fast motion(52). The evolution of
adjoint variables satisfies the system of nonlineardifferential equations with measures, described
in terms of integral relations(45)with the intermediate conditions(46)–(48).

4. Conclusions

The presence of an active singular phase in the system motion characterized by its own
dynamics drastically modifies the ordinary optimality conditions. The multi-scale description
of this phase gives the opportunity to express the “fast” phase of motion in explicit terms in
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terms of the shift-operator along the solutions of the controlled infinitesimal dynamics equation.
Moreover, if the motion in the singular phase does not admit the control activity (i.e., function
F̄v does not depend on any controlw), the form of necessary condition is still invariant with
respect tothe “fast” motion description and depends only on the jump representation of the
final velocity. In other words, the jumps (cf. item(49) in Theorem 3) can be expressed explicitly
without adjoint differential equations(50) in Theorem 3, but with the aid of the shift-operator
jump representation(14). Indeed, if controlw(·) is absent in the r.h.s. of̄Fv , then the system
of Eq. (50) admits an explicit solution in terms of the derivatives of the shift-operator jump
representation. This means that this type of optimality condition is also applicable to classical
optimal control problems with passive unilateral constraints producing jumping-type motions.
The authors intend to consider this class of problems in further publications.
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