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Abstract In this paper, we continue an asymptotic analysis of a stochastic version of the
Lotka—Volterra model for predator—prey interactions. While the fluid approximation and
large deviations were shown in Klebaner and Liptser (Ann. Appl. Probab. 11, 1263-1291,
2001) here we establish the diffusion approximation and moderate deviations.
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1 Introduction
1.1 Deterministic Lotka—Volterra System

The Lotka—Volterra system of ordinary differential equations (Lotka [4] and Volterra [8])

X = ax; — bx,y;,

5 1.1
Ve =X Yy — 0y, (1.D

with positive x, yo describes the behavior of a predator—prey system in terms of the prey
and predator population densities x,, y,. The positive parameters a, b, ¢, and 0 define the
birth and death rates in these populations (see, e.g., [5]).

The above model is formulated in terms of population densities and not population sizes.
This is reasonable when population sizes are large and densities are expressed relatively
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54 E.C. Klebaner et al.

to some large threshold parameter K. A model for population sizes, which are integers,
taking into account effects of random events of birth and death of the predator and prey
was introduced in [2], where it was shown that the deterministic model (1.1) appears as an
approximation (fluid approximation). This stochastic model is described below.

1.2 Stochastic Lotka—Volterra System

Let X, and Y, be population sizes, i.e., the numbers of preys and predators at time ¢. They
satisfy simple balance equations that track changes in populations due to births and deaths.
These are modeled by counting point processes, precisely,

X, =Xg+7n —n/,
A (1.2)
Y, =Yo+7 -7/,

where

X and Yy are the initial population sizes of preys and predators, respectively,
7, is the number of preys born up to time ¢,

7, is the number of preys killed by time ¢,

77 is the number of predators born up to time ¢,

7}’ is the number of predators died up to time 7.

This model also involves a large positive parameter K, which can be interpreted as a thresh-
old and with respect to which the population densities are calculated. This parameter appears
in the definition of the intensities of the counting processes.

We refer to the counting processes 7, 7, 7,, 7, as “double Poisson processes”, since
they have jumps of size one and their intensities are random. They are defined on some

stochastic basis

(Q,F,F=(F)i=0, P)

~

satisfying the general conditions, that is, 7/, 7/, 7, 7,', as well as X, and Y,, are adapted to
the filtration F. We make the following assumption:

Assumption A The counting processes w}, ', 7T}, T, are right-continuous with left limits,
and their jumps are disjoint. In other words, all events related to birth, killing, and dying in
a short time period are disjoint.

Intensities depend on X,,Y;, K and parameters a, b, ¢, 0 appearing in (1.1):

aX, is the intensity of 7/,
%X, Y, is the intensity of nr/',
< XY, is the intensity of T,
0Y, is the intensity of 7T} .

The processes

t
M, =n, —/ aXds,
0

t t

t
b
M' = —/ EXSYSdS’
0 (1.3)
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o~

t
M’=ﬁ’—/ £ x,v.ds.
L K

t t
-~ !
"o_ =
M; =T, /0 0Yds

are F-local martingales. The existence of the above processes was proved in [2] but, for ease
of reference, here we briefly mention the construction.

Take four independent sequences of Poisson processes with constant parameters a,
b/K, ¢/K, and d, respectively: [(IT8(i));=oli=1, [(T1)* ())r=0liz1. [(TT/% (0))r0i=1, and
[(l'I,D (i))s>0li>1- In [2], it was shown that the system of Itd equations

t t
X, = X0+/ ZI(XS— > i)dTI{ (i) —/ ZI(XS—YS— Zi)dnf/l{(f),
0 i>1 i>1

(1.4)
Y, =Y0+/ D IX, Y, zn)dn;/K(i)—/ D 1Y = i)dTT ()

i>1 0 >

with Xy, Yy > 0, has a unique solution on [0, co). Taking 7, = fot Zizl I(X,— > i)dIT (i)
and A; = fot Y i1 I (X; > i)ads implies that M = 7t/ — Aj is a local martingale. Since X
takes values in the set {0, 1,2,...,}, Zizl I(Xs >i)=X,, thatis, A] = fot aX,ds. In the
same way, the counting processes 77;’, 77,, 7, and the local martingales M, = ;" — A/,
M = 7T — A\;, M = 7 — A\;/ are defined, where A = Ot %Xssts, X; = fot £X,Yds,
Z;’ = fot 0Y,ds. We can now rewrite (1.4) as

! b
X, = X() +/ |:C(,Xv_Y — ?XSYS]dS + [Mt/ — MIN],
0

) (1.5)
¢ v i/
The same equations in terms of the population densities xX = % and yX = % become
t
x,K = Xp +/(; [axSK — bxfySK]ds —I—th,
(1.6)

t
ytKZyo-F/ [stKySK—Dyf]ds—f—;ﬁ[K,
0

MM ~ M- . . . . .
where mX = —t=" and mk = —tz—" are pure jump martingales with predictable quadratic
variation processes

1 t
(mXy, = E/ (axX +bxXyF)ds,
0
o (17)
(m*Xy, = E/ (exXy* +0yKyds.
0

The choice of the stochastic model (1.2) as a prelimit one for the deterministic sys-
tem (1.1) is justified by the following approximation result proved in [2].
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56 E.C. Klebaner et al.

Theorem A (Fluid approximation Theorem 2 of [2]). Let xX, yX satisfy (1.6) with xé{ = Xo,
y(f = yo, and let x,, y, solve (1.1) with the same initial conditions xg, yo. Fix any T > 0.
Then, for all ¢ > 0,

1
K—o0

im P(sup(|x,'( — x4+ K =y > ,s) —0.
t<T

The next asymptotic for the family [(xX, yX),>0]x o is the large-deviation principle
(LDP) in the Skorokhod space of nonnegative two-dimensional vector-valued functions
(Dyo,0)(R%) equipped with the Lindvall-Skorokhod metric ¢. The same result holds for
the locally uniform metric p. For the definition of LDP, see e.g., [1, 9].

Theorem B (LDP Theorem 3 of [2]). The LDP holds with the rate of speed % and the
(good) rate function

J(p, ) = {fooo Supx,ﬂ(kéf +ui — GO, s ¢, Y))dt, (9, %) € F,

00, otherwise,
where F = (¢, %) € D o =0, dey = idt; o =0,d, = yrdt} and
G, pyu,v) =Gy(Au,v) + Gy (u; u, v)
with

Gy (s u,v) = A(a— bv)u + (e* — 1 — Mau + (e — 1 + A)buv,

Gy(usu,v) =pu(u —0)v+ (" —1—pweuv+ (e — 1+ pn)ov.

2 Results

Let £ = VK (xX —x,), ¢X =K (y¥ — y,) denote the difference between the stochastic

13

K
model and its deterministic limit on the CLT scale, and write them as the vector (f K).

The first result concerns the functional central limit theorem (FCLT) or so-called diffuéion
approximation for the family [(ZtK =0l Kk —c0-

Theorem 2.1 The family [(Ztk)tzO]K—M)o possesses a weak limit (Z,);>o in the Lindvall-
Skorokhod topology, which is a Gaussian diffusion process solving the Ito integral equation

t
Z; =/ A(s)Zsds + M;, 2.1)
0
where
_(a—by, —bx
A(t) = < - cx, — D) (2.2)

it
Jaxg+bxgysdW,
and M, = ('/0 MR

I; des) with independent Wiener processes W, and W, .
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FCLT and MDP for Stochastic Lotka—Volterra Model 57

The next result studies the difference on the moderate deviation scale:

1 1
o€ (O, 5) ‘o= 7 is FCLT scale”,

Ko _ pas K
Sl =K (x, _-xt) ] — ZtK'a = Kaf().SZtK.

G =KGf =y
We prove the moderate deviation principle (MDP) for the family [(Ztk ")=0lk o0 in the

metric space (Do, o0 (Ri), 0), the Skorokhod space of nonnegative two-dimensional vector-
valued functions with the Lindvall-Skorokhod metric o.

Theorem 2.2 The family [(ZX*)i=01x - o0 0beys the MDP with the rate of speed K ~** and
the rate function

1 00 3 2 . _\
JOU) = { LI — AW, di \vtz =0; dW, = W,dr,
0, otherwise,

where A(t) is as in (2.2), and

[ ax, +bx,y, 0
B(t) = < 0 —_— Dy,> . 2.3)

3 Proofs

We start with the notation used in the sequel:

AKX (@) = (“_byfk b )

ok o -0
K KK
+bxty 0
BX() = ax; t
) < 0 axXyK +oyk )
MK=<\/Em[)
! \/Emr ’

0.5—
MK,O( — K O[n’lt
t K0A57a’7n\t ’

ZK _ ($1K>
r =\ -k )
¢
C, Cy, C,, ... are generic positive constants.

3.1 Proof of Theorem 2.1

Proof From (1.6) and the definition of ZX it follows that

t
zf:/ AX(s)ZKds + M. (3.1
0
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The jumps of the martingale MX are of size
process is

\/—_, and its predictable quadratic variation

(M%), :f BX(s)ds.
0

The Gaussian diffusion process Z, is unique, since it is defined by the linear Itd inte-
gral equation (2.1), where the martingale M, has the predictable quadratic variation process
M), = [y B(s)ds.
Due to the above remarks, the conditions of Theorem 8.3.1 of [3] are satisfied, since, for
allT > 0,

sup/[AK(s) As)1zKds ﬂo 3.2)
t<T
and
sup / [BX (s) — B(s)1ds| 2% o. 3.3)
<T|Jo K—oco

By the definition of AX (s) and A(s), (3.2) holds, provided that, for all T > 0,

T
rob.
/ Iy = yillgS1ds = 0. (3.4)
0 d

Also, by the definition of BX(s) and B(s),

T
b.
f(ixf—xs|+|yf—ys|+|x, —xlly = yil)ds 7= 0 (3.5)
0

implies (3.3).
Note that Theorem A gives (3.5) and, thus, (3.3). Theorem A also gives (3.4) under the
condition

limTim P(sup|§‘, |>n) 0. (3.6)

n—>00 K—00 1<T

Thus, to prove (2.1) it only remains to verify (3.6).
We will instead prove that

lim l1m P(sup(|$[ |+|§t D >n> 0. 3.7
n—00 K —00 (<T

First, set TX = inf{n : x* v yX > n}. By Corollary 1 to Lemma 1 of [2], we find that, for
allT >0,

lim P(T, <T)=0

n—oQ

Thus, to prove (3.7) it suffices to show that, for all n > 1,

sup (1&X]+ 1651 = a) =0.

t<TKAT

lim lim sup P(
a— 00 K—o00
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FCLT and MDP for Stochastic Lotka—Volterra Model 59
Since
sup (x,K \/y,K) <n+1,
(<TKAT
there exists a constant L, depending on n and T such that, for all t < TnK AT,
VEK|(ax —bxSy]) = (ax, — bxoyy)| < L (€51 + 165D
and
VE|(exSyE —0y5) = (exyys —0y0)| < La (851 +165D.
Thus, using the semimartingale representations for & and ¢, we obtain
t
EX o1+ 1K kI <2L, / |65 |+ 125k lds + sup |VEm | + sup [V |
n n 0 n n t/\T;z,( 1/\TK
and by the Gronwall-Bellman inequality we find that
sup [EX|+ 1K < eZL”T(sup Ix/fthl + sup I«/Eﬁfl).
t<TKAT (ATK (ATK
Thus, the desired result holds if
lim fim P( sup |VKmK| > a) -0, (3.8)
a—>00 K—o00 tAT,,K
lim Tim P(sup |VKif|za)=0.
a—00 K—o00 K
(AT
In order to prove the latter, we apply the Doob inequality:
1
P( sup |[VKmK| > a) < —2E(\/EmK>TK,
(ATK a "
1
P( sup I«/En’itKl > a) < —ZE(\/fn?K>TK.
tATK a 8
Note that
7K
(VEm*) = / (axX + bxf yS)ds < Cn, T,
0
TK
(VEm*)x = / (exXyE +0yFyds <C(n, T)
0
with lim, ., C(n, T)/ a? = 0. Therefore, (3.8) holds, and the result is proved. O
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3.2 Proof of Theorem 2.2
3.2.1 Preliminaries

Recall that ZX* = K= ZX with ZX defined by (3.1). Write

t
1
7K« :/O AX(s)zK"ds + FM,K. (3.9)

K X\ . . .
On the other hand, Z5* = K (X’,() — K« ( ) is the difference of a pure jump process and

Yt s
a deterministic continuous process.

XK
Let uX-(ds, dz) be the jump measure of K¢ (y}), and let v5® denote the compen-

sator of X%, Since the jump size of the counting processes n),n), 7], @ is 1, the random
process ZX* has jumps of size K ~©5+® By Assumption A, the jumps of Z5** take values
in the set

A=K "0{(1,0), (~1,0), (0, 1), (0, —D}.

Equation (3.9) and the above fact enable us to conclude that
1 t
MK = —mk :f / z(uke —vE)(ds, dz).
K« 0 Ju
Hence, ZtK * possesses the following semimartingale representation:

t t
VARES / AX(s)zK"ds + / f 2w —vE*(ds, dz).
0 o Ja
Now, we give a description for the compensator vK-%. Let T € 2. Then

(0,01 xT) = Y 1(AZE*eD).

O<s<t

‘We have

(0,11 x KO0 (1,0)) = 7,
w0, 1] x K= (=1,0)) = /',
(0,11 x KO0, 1)) =7,
w0, 1] x KO0, -1)) =7,

and by Assumption A we obtain

t

vE((0, 1] x r(l,o))=/ aX,ds,
0
"b

v (0,11 x T'_1.0) =/ —X,Yds,
0o K
"

PO x T = [ o Xbads,
0o K

t
vEe((0,11 x To._1y) 2/ 0Y,ds.
0
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3.2.2 Stochastic Exponential
Following Puhalskii’s proof method for Large Deviations [6, 7, Sects. 5.1, 5.2, and 5.3], we
introduce a stochastic exponential suitably adapted to the current problem.

Denote by (, ) the inner product. For a vector-function A(s) with bounded measurable
entries A;(t), i = 1,2, we introduce the semimartingale exponential

U = exp( /0 [ [2[ <<x<s>,d25’“>>)

and determine its multiplicative decomposition
Ui(A) =3 ()& (L),

where 3, (1) is a positive local martingale, and &, (}) is the compensator of U, (1) up to a local
martingale 3,(1) (& (1) is a positive predictable process of locally bounded variation).
Applying 1td’s formula, we find that

Ui =1+ / Use (D(A(s). dZE) + 3 [(U:() = Us- () = Uy- () AZE<]
0

s<t

=1+ fo t Us- (W) (A(s), AX(s)Z S )dss

+ /0 t [u Uy G0 (15, )R — v¥1(ds, d2)

+ /0 t /m [Us- (99 — 1) — U,_ G ((s), 2) |k (ds, d2)
=1+ fo t Us- (W) (A(s), AX(s)ZF)ds

+ /0 t [u Uy () () — D[k — vEa)(ds, dz)

+ /0 t /2l Us— (W) (e — 1 — (1(s), 2))v™*(ds, dz).

The choice of &' (1) is imposed by the following condition:
U, ()»)é’,_1 () is a local martingale,

which is easily verified by applying Itd’s formula to U, ()\)81‘1()»). This way enables us to
find that 8;' (A) solves the linear equation

&' =1 —/ & (WA (s), AX(s)ZK*)ds
0

- / / 6, (W (e — 1 — (A(s), 2))v*(ds, d2).
0 JA
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62 E.C. Klebaner et al.

This equation has the unique solution
t
&' eXp(— / (a(s), AR ()ZF)ds

0
_ /;((e(()n(s-),z)) — 1= (A(s), Z»)Uk’a(ds,dz)).
0

Thus,
&)= eXP(/ (A(s), AX(s)ZK*)ds
0

+ /f/ (e — 1 — (()»(s),z)))v’(’”‘(ds,dz))
0o Jau

3.2.3 Puhalskii’s Method

By Theorem 2.1 the family {(ZX)}x_ » possesses a diffusion approximation for the limit
process Z; = fot A($)Z,ds + fot B'/2(s)dW;,. Therefore, the random process Z,;* := #Zt,

~ t ~ 1 t
z{ﬂa:/ A(s)zf’“derﬁ/ B'*(s)dW;,
0 0

is in the framework of Freidlin—Wentzell’s LDP with the rate and rate function announced
in Theorem 2.2.

In order to prove Theorem 2.2, it suffices to prove that the families {(ZK "V koo and
{(ZF*)} koo share the same LDP.

To this end, we introduce the semimartingale exponential

U,(0) =exp< / / «x(sxdff’“»)
0 2A
and its compensator
~ t ~ l t
&) = exp(/ (A(s), A(s)ZSK’“))dS — 21(—2‘"/ (A(s), B(s))»(s)))ds).
0 0
Let & (1) = & (1) 7x.u_yk.a, that is,
e t 1 t
&(A)=exp( f <<Ms),A(s)fo“>>ds—2K—2a / «A(s),B(s)A(s)))ds).
0 0

We are now able to apply Theorem 4.1.2 of Puhalskii [7] which, being adapted to the
case considered, states that the above-mentioned family shares the same LDP, provided that

: 1 1 20 1 - 20
Kll_I)I;o ﬁ log P(?E? ﬁ lOg 8;([( )\.) — ﬁ log g[(K )\.)} > 8) = —OQ. (310)
Since

@ Springer



FCLT and MDP for Stochastic Lotka—Volterra Model

63
o og (K2 = /0 ((5), AR (9)Z5 ) ds
+ /0 t /9‘ ﬁ(e’fh«“*‘“» — 1= K> (\(s), 2))v5*(ds, dz)
o og & (K2 = /0 t [«Ms), A®ZEds — 2 06), B(S)MS)))]ds
the proof of (3.10) is reduced to
11m —logP(?BTp/ / Kza KZ“ G612 1 — g2 ((s), z))) VKo (ds, dz)
- /0 S09), B&)A5))ds ):—oo. G.11)

Further, write

A L ﬁ(eKM((A(s),z» —1-= Kza((k(s),z)))vK’“(ds,dz)

t
1 a—0.: .
=/ Kza (eK 05(<)»(A)q(14,0))> —1— KO(—O.S«)\(S)’ (1,0)»)(11()(3de
0

t
1 a—0.5
+/o o (XTHOCLOT g K0 (0s), (<1,00))bKxf v ds
t
1 a0,
+/ ﬁ(el( 05 (3.(5),0, 1)) 1= Ka70.5«)\'(s), (0, 1)»)ch yKdS
0

t
1 =0
+/ e (eK 05 (a(5),0,— 1)) _ 1— KafoAs«)b(s)’ , —1))))DKySde
0

and, due to the definition of BX (s),
t
f (A(s), BX(s)A(s))ds
0

=/0[«A(s>,(1,0)» axK 4+ (M), (=1, 0))26xK yK

+ (A(s), (0, =Y’ ex Sy K + 2 (s), (0, =1)) 0y Jds.

Applying Taylor’s formula, we find that there exists a positive constant C such that

Klza (KPP HM0) g — K03 (5(5), (1,0))) K — %«A(s),(l,m»2
= KO.C57a XSK
Klza (K PIBOELON _ g _ ko053 () (—1,0)))K — —((A(s) (—1,0))?[bx Sy ¥

K K
<
= Ko.sfﬂY s
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1

K K
K2a cxs ys

(X0 1 KO3 ((s), (0. D))K ~ %((MS), 0, 1))?

c
=xosa” s
1

KZDt

(K@M 1 ga0S(3(5), (0, —1))) K — %«A(s), 0, —D)?|oxf

c

K
P
- KU.S—O{ Vs

Now, combining these results, we obtain

t
1 o (s) 2
f / o (€K2 {(A(s).z) _ 1— KZO((()\(S),Z»)UK’Q(dS,dz)
0 JA

sup
t<T

|
- / S(6), BG)M6))ds
0

T 1 t
S/ [(A(s), [AK (s) — A)1Z5) |ds + 5/ [(A(5), [BX () — B(s)IA () |ds
0 0

T
+K0.57a/ [XAK_{—ys +x yK]dS
0

Recall that the entries of A(s), B(s), and A(s) are bounded and that the entries of (AX (s) —
A(s)) and (BX (s) — B(s)) are in a proportion to |xX — x|, |[yX — y,|, and |xXy& — x;y,].
Therefore, (3.11) holds, provided that

1

(1) 11m — log P(sup |x — x| > 8) = —00;
t<T

(ii) 11m — log P sup |y, — ylds > 8) —09;

(iii) 11m —logP plx —xty,l > 8) —00;

(@iv) Kllm —logP( plyt —y,lsup||ZK°‘|| g):_oo;
v) Kllm —logP( upx K> g05- "‘g):_oo;

(vi) Khm —]ogP sup yX > K037« ):—oo;

i 1 1 —
(vii) Kll_r)n(><> K= log P(il?x[ y& > K3 8) = —00.
The proofs of (i)—(vii) are given below in two lemmas.
Lemma 3.1 Theorem B implies (1)—(iii) and (v)—(vii).

Proof Let us begin with the comment that J (¢, ¥) = 0 iff (¢,, ¥,) = (x;, y;), where (x;, y;)
solves (1.1). “If” is obvious. “Only if” is implied by the uniqueness of solution of (1.1).
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FCLT and MDP for Stochastic Lotka—Volterra Model 65

(i) By Theorem B we have

hm —10gP<sup|x — x| ZS) <- inf J(p, V),
t<T ¢sup; < |r —xr |z
Y=yt

where (x;, y,) for (x y,) solves (1.1).
The result follows from the facts that

K
inf J (¢, >0 and lim — =00
@isupy <7 1§t —xt | =€ (¢ w) K—o0 KZO‘
Y=yt

(ii) is proved similarly.
(v) By Theorem B we have

1 1
hm —logP(supx > K0 )< lim —logP(supx >C) —> —00,

t<T t<T C—o0
and the result is implied by limg o 57 = 0.
(vi) is proved similarly.
(vii) follows from (v) and (vi).
(iii) is proved by means of (i), (ii) and (v), (vi). |
Lemma 3.2 Theorems A and B imply (iv).
Proof (iv) follows from (ii), provided that
. - 1 K.
@hm Khm log P(sup Nz > E) —00. (3.12)

t<T

So, it remains to prove (3.12).
Set v, = inf{r > 0: xX + yX + xXy& >n}, n > 1. By (v), (vi), and (vii) we have

lim lim — log P(t,<T)= (3.13)

n—o00 K—oo K

Equation (3.13) and the upper bound
P(sup 21> = £2) <2[ P(sup 1 255, 1P 2 ) v P(r, < T)]
t<T t<T
enable us to reduce the proof of (3.12) to showing that
lim fim —— log P ZEe P> 0%) = 3.14
Jim, T, o 08 P (up 12151 2 ) = oo G149

By It6’s formula we find that
INTp
1Z5e 11> = / (Z5 (A @)+ AR 125 ds
0

+2 f ' / (ZK, )k — vEe)(ds, dz)
0 A
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AT,
+ f / lzlP ™ — v&*1(ds, dz)
0 2A

AT,
+f / lzlI*v - (ds, dz). (3.15)
0 2A

Since [;"™ [y lzIPvE*(ds, dz) =

KM Mf” trace(BX (s))ds, one can rewrite (3.15) as

1z |2 = f "[«Z“ [(AX (5))" +A’<<s)]Z“))+itrace(B%))]ds

ATy
f / (ZE, ) + zIP] e — vEe1(ds, d2).

Set

uf(s) = (25, (AT ()" + AT (9)1Z)) (5)),

v (s) =2(Z5 ) + 211,

AT,
ck :/ v ()Y = vF(ds, dz)
0
and rewrite the above representation as
AT
Izkenr _/ u®(s)ds + K. (3.16)
0

Hence, the jumps of the processes [|Z/ ||> and £X coincide. Denote ALK = £K — 2K .
Since v&-*({s}, dz) =0, from the definition of £X it follows that

ALS=1(s an)/[2((ZSK_'“,Z))+ Iz (s}, d2).
A

Further, by the Cauchy—Schwarz inequality we have |((ZSK,'°‘, | < ||Zf,’°’|| |z|l. There-
fore, |ALK| < I(s < 7,)[2| 25| K~©5+® 4 K~(+29] The boundedness of the entries
of AX(t A 1,) and BX(t A 7,) by a generic constant C, implies that fmr” K(s)ds <

fo C,(1+ ||ZSM" [1>)ds. Now, application of this inequality in (3.16) implies that || Z,Mn > <

fo C,(1+ IIZXKA?; 1>)ds + (E,K)J“. This linear integral inequality leads to (here C(n, T) is a
positive constant depending on n, T')

t
1ZEe ) < / I, 1 (LK) ds + (L)
0

=co (1 +sup(£§)+). (3.17)

s<t

Thus, it suffices to prove that

lim lim — - log P(sup([lK @yt > K) —00 (3.18)

o0 K—o00 K t<T
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instead of (3.14). We introduce the family of stopping times
ol =inf{t >0: LK > ¢}, ¢ /oo,

and note that (3.18) holds (consequently, so does (3.14)), provided that

o 1
lim lim ﬁlog P’ <T)=—o0. 3.19)

{—00 K—00

The last step of the proof is to show (3.19). The random process LK is a local martingale.
The stochastic exponential

5,(k):exp< /0 /m [e“K(‘”—l—ka(s)]vK""(ds,dz)>, reR, (3.20)

is its multiplicative compensator in the sense that
3 () =exp(ALS —log& () 3.21)

is a (positive) local martingale. Hence, for any £, we have E37,,¢(A) < 1. Then, particularly,
1> EI(0" < T)37,,¢(A). By a suitable choice of A depending on K we intend to find a
deterministic lower bound 3, (K) for 37,,¢(A) on the set {c* < T'}. Then we obtain that

1 1
Ko logP(c" <T) < —ﬁl()gﬁ*()hk)

and, in turn, (3.19), provided that

L 1
zlinolo Khjn; K log 3.(K) = oo. (3.22)
Henceforth A > 0. On the set {o* < T}, we have )\Cﬁml > AL. By the mean-value theo-

K K 2.,,K 2
rem we have [¢*”" ©) — 1 — 0K (s)| = V" Ol % Now, we evaluate vX (s) from above
fors <T AT, Act. Write

K
sup  [v7(s)]
s<TAtyAct

<2 sup (2K )+ 1zl

s<TAtuAot

<2 sup  1ZE“NIzl + izl

s<TAtyAct

§2C1/2(n,T)\/1+ sup  (LE)T Nzl + lIzl* (see (3.17))

s<TAtpAct

<2C"2(n, T)VT+ €)z]| + llzlI*.

For notational convenience, set r, = 2C?(n, T) ltﬂ and note that r,, is bounded in £ > 1.
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All these estimates imply the following upper bound:

T Atp Ao }LZ
log &7 gt (M) < / f exp{A(r,Vellz]l + ||z||2)}3(rnﬁ||z|| + IzIH* 5 (ds, dz)
0 2A

TAtaAct 12 2
nhT A v 1 RV 1
< / —expyA ol + /L +
0 2 KO05+a K 1+2a K05+ K1+2a

x K max[a, b, ¢, 0](xX + yX +xXyK)ds.

Since (xX + yX 4+ xKyKy <n for s < t,,, the above inequality is preserved under replace-
ment of max[a, b, c, D](xs + yX + xXyK) by an appropriate constant D, depending on 7.
Therefore, one can use the inequality

22 /i 1 L 1\
10g Eppge (M) < TD,,Eexp{A[ vt “( Ve ) K

K 0.5+« K142« K05+« K 1+2«

A2 rn«/z 1 2
= TD”ZKza eXpi)‘[Ko.sw + K1+2a“<rn\/_+ K05+2a) :

Applying the above upper bound in (3.21) with Ax = we find that

1)2’

KZaE 1 K2a \/Z 2
TD,,rZ_ETDnr“eXp{TD Z|:K05 —a ]}(r"f+K05+2a>

log3.(Ak).

log3rpet(Ak) =

This lower bound gives (3.22), since

K¢ 1 K™ VA 1 2
Ko OB = TS T eXp{TD Z[K‘” " ?]}(Wh K°'5+2‘*>

K—o0 1 l {—00
—

2TD,r?

and the proof is completed. O
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