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Abstract

The optimal ontrol problem for systems with controlled unilateral phase constraints is considered. The
definition of the generalized solotis is introduced, the transformatianethod for the original optimal
control problem within the class of generalized solution to a standard optimal control problem is proposed,
and the necessary optimality conditions are found.
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1. Introduction

In recent years there has been a significant interest in moddlBweRp24,25] and wntrol
[9-17 of impact mechanical systems. This interest is motivated by a wide range of applications,
including vibro-impact mechanic]j robotics [L3], and microelectromechanid][ Theoptimal
control problems for this class of systems, however, have remained largely unexplored. The
reason for this appears to be the difficulty in appropriately blending together impact mechanics
and impulsive control. To address this problémaseies of recent works the present authors
have introduced a new class of systemssystems with active singularities.e., singularities
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that arise due to system interaction with contra/ler active, state constints characterized by

the almost infinite “elasticity” 3—7), and proposed a novel physically based approach to their
representation. As a result, one can obtain the description of system dynamics in terms of a
nonlinear differential equation with measure. Singular motions are represented in the latter with
the aid of a shift-operator along the paths of a so-called “limit”, or “controlled infinitesimal
dynamics”, system3-7. In this paper, a class of optimal control problems for systems with
active singularities is formulated and the prdjes of the corresponding optimal solutions are
established.

The first step in developing an optimal control synthesis technique for the class of systems
considered is meaningfully defining a solution of a system with optimally controlled singularity.

A good starting point for this effort is a rigorous mathematical framework for the impulsive
control law synthesis developed ih7]. The approach considered ih7] is bagd on the concept

of a generalized solution for syshs with impulsive controls as a limit of a sequence of ordinary
solutions at continuity points, leading to the infinitesimal solution generator in the form of a
nonlinear differential equation with a measure. This helps create the physically based concept of
generalized solution which can be approximated in the common sense by ordinary ones.

In this paper, however, we consider the classidfaterally constrained systems arising in
impact mechanics. In this case,athcterized by phase (unilateral) constraints, the problem of
defining a solution appears to be more comgted and alternative concepts of generalized
sdution need to be introduced. Furthermore, the control problem looks more challenging as
well, since the conditions for the existence of an optimal control law and the necessary optimality
conditions need to reflect the additional complexity of the controlled impact. To address these
problems, the present work employs a technique well tested for problems with state constraints
— admitting small (in some sense) violationsefaxation) of constraints. Tkn, a solution
can be realized through an approach similar to the so-called penalization method, where the
absolutely rigid constraint is replaced by its ¢laspproximation, and the generalized solution
is obtained in the limit as the elasticity coefficient goes to infinitg][ The difference from
the penalization method, however, is that for the problems considered, penalty functions do not
arise.

In [17] two forms of generalized solutions are suggested, namely: strong and weak ones,
distinguished by their behaviors at points where the solution hits the constraints. For strong
solutions we admitte uniformly small constraint violation only, whereas for weak solutions we
admit violations small in thé 1 sense. Both solution types have physical meaning depending on
the application area. With this approach, one can establish that the limit, i.egetherdized)
sdution with discontinuous velocities, satisfies thiferential equation with a measure, localized
at the constraint boundary. It has become commonplace to employ this differential equation with
a measure as a model for description of hybrid systems and systems with phase constraints,
using, for example, such techniques as complementarity, characterized by augmenting the
differential equation with algebraic relatis between the pre-impact and the post-impact
velocities. However, in the case of controllaldynamics these solutns are not unique! The
suficient condition for uniqueness which cannot be relaxed even in very simple cases is as
follows: All applied forces have to be analytical functions of time and coordingie§hough
the necessity for this condition was demonstrated by a number of exartpsbolutely
unreal for applied control problemdn view of a well-posed limit equation setting that could
guarantee uniqueness of solutions in the controbfams, heuristically matching the solutions
generated by the controlled limit models to those generated by the systems obtained from limit
models through penalization has been proposed. Solutions generated by the latter are well-posed,
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and one can select the generalized solution of the limit system corresponding to that of its
pendized approximation. This approach, however, is still not entirely satisfactory, since it does
not introduce the dynamics necessary for fulBpturing the subtleties of impact phenomena.
Thus, developing well-posed controlled limit impact systems is at present an open problem.

To clearly bring out the problem, the present work considers some well known examples,
and demonstrates a typical use of the penalization method for selecting a solution out of those
produced from a typical limit description. Then, a technique is proposed that looks promising
for addressing this problem: the time—space transformation me#iotthéit permits describing
the solution jumps in a well-posed mannerdamn this basis producing necessary optimality
conditions for the optimal control problem in the controlled singular phase.

The structure of the paper is as followSection 2 describes a general model of a
discrete—continuous controllegstem with controlled singularitgeend states the general optimal
control problem for this system. The setjiproposed is demonstrated on an example of a
juggling mechanical system. Then, variougpget models, namely a classical one and models
with controlled singularities, are considereshd a strong dependence of the resulting post-
impact velocities on the profiles of the applied impulsive forces is demonstr&eation 3
presents the method of discontinuous time transformafi@hdnd extads itto the new class
of optimal control problems, formulated Bection 21t is shown tfat by using this method one
can reduce the originally singular control problem to a relatively standard one in terms of so-
called multiprocessed p]. The last section presents conclusions, where the applicability of the
results obtained to classical problems of optimal control with unilateral constraints of the impact
type is assessed.

2. Generalized solutionsin dynamical systemswith controlled singularities
2.1. Model description

Consider a dynamical system whose behavior is described on the int@r¥dlby a pair of

continuous functiongxp(t), X, (1)) € R" x R", which sdisfies the differential equation

Xp(t) = F,Z(Xp(t), Xy (1), 1),

Xy(t) = F (Xp(t), Xy (1), u(t), t) (1)

+ F3(Xp(1), Xy (1), w(t), t, w) I {t : G(xp(t), 1) <O},

with a given initial condition(xp(0), X,(0)) € R" x R". Onecan consider irf1) (Xp(t), Xy (t))
as the generalized state and velocity, and

ut) eUcCR™  w(t) e Wc R, )

whereU, W are some compact sets, are the control signals.
FunctionFJ(Xp, Xy, w, t, 1) is supposed to be continuous and smooth in the &4, 7) <
0, and b sdisfy the constraints

Fvs(xpvxvvwvts l’l‘) :07 if

G(Xp, t) == 0,

d
—| G(Xp.t) = G}F} + G =0

(prxvst)

and the Lipshitz-type condition
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G(X,(0.0<0

G(Xp(t),t) >0

Fig. 1. Motion of a dynamic system with unilateral constraintg #& oo.

G(Xp(t),t)(l(]

G(X,(1,0>0

Fig. 2. Limit motion of a dynamic syste with unilateral constraints when = oo.

” FUS(Xps Xv, W, tv ,U,) - FUS(X;y Xi)v w, ts H’)”
< L{lIxp = Xpll + 17 Y21x, = X} 1} 3)

Assume that foany gven 0 < u < oo the joint system(1) has a unique solution for any given
measurable controls(-), w(-). A condition of the typ€3) is satisfied for well-known models of
mechanical systems with viscoelastic obsta¢kdvin—Foight, Maxwell, etc., models) and can
usually be described by Rayleigh’s dissipative potentials in the@r(zg, r) < 0[14].

In thelimit 1 oo, system(1) could still have a solution. If such a limit solution exists, one
can treat it ashe generalized solution of a dynamical system with unilateral constrairtieh
would then be described by the limiting form of the joint systemtag differential equation with
delta functionsn the rhs, or, more generally, with a measLifde mdion of system(1) for finite
w and the corresponding motion of its limit system fort oo are depicted irFigs. 1and 2,
respectively.

2.2. Description of the single-jump motion

Let the system start from the initial condition &t = 0 and xp(0), x,(0) such that
G(xp(0), 0) > 0 and letr be the first point where the system engages with the constraint, so that

G(Xp(r), 7) =0, E G(Xp(r), 1) <0, 4)
FI'

dt
p
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and the controlv(t, ) is coordinated with the duration of tirapact and, therefore, has the form

_Jwe(t = )p?), it >,
wit, p) = {0, otherwise

®)

The typical case in mechanics is the case of \a$astic constraints where the orders of the
constraint violation and the period of the constraint violation-arg /2 (seeFigs. 1and2).
Therefore, the following space—terransformation in the vicinity of the jump point is natural.

Fors > 0 weput

YE(S) = Xp(T) + 12 [Xp(t + 1~ Y2s) — Xp(7)],
Y (®) = Xu(t + 1 ?s), (6)

t=1+ u_l/zs.

Then the new variabley/} (s), i (S)} satisfy the system of differential equations

<y’5(8) Xp(7)

yh(s) = Fp am T e T+ M_1/28> :

w
(8) — Xp(7)
ut?Es (_yp 1 :

Vi (s) = 7 + Xp(1), Y (S), we(s). T + s, u) )

V2 (y’s(s) Xp()

+Xp(0), Y (), Ut + n %), T + 7 Y?s
1/

with initial conditionsyp (0) = Xp(7), Y4 (0) = Xy (t—).
Due to the ontinuity of F, there exists

'Ep(Ypa yv: Xp, T)

o r [ Yp 1/2<\ _ pr
= J|Tr20 Fo <T + Xp, Yo, T+ 17 S) = Fp(Xp, Yu, 7). (8)

Assume also that for given admissible contidl) there exists
va(ypa yv, Wr (5)7 S, Xpa T)

=Ji{goul/2Fs(yZ/ + Xp, Yo, w(T + wY?8), T + 3%, u) 9)

defined for all(xp, 7) suchthatG(xp, r) = 0. Then due to the conditiof8), functionsF,, F,
are continuous with respect to all variables and Lipschitgginy,.
Suppose that the system of limit equations describing the transformed singular phase motion
Yp(S) = Fp(Xp(7), Yu(9), 1),
Yo(S) = Fu(Yp(9), Yu(S), wr(9), S, Xp(7), T),

referred to in ] as thecontrolled infinitesimal dynamics equatidior s € [0, co) with initial
conditionyp(0) = Xp(7), Y»(0) = X, (r—), has a saltion such that therexigs the exit time

(10)

t‘(X (1), ‘()S+ G/ |(X (1), r)(yp(s) Xp(f)) -

s*=inf1s>0:
t|<xp(r),r) + Gl ey, Fp (D) Yo 9), T) -0

(11)
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such that on the interval0, s*)
G(Xp(1), T, Yp(9),8) = G(Y, 7, 2,9) = G{\(y)n)s+ G;\(y)n)(z— y) < 0. (12)
Then, ifu — o0,
(Y5 (9), Vi (9) = (¥p(S), Yu(s))  uniformly on[0, s* + ¢,
and for all sufficiently large: there exists the exit time

G(Xp(t + uY?s), v + u Y25 =0,

su:inf s>0: (G{-l—G;(F{)) (13)

(Xp(T+p/28), X, (r+u~1/28), T+~ 1/2s)
suchthat
k k
s, — s
The following theorem§] de<ribes the single jumps of the generalized solution.

Theorem 1. If the above assumptions hold, then for sufficiently smalt O on the interval
[0, T+¢), the soldion of the syster(il) converges to some discontinuous functiogst), X, (t)),
suchthat

Xp(t) = Xp(1), Xy () = Xy (1), t<rt,
and
Xp(t+) = lim xp(z + n~Y%sk) = Xp(7)
putoo

-1/2

Xy(T4) = lim yy(z + u=77s)) =y, (s).
putoo

Let

_ §0p(: Ss Wr ()7 7:)
o5 = (P03 e ) a4)

be the generalolution of(10)for s > 0 with initial conditions

Yp(0) = Xp(7), Yo (0) = Xy (7). (15)
Then, the jump of the variable, (-) at a pointr is described by the relation

A%y (i) = @u(Yp(0), ¥ (0), S*, wr (), T) — ¥ (0). (16)

Thereby,Ax,(7) is defined as thg,-component of the shift-operator along the paths of system
(14) up tothe exit times* = s*(yp(0), y,(0)). Therdore, the generalizesolution is described
by a nonlinear generalized differential equation with Dirac measure

Xp(t) = Fp(Xp(t), Xy (1), 1),
Xy (1) = F) (Xp(1), Xy (1), U(t), 1) + &, (Xp(7), Xp(T—), we (-), T)8(t — 1),

where

17)

Wv(ypv y’Us wf(')s T) = (PU(Ypa yvv S*, We ()7 7:) - yv' (18)
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2.3. Example: Representatiohtbe jugding system motion

In order to demonstrate this approach we derive a jump representation for a ball-racket
juggling system. Consider the system with the state vexter (Xp1, Xp2, Xp, Xu1, Xv2, Xy),
where (Xp1, Xp2) are the horizontal and the vertical coordinates of the moving ball, X,2)
are the corresponding velocities, afdp, X,) are the coordinate and velocity of the obstacle
surface in the grtical direction. Then, the free rtion area is given by the relation

G(2) = Xp2 — Xp > 0. (19)

2.3.1. General motion equations

First, consider the motion along the vertical axis only. Suppose that in the area free of
constraint the motion is described by the equations
Xp1(t) = Xp1(t), Xp1(t) =0,
)'(pZ(t) = Xp2(1), Xp2(t) = -0, (20)
. . F )
Xp(t) = Xy (1), Xo(t) = ™

In the inhilited areaG(z) = xp2 — Xp < 0 the mdion is described by the equation

FS(z(1), t, .
Xp1(t) = Xy1(b), Xp1(t) = —VMWSIQHXM(S),
Fs t 9 t? 9
%o2®) = Xe2®),  Xoa(t) = —g+ p— 2D ‘:f . 1) (21)
oo SR FS@M, wit, @), 0
Xp®) = X0, Xy() = =~ p -

where:

o FS(z(t), n) is a viscoelastic force during the cawt of ball and racket described by the
relaion

FS(z(t), w(t, u), 1)
= —(Xp2(t) — Xp(1)) — 217 2E (Xp2(t) — Xu (1) + Y 2uw(t, w), (22)

m, M are the masses of the ball and racket, respectively,

g is the gravitational acceleration,

v > 0 is thedry friction coefficient,

F(t), such hat|F(t)| < Fg < o0, is an extenal control force acting on the racket,

u > 0 is the ehsticity coefficient and & & < 1 is thedamping,

w(t, n) is the control of the singular motion acting during the impact phase and having the
represetation

w(t, ) = w ((t —H)p?  fort >,
wherer is the instant of the impact and; (-) is some integrable function.

Egs. (20) and (21) describe the continuous motion in the caseuok oo. The objective,
however, is to obtain the velocity jump representation corresponding to the limit motion as
u — 00.
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Since he motion in the vertical direction does not depend on coordinaigs x,1), one
can obtain the jump representation independently. First, consider the motion in the vertical
direction with the corresponding reduced state ve@®y = (Xp2, Xp, X2, Xy). Applying
Theorem land calculatingF using formula(10) yields the following system for new variables
(Yp2(8), Yp(), Yu2(9), Yy (S)) describing the motion in the enlarged space—time scale:

sz(S) %;2((53))

Yp(s) 1

o) | | p2(8) = Yp(9) + 2 (vua(®) = Yo |- (23)
Yy ()

1
v [Yp2(8) = Yp(S) + 26 (¥u2(S) — Yu(9)) + wa(S)]

The systen{23) has to be solved fag > 0 with initial conditions

Yp2(0) = Yp(0) = Xp2(t),  ¥u2(0) = Xy2(7) < Yy (0) = X, (1), (24)
up tothe exit time defined by the relatiqthl)
* . Yp2(s) — Yp(s) =0,
s _mf{s>o'yv2(s)—Yv(s)>0 } (25)

The variable

Z(s) = ypa(s) — Yp(9),

which characterizes the constraitblation satisfies the equation

d? M+ m d w(S)

—Z = —Z(8) —26—Z7 2

=229 = um [ () — 26 (S)}+M+m, (26)
with initial conditions

Z(0) =0, EZ(O) <0.

ds
We oonsider the case when
mM \¥? 1
_ = 27
o< (aem) = @)

which guaranties the existencegifin (25) in most reasonable cases.

2.3.2. Jump representation in the vertical direction: continuous racket velocity
First we consider the case of continuous racket motiom;1§8) = 0. In this case the solution
of (26) has the form

Z(s) = exp{—As}Z(0) Sinws

)
w

Z(s) = exp(—As}Z(0) (COSa)S - Asma)s) ,

where

w=k/1-k2%2,  r=¢k
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Then, there exists

satisfying(25), andby Theorem lone can calculate the jumps of variablgs(z) and X, (7).
Fory,2, integradion of the systenf23) and(26) yields the representation

[Z(S) — Xp2(T—) + Xp(r—)]

Yu2(S) = Xp2(t—) + M +m

+ /S wy (U) du. (28)
0

M+m

The substitution o§* into relationsy,2(s*) = x,2(r) andY(s*) = X,(r) gives the following
formulas for the veloity increments:

M1+ k

AXy2(T) = —%[sz(l'—) — Xy(T)],

+m (29)
AXy(r) = DETK) ey = Xyeo)

v - M +m v2 v s
with the restitution coefficient

23
ke =exp{ ————1¢. 30
ol -

Remark 1. These conventional relations for the change of velocity during the impact and
corresponding restitution coefficient can be found 10,19,24]. The principalassumption is

the continuity of the racket velocity. Of caagone can observe that these relations can be
derived with the aid of the usual approach basedanservation laws. Therefore, in this case the
approach based on consideration of a singular phase of motion gives the same result as a classice
one. However, in the case of active singularity one can admit the discontinuity of this velocity
during the impact. Therefore, the profile of the velocity change becomes critical. We consider two
different cases: in the first one the change of the racket velocity is uniformly distributed during
the phase of contact. In the second case the abrugrigh of the racket velocity is concentrated

at some instant within the phase of contact. Thereby, this abrupt change plays a role of some
impulsive control withinthe phase on contact.

2.3.3. Jump representation in the vertical direction: discontinuous racket velocity

In the first case of the uniform distribution of the impulsive effort during the contact phase
we have in Eqs(26) and(28) w,(s) = W = const. An explicit representation of the exit time
s* can be derived, but is rather cumbersome; however, we give the results of numerical solutions
obtained with the following data:

M = 100, m=1, £ =0.2,

(31)
Xp2(t—) = =10,  Xy(r—) =5, W =300

The numerical results are presentedrig. 3
One can observe that the instaftexigs ands* ~ 3.8. The increments of the velocities can
be directly calculted as follows:

AXy2(7) = ¥y2(S¥) — Xp2(T—) ~ 32,
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-10

Z(8)

—154

Fig. 3. Motion of the “linmit” system with a “uniform” break of the racket velocity during the impact.

AXy(1) = Yu2(s*) — Z(s*) — Xy(r—) ~ 12

In the second case of abrupt change of the racket’s velocity we have in(Zgjsand
(28) w,(s) = Pé(s — s1), wheres, is the instant of the impulsive action application within
the dngularity phase and is the value of the impulse applied. On can easily derive the
representations

sinws P sinw(s—s
PSP expi(s — sy 0T
M w

Asinws>

Z(s) = exp{—As}Z(0)

w

Z(s) = exp—As}Z(0) <003ws—

’

p ASinw(s — s1)
- exp—A(s —s1)} (COSa)(S —S1) — 7)

an explicit representation of the exit time

¢ =T 4 arctan o eXpiAst} sinwsy
w Z(0) — r explrsy} cosws

and the velocity after the impact calculated with the aid of a modified relé28yas
Xp2(T) = Yu2(S") = Xp2(T—)

: P
[Z(s) = Xp2(t—) + Xu ()] +

M +m M+m
For themoddling we use the same data as in the case of uniform action distributioIspe
and asign

P =Ws"=300«3.8=114Q

+

(32)

which is equal to the external force impulse duriftetphase of contact. The dependence of an
exittime and the terminal ball velocity on the tirsgof the impulse application is shown below
in Figs. 4and>5.

The main observation is that the maximum terminal velocity can be achieved by application
of the impulse as closely as possible to the beginning of the singular phase and, vice versa,
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1 8%

Fig. 5. Dependence of the exit velociy, on the instans; of abrupt velocity change during the phase of contact.

the minimum can be achieved by application loé impulse as closely as possible to the end
of the singular phase. Moreover, comparing the values of the terminal velociigir8 and
the maximal value of the terminal velocity st = 1 in Fig. 5, the impulsive force looks more
effective than the uniform digbution. The modelling results c@sponding to the intermediate
case, i.es; = 1, are shown irFig. 6.

2.3.4. Motion in the horizontal direction with dry friction

By using the space-time transformation @z, X,1) we obtain the following system of
equations in the new space—time scale:

Yp1(S)\ _ Y1(S)
<S/v1(3)) N <—vyvz(s)sign{yv1(s)}) ’ (33)
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30 q

201

104

0.5

-10+

Z(S)

Fig. 6. Motion of the “limt” system with an “abrupt” break of the racket velocity during the impact. The arrow shows
the instants; = 1 of the abupt velocity change during the phase of contadtthis moment the abrupt change of the
racket velocity takes place.

where by definition sigf0} = 0. The solution 0f33) has the form

Yo1(S) = Yp1(0) — v /Omm{s”*} Yv2(7) dr = Yy1(0) — v[ys2(min{s, 7*}) — ¥u2(0)],
where

* =inf{r > 0: y1(z) = O}.
Therefore,

Yu1(s") = Y1(0) — v[ys2(min{s®, t*}) — y,2(0)],

and taking into accourthe initial conditiony,;1(0) = x,1(r—) by Theorem lone can calculate
the velocity increment infite horizontal direction as

—VAX2(7), i [Xp2(T—) = VAX2(T) IXv1(T—) = 0,

—Xp1(t—),  otherwise (34)

AXy1(T) = {
whereAxy2(t) is defined by the relatio(29). The irteresting observation is that the increment
of the horizontal velocity admits an explicit representation which depends only on the increment
of the vertical velocity and does not depend on the profile of the applied external force. This is
not surprising, since the increment of the vertical velocity is proportional to the impulse of the
normal component of the contacting force which, in turn, defines the impulse of the dry friction
force, i.e. the horizontal component of the contacting force.

2.4. Description of the discrete—continuous motion with the sequence of jumps

Consider a discrete—continuous dynamical system whose behavior is described on the interval
[0, T] by a pair of piecewise continuous functions

Xp(®), Xy (1) € R" x R,
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which satisfies the differential equatigh) with controlu(.) satisfying(2) with a given initial
condition

(Xp(0), %,(0)) € R" x R".

Assume that this equation describes the continuous system evolution up to the attainment of the
switching surface defined by the relation

G(Xp(t), 1) = 0. (35)
Suppose that originall (xp(0), 0) > 0, and one can define a sequence of intersection times

O<ni<---<g<---<T

as follows:
inf 1t : G(Xp(t),t) =0 E G(Xp(t),7) <O
11 ={0<t<T | ° pyesET dt |y pre-Th =2 (36)
00, if the set is empty
and
inf t:G(Xp(t),t) =0 E G(Xp(1),7) <0
T = y1i_1<t<T ’ PR - dt F{, ple), 1) = ’ (37)
00, if the set is empty
As can be seen;,i = 1,2, ..., are thetimes of exit fran thedomain{(xp, t) : G(xp, t) > 0}.

We oonsiderr; to be the times of path singularity, i.e. the patl{-) to be discontinuous at instant
t=r1.

In order to control this discontinuity, we introduce the sequence of admissible canif6ls
sieh that the correspondingx, (7)) are defined as thg,-components of the shift-operator along
the pathsof system(14) urtil the exit times* = s*(Xp(7i), X, (7i —)). Therdore, the stution of
the dscrete—continuous system is described by a nonlinear generalized differential equation with
Dirac measures

Xp(t) = FL(Xp(t), Xy (1), 1),

X (1) = F (Xp(t), % (), u(t), ) (38)
+ D W Xp(), Xu(Ti =), wy (), TS — ).
T <t

Representation of a jump in terms of the shift-operator along the paths of some auxiliary
system given by(18) is very important fo analysis of he optimal control problems, since it
permits addressing the following task<:

e derivation of the representation of the gealized sdution with a finite number of jumps in
terms of the differential equations with a measure, sud38j
e rigorous statement of the optimal controbptem for systems with active singularities;
e redudion of the optimal control problem for the transformed system to the multiprocess
form [12], and then derivation of the optimalityaditions in the maximum principle form.
The latter two tasks are addressed in the next section.
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3. Optimal control problem for discrete—continuous systemswith controllablesingularities

Consider the optimaproblem for system(38) on a finite time interval as a problem of
minimizing the peformance criterion

I[Xp (), Xu (), UC), wr (), 1 =1,2,...] = ¢o(Xp(T), Xu(T)) (39)

wheregg is same continuously differentiable function.

In spite of the regularity assumptions in the system description, this problem belongs to a class
of extremely irregular ones due to the possible lack of solution extensibility. The latter could arise
for a variety of reasons:

(a) the set of points in the aboves* definition (11) being empty or the infimum being equal to
infinity; this case leads to capture of the system by the constraint;

(b) the number of jump points going to infinityiving rise to so-called accumulation poinisy;

(c) a “diding mode” existing along the s&(x,t) = 0 as in systems with discontinuous right-
hand sidesZ3].

Each of these irregular cases requires a separate investigation that is mostly beyond of the
smpe of this paper. The focus of the present work is on developing an approach to the optimal
control problem(39) that, through the use of a special time transformation, permits reduction of
the problem to a particular form of multiprocess optimizatid# [

3.1. Time transformation

Assume that for somoontrol functionu(-) all solutions of(38) are defined on the interval
[0, T], and thatany solution{xp(t), X,(t)} has a finite number of jumps at points,i =
1,..., N}. This means that for every = 1, ..., N the set ofcontrols{w (-)} and the set of
S = s*(Xp(7i), Xu(7i—)) < 00, such hat

XU(Ti) = QDU(XD(TI)7 XU(Ti _)7 3*7 w'[i ()a Ti)7

are defined. Consider the time inter{@) T1], where
N
Ti=T+) 5, (40)
i=1

and define o0, T1] the function

0, ifse |1+ T+ -,
a(s) = [" g* A é*) (41)
1, otherwise

Also, define on[0, T1] the auxiliary system
Yp(8) = a(S)FL(Yp(9), Yu(S), 1(8)),
Vo(8) = a(9)F} (Yp(S), Yu(S), ui(s), n(s))
+ (L= a(s)Fy(Zp(9). Yu(9), wi(s), 0(S), Yp(S), 1(9)).
Zp(s) = (1 —a(9) F,S(Zp(S), Yo (S), 11(S)),
1n(s) = a(s),
6(s) =1—a(s)

(42)
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with initial conditions

and with intermediate conditions

zp(§) = yp(S), 0(§) =0, (43)
at points
§=1 +Zsﬁ; =inf{s: n(s) = 1},
k<i

wherea switches from 1 to 0, and with controls

ui(s) = u(9)),

wr (S —§), (44)
wi(s) ={ifse[5,5 +5);

arbitrary, but inW otherwise.

Then, the correspondence between theileary and the original systemg42) and (38),
respectively, is specified by the following theorem.

Theorem 2. For any soldion {xp(t), X, (t)} of (38)define the function(s) by the re&tion (41)
and itsinverse by the relation

I'(t) =inf{s: n(s) > t},

with I'(T) = T by definition.
Let{yp(), Yo(), Zp("), n(-), 8(-)} be the corresponding solution ¢42). Then

Xp(t) = yp(I'(1)), Xp(t) = Yo (I'(1)).

This result permits deriving the optimalityonditions by using the following approach.
According to theTheorem 2the auxiliary optimal control problem for syste@d?2) with
intermediate condition@t3), terminal condition;(T1) = T, andperformance criterion

IYp(), Yp(), Zp(), n(), 0(), u1(), wi (), i =1,2,...1 = ¢o(Yp(T1), Yo(T1))

is equivalent to the oginal problem in the following sense: if the number of jumps is fixed
and given adN < oo, then he optimal solution of the original problem gives, after the time
transformation, the optimal solution of the auxiliary optimal control problem and vice versa.
Therefore, the necessary opéltity condition in the auxiliary problem can be transformed
into an optimality condition inhe original problem with the aid of the inverse discontinuous
time transformation L7]. Since the auxiliary optimal cordl problem belongs to a class of
multiprocess problems1p], the optimality conditions in th maximum principle form are
straghtforward.

3.2. Necessary optimality conditions

Let N < oo. As follows from Theorem 2 the trapctory {Xp(-), X,(-)} can be described as
follows:

e there exist a ontrolu(t) € U a.e. on0, TJ;
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e the set ofcontrolswy, (s) € W is definedon the interval$0, s*], wherei = 1,..., N;

e the set of variableSzip(.), ziv(.)}, i =1,..., N, isdefined onhe intervals[0, 5], and séisfies
the equations

2,(s) = Fh(Xp(Ti). Z,(9). 7).
2,(8) = Fu(Z,(9). Z,(8), wr (9), S, Xp(Ti), i)
with initial and terminal conditions
Z,(0) = Xp(1i),
2,000 =x(ti—),  Z,(5) = x(ni);
G(Z'p(O), 7i) = G(Xp(7i), @) =0,
G(X(1i). Ti, Zy(51). §°) = 0;
such that the path{xp(-), X, (-)} satisfies thequations
t
Xp(t) = Xp(0) +/ Fo(Xp(S), Xu(S), 5) ds,
0
t
%0 =50+ [ F0xp(9). 5,09 (). 9 s+ 3 Ax,(m),
0 T <t
with jumps defined by relations
Axy(5i) = 2,(5") — 2, (0).
Then, the optimality condition of the patRy(-), X,(-)} has the following form of the maximum
principle:
Theorem 3. Assume that the set
Xp (), Xp(), UG, Zp (). Z(), wry (), 70, S}

defines the optimal path in the problem with the cost func8®) Then, there exists the set of
elements

Wp (), Yo (), Yhp(), Wiy (). Ao, Ad, wi)
that are not equal to zero simultaneously, where:

(1) xo, Ai,vi,i =1,..., N, are he constants,
(2) vector functiongyp(-), ¥ (-)} defined on the intervdD, T] satisfy the equations

;
Ypt) = —)\o{qbo};p(xp(T),xv(T))Jr/t [(¥p(S), (Fpl, (Xp(S), %(S), 9)
+ (Y (9). {F] ), (Xp(9), Xu(8), U(S), )T dS + )~ Ayp(mi),

T >t

. (45)
o) = —ololy, (Xp(T). X (T)) + /t [(Fp(9). (F), (Xp(S). X(S). )

+ (Y (9), {F 5, (Xp(8), Xu(8), U(S), 9))] ds + Z Ay (i),

7>t
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where
Tp®) = Yp®) + Y Wk + Vip(D), (46)
Ti >t
and
Vxp = —4i Gy, (Xp(Ti), ), (47)
Vzp() = :I/Iizp(O)? ift <z, (48)
(3) the junps of variablegyp, ¥, } at pointsz; are equal to
A i) = IZ ") — 4 0 )
Vp(ti) = ¥7p(§) — ¥zp(0) (49)

AV (1) = Yy (§9) — Y (0),
and A A
4) variables{w'zp(«), ¥, ()} are defined on the interval®, s*] and sati$y the equations

Vip(S) = —i Gy, (Xp(T), Ti)

*

+ / (W (W), (R}, (Zp (W), 2, (W), we (W), U, Xp(7i), 7)) du,
S

. (50)
Yh(9) = Yu(n) + / ) (Vg (W), {Fo}y, (Zp (W), 2, (U), we, (U), U, Xp(Ti), i)
+ (W, {FR), (Xp(@), Z,(U), w)) du.
The optimal tajectory and the optimal controls satisfy the relations:
e onthe sef0, T]\ {zi,i =1,..., N},
(Yo (0, FJ (Xp(), Xy (D), u(t), 1))
> (Y (1), Ff (Xp(1), Xy (1), U, 1)) > 0, (51)
forallu e U,
e on the intervalg0, s],
(Vi (9), Fu(Z(9), 2,(S), wr, (9). S, Xp(Ti), 7))
> (Y3, (9), Fo(Z(9). 2,(S), w, S, Xp(Ti), 7)) (52)

forall w e W.

Thereby, optimality conditions of two types avbtained: the first one for the regular motion
phase, i.e(51), and the second one for active singularity control, which also satisfies the
maximum principle, but only on the tiervals describing fast motio(b2). The ewlution of
adjoint variables satisfies the system of nonlirdiierential equations with measures, described
in terms of integral relation@5) with the intermeéiate condition$46)—(48)

4, Conclusions

The presence of an active singular phase in the system motion characterized by its own
dynamics drastically modifies the ordinary opéiity conditions. The multi-scale description
of this phase gives the opportunity to express the “fast” phase of motion in explicit terms in
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terms of the shift-operator along the solutions of the controlled infinitesimal dynamics equation.
Moreover, if the motion in the singular phase does not admit the control activity (i.e., function
F, does not depend on any contno), the form of necessary condition is still invariant with
respect tothe “fast” motion description and depés only on the jump representation of the
final velocity. In other words, the jumps (cf. itef#9) in Theorem 3 can be expressed explicitly
without adjoint differential equation®0) in Theorem 3 but with the aid of the shift-operator
jump representatioil4). Indeed, if controlw(-) is absent in the r.h.s. df,, then he system

of Eqg. (50) admits an explicit solution in terms of the derivatives of the shift-operator jump
representation. This means that this type diraplity condition is also pplicable to classical
optimal control problems with passive unilateral constraints producing jumping-type motions.
The authors intend to consider this class of problems in further publications.
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