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In this paper, necessary conditions of optimality, in the form of a maximum principle, are obtained for
singular stochastic control problems. This maximum principle is derived for a state process satisfying a
general stochastic differential equation where the coefficient associated to the control process can be
dependent on the state, extending earlier results of the literature.

Keywords: Stochastic control; Singular control; Maximum principle; Stochastic differential equation

AMS Subject Classification: 49J30; 49N25; 93E20

1. Introduction

In this paper, we consider the following stochastic optimal control problem: minimize the

cost function

E G

ðT
0

juðsÞjdvðsÞ; xðTÞ

� �� �
;

subject to

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

Bðs; xðsÞÞuðsÞdvcðsÞ þ

ðt
0

Dðs; xðsÞÞdWðsÞ

þ
X
n[N*

Cðtn; xðtn2Þ; uðtnÞDvðtnÞÞI{tn#t}: ð1Þ
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In the previous equation, {ðut; vtÞ} are the control variables defined on a filtered probability

space ðV;F ;P; {F t}Þ. The set of admissible controls is defined as the class of right

continuous with left hand limits (corlol) processes {ðut; vtÞ}, {F t}-progressively measurable

satisfying the following conditions: {vt} is increasing, vT # M P-a.s., and ut [ K, jutj # 1

where K is a subset of Rr, T . 0 is the finite horizon. {v c(t)} is the continuous part of the

control {v(t)}. {tn}n[N* denotes the sequence of {F t}-stopping times exhausting the jumps

of {v(t)}, and DvðtnÞ is size of the jump of {v(t)} at time tn. The functions A, B D, C and G

are deterministic.

This paper is a continuation of Dufour and Miller [1] that applies a time change method to

study the maximum principle for singular control problems (see [1,2] for a detailed

discussion of this technique of time change applied to singular control problem). There are

many works concerning singular control problems. In particular, the connection between

singular control problem and optimal stopping problem has been studied by many authors

including Alvarez [3,4], Boetius [5,6], Boetius and Kohlmann [7], Chow, Menaldi and Robin

[8], Dufour and Miller [2], El Karoui and Karatzas [9,10], Karatzas [11,12], Karatzas and

Shreve [13–15]. Results on the dynamic programming principle can be found in Boetius [6],

Haussmann and Suo [16], Fleming and Soner [17], Zhu [18]. Sufficient conditions for the

existence optimal singular control for general non-linear models have been obtained in

Dufour and Miller [2] and Haussmann and Suo [19]. Recent applications of singular

stochastic control have been studied in diverse areas such as mathematical finance by

Framstad, Oksendal and Sulem [20], the control of a satellite by Jacka [21,22], optimal

harvesting by Lungu and Oksendal [23] and by Alvarez [24]. This list of works does not

pretend to be an exhaustive panorama of the literature relative to singular control problems

(see the book by Oksendal and Sulem [25] and the thesis report by Boetius [6] for more

complete expositions on this topic).

To the best knowledge of the authors the stochastic maximum principle for singular controls

was only considered by Cadenillas and Haussmann [26] and more recently by Bahlali and

Chala in Refs. [27,28] and by Dufour and Miller in Ref. [1] using different approaches. These

differences may be briefly described as follows: in Ref. [26], the state process satisfies a linear

stochastic differential equation. In Refs. [27,28], Bahlali and Chala generalizes the work of

Cadenillas and Haussmann to the case where the state process satisfies a non-linear stochastic

differential equation. In Refs. [26–28], the control process is of finite variation. In Ref. [1], the

authors considers a state process defined by a non-linear stochastic differential equation, and

the admissible control is of bounded variation (v(T) is bounded). In many aspects the results

obtained in Refs. [1,26–28] are different and complementary. To compare the results obtained

in the present paper with the works presented in Refs. [1,26–28], it turns out that the maximum

principle we obtained is completely novel. In particular, the crucial generalization and the

main difference with the literature [26–28] and our earlier work [1] is that the coefficient

associated with control process and the size of the jump of the state process {x(t)} (see the

expression of B, and C in the previous equation) are allowed to be dependent on the state

variable. An important consequence of this generalization is that all the adjoint variables have

now a singular part contrary to the case studied in Refs. [26–28].

In [1], the authors derive a stochastic maximum principle for the following state process:

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

BðsÞuðsÞdvðsÞ þ

ðt
0

Dðs; xðsÞÞdWðsÞ:

F. Dufour and B. Miller470
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where the cost to minimize is defined by

E G

ðT
0

juðsÞjdvðsÞ; xðTÞ

� �� �
;

the functions A, B D and G are deterministic, and {ðut; vtÞ} is the control process satisfying

the following conditions: {vt} is increasing, vT # M, and ut [ K , Rr, jutj # 1.

A natural generalization of this work would have been to consider a state process

satisfying the following stochastic differential equation

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

Bðs; xðsÞÞuðsÞdvðsÞ þ

ðt
0

Dðs; xðsÞÞdWðsÞ;

where the gain of the control (namely the function B) depends on the state process {x(t)}.

However, in the present paper, the control acts upon the state through the termsÐ
½0;t� Bðs; xðsÞÞuðsÞdv

cðsÞ, and
P

n[N*Cðtn; xðtn2Þ; uðtnÞDvðtnÞÞI{tn#t} where the coefficients

B and C are not arbitrary but are connected by equation (2) which may appear artificial.

Nevertheless, our approach to defining state trajectories finds its justification in the

deterministic context. Indeed, in the deterministic case (taking D ¼ 0 in the previous

equation) it has been shown that the optimal control may not exist for a state process defined

by the previous equation (see for example [29]). Roughly speaking, one of the main reason

explaining this non-existence property is that the state trajectories may not be stable with

respect to perturbations of the control processes. This point has been widely studied in the

deterministic context [30–36]. In particular, it has been shown that if the state process

satisfies the following equation

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

Bðs; xðsÞÞuðsÞdvcðsÞ

þ
X
n[N*

Cðtn; xðtn2Þ; uðtnÞDvðtnÞÞI{tn#t}

where C satisfies a semi-group property Cðt; x; u1 þ u2Þ ¼ Cðt; x; u1Þ þCðt; xþ

Cðt; x; u1Þ; u2Þ and the function B is defined through C by the following equation Bðt; xÞ ¼

ð›C=›uÞðt; x; 0Þ then an optimal control may exist under some technical hypotheses [36–40].

Under these assumptions the deterministic maximum principle has been studied in Refs.

[32,41–47].

Consequently, it is very natural to consider the same framework but in the stochastic

context leading to a state process defined by the equation (1). The hypotheses that

the functions C, and B need to satisfy are given in the next section (see assumptions A2, A3

and A4).

Moreover, a very interesting property is that this singular control has a connection with

respect to a classical control problem with integral constraint on the control studied by the

authors in Ref. [48]. Indeed, the approach we use to solve singular control problem can be

described in three steps. The first step is to convert the original singular control problem into

a classical control problem by using a time change driven by the control. The second step is

to solve this classical control problem, the last step consisting to recover the original control

problem by using an inverse time change. It appears that the singular control problem studied

here and the classical control problem analysed by the authors in Ref. [48] have the same

auxiliary control structure.

Singular stochastic control 471
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The paper is organized as follows. In Section 2, we formulate the singular control problem.

The time change and the auxiliary control problem is briefly described in Section 3. Section 4

deals with the auxiliary maximum principle and its properties. In Section 5, the main

results are obtained and in particular the stochastic maximum principle for singular controls

(see Theorem 5.5).

1.2 Notation

The Lebesgue measure on R is denoted by l.

NN is the set of the first N integers, that is NN ¼ {1; . . . ; i; . . . ;N}.

N* _¼ {k [ N : k . 0} and Rþ _¼ {x [ R : x $ 0}.

If V is a vector, Vi denotes the ith component of V.

If M is a matrix, Mi denotes a vector given by the ith column of the matrix M, and Mij

is the element corresponding to ith row and the jth column. (`) denotes the transpose

operation.

For x [ Rk, jxj denotes its Euclidean norm and for a matrix A [ Rk£d the norm of A is

defined by jAj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr½AA`�

p
.

For K , Rk, B1ðKÞ _¼ {x [ K : jxj # 1}, and S1ðKÞ _¼ {x [ K : jxj ¼ 1}.

Sn denotes the set of all (n £ n) real symmetric matrices.

0n [ Rn is the zero vector.

The indicator function of a set A is defined as IA(x).

The function d defined on N £N is such that dij ¼ 1 if i ¼ j and dij ¼ 0 otherwise.

For x [ R, x þ is defined by xþ ¼ ð1=xÞ if x – 0; and x þ ¼ 0 if x ¼ 0.

If V is a metric space then B(V) denotes its associated borel s-field.

A filtered probability space ðV;F ;P; {F t}Þ is said to satisfy the usual hypotheses, if the

probability space ðV;F ;PÞ is complete and if the filtration {F t} is right-continuous and if

every F t contains all P-null sets of F.

Let ðV;F ;P; {F t}Þ be a filtered probability space and {ut} be a [0,1]-valued, {F t}-

progressively measurable process. Suppose that V denotes any of the spaces Rk, Rk£d or Sk.

Then, L2ðV;F ;P; {F t}; ½0; T�;VÞ (respectively, L2
uðV;F ;P; {F t}; ½0; T�;VÞ) denotes the set

of V-valued processes {x(t)} which are {Ft}-progressively measurable and satisfy

EP½
Ð T

0
jxðsÞj

2
ds� , þ1 (respectively, EP½

Ð T
0
jxðsÞj

2
½1 2 uðsÞ�ds� , þ1).

If F denotes the filtered probability space ðV;F ;P; {F t}Þ, then L2ðF; ½0; T�;VÞ

(respectively, L2
uðF; ½0; T�;VÞ) is used to write in a more compact form

L2ðV;F ;P; {F t}; ½0; T�;VÞ (respectively, L2
uðV;F ;P; {F t}; ½0; T�;VÞ).

Moreover, L2ðV;F ;P;VÞ denotes the set of V-valued random variables X defined on the

probability space (V, F, P) such that EP½jXj
2
� , þ1.

Let ðV;F ;P; {F t}Þ be a filtered probability space, for a corlol, adapted processes

{A(t)} of finite variation on each interval [0,t ], {A(t)} is the distribution function of a

measure denoted by dA. For {H(t)} a progressively measurable process, the integral

process
Ð ·

0
HðsÞdAðsÞ is denoted by H·A. If {A(t)} is an increasing corlol, adapted

processes, the measure defined on ðRþ £V;BðRþÞ^F Þ by EP½
Ðþ1

0
ICðsÞdAðsÞ� for C [

BðRþÞ^F is denoted by MA.

Let ðV;F ;P; {F t}Þ be a filtered probability space satisfying the usual hypotheses and

supporting a standard m-dimensional Brownian motion {Wt}. Then {FW
t } denotes the

augmentation of the natural filtration generated by {Wt}.

F. Dufour and B. Miller472
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In order to define the state processes, let us introduce the following data:

. T and M are fixed real numbers.

. K is a subset of Rr.

. z is a fixed vector in Rn.

. A : R £ Rn ! Rn.

. D : R £ Rn ! Rn£m.

. C : R £ Rn £ Rr ! Rn.

. G : R £ Rn ! R.

. N : R! R2 such that NðtÞ ¼
t2 T

t 2 2 T 2

 !
:

The following assumptions will be used in the paper:

Assumption A1. The maps A, D and G are C 2.

Assumption A2. The maps C is C 1 satisfying ð;ðt; x; u1; u2Þ [ R £ Rn £ Rr £ RrÞ

Cðt; x; 0Þ ¼ 0; Cðt; x; u1 þ u2Þ ¼ Cðt; x; u1Þ þCðt; xþCðt; x; u1Þ; u2Þ:

The second partial derivatives of C with respect to its second variable exists and is

continuous. The first and the second partial derivatives of C with respect to its second

variable is bounded.

Let us introduce the map B : R £ Rn ! Rn£r defined by

Bðt; xÞ ¼
›C

›u
ðt; x; 0Þ; ð2Þ

where (›C/›u) denotes the partial derivative of the function C with respect to its third

variable.

Assumption A3. The map B is C 2.

Assumption A4. The first and second derivatives of A, B, D and the second derivative

of G are bounded. The maps A(t, x), B(t, x), D(t, x) are bounded by Cð1 þ jtj þ jxjÞ. The first

derivative of G(w, x) is bounded by Cð1 þ jwj þ jxjÞ.

Assumption A5. ð;x [ RnÞ, ð;ðw1;w2Þ [ R £ RÞ if w1 # w2 then Gðw1; xÞ # Gðw2; xÞ.

Remark 1. Examples of functions C satisfying hypotheses A2–A3 can be found in chapter 2,

Section 2.2, examples 2.3–2.6 in the book [29].

Let us introduce the following notation: A : R £ Rn £ B1ðKÞ £ ½0; 1�! Rnþ2 is defined by

Aðt; x; u; zÞ _¼

1 2 z

Aðt; xÞð1 2 zÞ þ zBðt; xÞu

zjuj

0
BB@

1
CCA;

Singular stochastic control 473
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and

D : R £ Rn £ ½0; 1�! Rnþ2 is defined by Dðt; x; zÞ8

0

Dðt; xÞ
ffiffiffiffiffiffiffiffiffiffiffi
1 2 z

p

0

0
BB@

1
CCA

ð;ðt; x; u; z; p; q;PÞ [ R £ Rn £ B1ðKÞ £ ½0; 1� £ R2þn £ Rð2þnÞ£m £ Rn£nÞ;

Hðt; x; u; z; p; qÞ _¼ Aðt; x; u; zÞ`pþ tr½Dðt; x; zÞ`q� ð3Þ

ð;ðt;x;u;z;p1;p2;p3;q;P;cÞ[R£Rn£B1ðKÞ£ ½0;1�£R£Rn£R£Rn£m£Rn£n£R3Þ;

Jðt;x;p2;qÞ _¼Aðt;xÞ`p2 þ tr½Dðt;xÞ`q� ð4Þ

Hðt;x;u;z;p1;p2;p3;q;P;cÞ _¼ ðc2p
1 2c1 22Tc3Þð12 zÞþc2½ð12 zÞAðt;xÞ

þ zBðt;xÞu�`p2 þc2zjujp
3 þc2

ffiffiffiffiffiffiffiffiffiffi
12 z

p
tr½Dðt;xÞ`q�

þ
c2

2
tr½Dðt;xÞ`PDðt;xÞ�ð12 zÞ: ð5Þ

In the rest of the paper, the partial derivatives of the function A (respectively B, H, J, C and

Dj for j [ Nm) with respect to the first variable will be denoted by At (respectively Bt, Ht, Jt,

Ct and Djt) and with respect to the second variable it will be denoted by Ax (respectively Bx,

Hx, Jx, Cx and Djx). The partial derivative of G with respect to the first variable will be denote

by Gw and with respect to the second variable it will be denoted by Gx. The second partial

derivatives of the function G (respectively H, J and Cj for j [ Nn) with respect to the second

variable will be denoted by Gxx (respectively Hxx, Jxx and Cjxx).

2. Preliminaries

In this section, we prove some important technical results to derive a maximum principle.

Theorem 2.1. Assume that C satisfies the hypotheses A2, A3 and A4. Let ðt0; t1; tÞ [ R3

with t0 , t1, and y0 [ Rn, �y1 [ Rn£n, and Y1 [ Sn. Let u(t) be an Rr-mapping defined on

[t0, t1] satisfying
Ð t1
t0
juðsÞjds , 1. Then, the solution of the following system of differential

equations

yðtÞ ¼ y0 þ

ðt
t0

Bðt; yðsÞÞuðsÞds; ð6Þ

�yðtÞ ¼ �y1 þ
Xr
j¼1

ðt1
t

Bjxðt; yðsÞÞ
`ujðsÞ�yðsÞds; ð7Þ

~yðtÞ ¼

ðt1
t

�yðsÞ`Btðt; yðsÞÞuðsÞds; ð8Þ

YðtÞ ¼ Y1 þ
Xr
j¼1

ðt1
t

½Bjxðt; yðsÞÞ
`YðsÞ þ YðsÞBjxðt; yðsÞÞ�ujðsÞds

þ
Xn
j¼1

Xr
i¼1

ðt1
t

�yjðsÞBjixxðt; yðsÞÞuiðsÞds; ð9Þ

F. Dufour and B. Miller474
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for t [ ½t0; t1� is given by

yðtÞ ¼ y0 þC t; yðt0Þ;

ðt
t0

uðsÞds

� �
; ð10Þ

�yðtÞ ¼ In þCx t; yðtÞ;

ðt1
t

uðsÞds

� �� �`
�yðt1Þ; ð11Þ

~yðtÞ ¼ �yðtÞ`Ct t; yðt0Þ;

ðt
t0

uðsÞds

� �
; ð12Þ

YðtÞ ¼ In þCx t; yðtÞ;

ðt1
t

uðsÞds

� �� �`
Yðt1Þ In þCx t; yðtÞ;

ðt1
t

uðsÞds

� �� �

þ
Xn
j¼1

Cjxx t; yðtÞ;

ðt1
t

uðsÞds

� �
�yjðt1Þ: ð13Þ

Proof. In the context of deterministic optimal control problems, it is known that the solution

of equation (6) (respectively equations (7), (8)) is given by equation (10) (respectively

equations (11), (12)) (see for example the reference [29]). We have only to show that Y(t)

defined in (13) is solution of equation (9). As it will appear in the Proposition 4.2 and its

proof, this additional equation comes from the fact that in stochastic optimal control

problems, the maximum principle is given in terms of two adjoint variables (first and second-

order adjoint variables) by opposition to deterministic control problems where only one

adjoint variable is necessary.

Denote by Fðt; y0; t0; tÞ ¼ y0 þCðt; y0;
Ð t
t0
uðsÞdsÞ. The partial derivative of F with respect

to the second variable will be denoted by Fx and the second partial derivative of Fi (for

i [ Nn) with respect to the second variable will be denoted by Fixx. From equations (6) and

(10), it satisfies the following equation

Fðt; y0; t0; tÞ ¼ y0 þ

ðt
t0

Bðt;Fðt; y0; t0; sÞÞuðsÞds: ð14Þ

Combining equations (7), and (14), we obtain by direct calculation that

Xn
i¼1

Fixxðt; y0; t0; tÞ�yiðtÞ ¼

ðt
t0

Fxðt; y0; t0; sÞ
`

�
Xn
i¼1

Xr
j¼1

�yiðsÞBijxxðt;Fðt; y0; t0; sÞÞujðsÞ

" #
Fxðt; y0; t0; sÞ ds:

ð15Þ

Moreover, from equation (14) it follows that

F21
x ðt; y0; t0; tÞ ¼ In 2

ðt
t0

F21
x ðt; y0; t0; sÞ

Xr
j¼1

Bjxðt;Fðt; y0; t0; sÞÞujðsÞ

" #
: ð16Þ

Singular stochastic control 475
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Define for Z0 [ Sn

ZðtÞ ¼ F21
x ðt; y0; t0; tÞ

` Z0 2
Xn
i¼1

Fixxðt; y0; t0; tÞ�yiðtÞ

" #
F21

x ðt; y0; t0; tÞ: ð17Þ

Remark that Zðt0Þ ¼ Z0 since Fixxðt; y0; t0; t0Þ ¼ 0n;n and Fxðt; y0; t0; t0Þ ¼ In. Now, by

using equations (15), and (16) we obtain that Z(t) satisfies the differential equation defined by

(9) with the initial condition Zðt0Þ ¼ Z0. However, equation (17) implies that

Zðt0Þ ¼ Fxðt; y0; t0; tÞ
`ZðtÞF21

x ðt; y0; t0; tÞ þ
Xn
i¼1

Fixxðt; y0; t0; tÞ�yiðtÞ;

showing that

ZðtÞ ¼ Fxðt; yðtÞ; t; t1Þ
`Y1F

21
x ðt; yðtÞ; t; t1Þ þ

Xn
i¼1

Fixxðt; yðtÞ; t; t1Þ�yiðt1Þ; ð18Þ

is the solution of the differential equation (9) with the terminal condition Y1. However by

definition of F, we obtain that Fxðt; yðtÞ; t; t1Þ ¼ In þCxðt; yðtÞ;
Ð t1
t
uðsÞdsÞ, and for i [ Nn,

Fixxðt; yðtÞ; t; t1Þ ¼ Cixxðt; yðtÞ;
Ð t1
t
uðsÞdsÞ giving the result. A

Lemma 2.2. There exists a constant k such that ð;ðt; x; y; uÞ [ ½0; T� £ Rn £ Rn £ BMðR
rÞÞ,

jCðt; x; uÞj # k ð1 þ jxjÞ juj ð19Þ

jCðt; x; uÞ2Cðt; y; uÞj # k jx2 yj juj ð20Þ

jðIn þCxðt; x; uÞ
`Þ21 2 Inj # k juj ð21Þ

Proof. From Theorem 2.1, it follows that Cðt; x; tuÞ ¼
Ð t

0
Bðt; xþCðt; x; suÞÞu ds. Therefore,

by using hypothesis A3, we have

jCðt; x; tuÞj #

ðt
0

jBðt; xþCðt; x; suÞÞ2 Bðt; xÞkujdsþ

ðt
0

jBðt; xÞkujds

# k

ðt
0

Cðt; x; suÞjdsþ kð1 þ jxjÞjuj;

for a constant k (which depends on T and M). An application of Gronwall’s Lemma shows

equation (19).

Moreover, there exists a constant k1 such that

jCðt; x; tuÞ2Cðt; y; tuÞj #

ðT
0

jBðt; xþCðt; x; suÞÞ2 Bðt; yþCðt; y; suÞÞkujds

# k1jx2 yj juj þ k1juj

ðt
0

jCðt; x; suÞ2Cðt; y; suÞjds;

by using the fact that the first derivative of B is bounded. An application of Gronwall’s

Lemma shows equation (20).
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From equation (16), we have that

In þCxðt; x; tuÞ
`

� �21
¼ In 2

ðt
0

In þCxðt; x; suÞ
`

� �21
Xr
j¼1

Bjxðt; xþCðt; x; suÞÞuj

" #
ds;

implying that

ðInþCxðt;x; tuÞ
`Þ21 2 In¼2

ðt
0

Xr
j¼1

Bjxðt;xþCðt;x;suÞÞuj

" #
ds

2

ðt
0

ðInþCxðt;x;suÞ
`Þ21 2 In

� 	 Xr
j¼1

Bjxðt;xþCðt;x;suÞÞuj

" #
ds:

Again combining the fact that the first derivative of B is bounded and Gronwall’s Lemma,

we obtain easily equation (21). A

Proposition 2.3. Let ðV;F ;P; {F t}Þ be a filtered probability space satisfying the usual

hypotheses. Assume that {W(t)} is a standard m-dimensional {F t}-Brownian motion and

{u(t), v(t)} is a B1ðKÞ £ Rþ-valued, corlol, {Ft}-progressively measurable process such that

{v(t)} is increasing and satisfies vðTÞ # M. Let {tn}n[N* be the sequence of {Ft}-stopping

times which exhausts the jumps of {v(t)}. Then the following stochastic differential equation

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

Bðs; xðsÞÞuðsÞdvcðsÞ þ

ðt
0

Dðs; xðsÞÞdWðsÞ

þ
X
n[N*

Cðtn; xðtn2Þ; uðtnÞDvðtnÞÞI{tn#t};
ð22Þ

admits a unique solution in the set of corlol {Ft}-adapted processes.

Proof. Clearly, we have that {x(t)} is a solution of equation (22) if and only if {x(t)} is a

solution of the following eqution

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

Bðs; xðsÞÞuðsÞdvcðsÞ þ

ðt
0

Dðs; xðsÞÞdWðsÞ

þ

ðt
0

�Cðs; xðs2Þ; yÞmðds; dyÞ;

where �Cðs; x; yÞ _¼ Cðs; x; yÞðI{jyj.0}=jyjÞ, and m is the optional random measure on Rþ £ Rr

defined by mðdt; dyÞ ¼
P

njutnDvtn jdðtn;utnDvtn Þðdt; dyÞ. From hypotheses A1, A3, A4 and by

using equations (19)–(20), it is easy to check that the hypotheses of Theorem 3 in Ref. [49]

are satisfied showing the existence and the uniqueness of a solution of (22) in the set of corlol

{Ft}-adapted processes. A
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Proposition 2.4. Assume that {YðtÞ; ZðtÞ} [ L2ðV;F ;P; {FW
t }; ½0; T�;Rn £ Rn£mÞ with

{Y(t)} corlol is solution of the following backward stochastic differential equation

dYðtÞ ¼ AðtÞYðtÞdt þ UðtÞdt þ BðtÞYðtÞdvcðtÞ þ CðtÞYðt2ÞdvdðtÞ

þ
Xm
j¼1

DjðtÞZjðtÞdt þ ZðtÞdWðtÞ ð23Þ

with YðTÞ ¼ z [ Rn, {v(t)} an increasing corlol, FW
t -progressively

measurable process (v(T) # M), and {ða*ðtÞ; u*ðtÞÞ} (respectively {Dj(t)} for j [ Nm)

an Rn£n £ Rn£n £ Rn£n (respectively Rn£n) FW
t -progressively measurable process

such that jAðtÞj þ jBðtÞj þ jCðtÞj þ
Pm

j¼1jDjðtÞj # K, for a constant K, and

{UðtÞ} [ L2ðV;F ;P; {FW
t }; ½0; T�;RnÞ.

Then the solution is unique in this class of processes.

Proof. Let {X(t)} be the unique solution of the following stochastic differential equation

dXðtÞ ¼2 Xðt2ÞAðtÞdt2 Xðt2ÞBðtÞdvcðtÞ2 Xðt2ÞCðtÞ½1 þ DvðtÞ�21dvdðtÞ

2
Xm
j¼1

Xðt2ÞDjðtÞdW
jðtÞ

with Xð0Þ ¼ In. It is easy to show that EP½supt[½0;T�jXðtÞj
2
� , þ1, and the inverse matrix of

X(t) exists. Now, it follows that

dXðtÞYðtÞ ¼ XðtÞUðtÞdt þ XðtÞZðtÞdWðtÞ2
Xm
j¼1

XðtÞDjðtÞYðtÞdW
jðtÞ:

By using the fact that

EP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðT
0

jXðtÞYðtÞj
2
þ jXðtÞZðtÞj

2

s2
4

3
5 , þ1;

it gives that

XðtÞYðtÞ ¼ EP XðTÞz2

ðT
0

XðsÞUðsÞdsjFW
t

� �
þ

ðt
0

XðsÞUðsÞds:

Consequently, if {ŶðtÞ; ẐðtÞ} [ L2ðV;F ;P; {FW
t }; ½0; T�;Rn £ Rn£mÞ with {ŶðtÞ} corlol is

an other solution of (23), then YðtÞ ¼ ŶðtÞ since X(t) is invertible and it implies that

ZðtÞ ¼ ẐðtÞ, showing the result. A

3. Problem statement

In this section, we formulate the original singular stochastic control problem presented in the

introduction using the formulation described in Refs. [50,51].

F. Dufour and B. Miller478



D
ow

nl
oa

de
d 

B
y:

 [M
on

as
h 

U
ni

ve
rs

ity
] A

t: 
23

:3
1 

19
 S

ep
te

m
be

r 2
00

7 

Definition 3.1. A singular control is defined by the following term:

C _¼ ðV;F ;P; {F t}; {uðtÞ; vðtÞ}; {WðtÞ}; {xðtÞ}Þ

where

(i) ðV;F ;PÞ is a complete probability space with a right continuous complete filtration

{F t}.

(ii) {W(t)} is a standard m-dimensional {F t}-Brownian motion.

(iii) {u(t), v(t)} is a B1(K) £ Rþ-valued, corlol, {F t}-progressively measurable process

such that {v(t)} is increasing and satisfies

vðTÞ # M: ð24Þ

(iv) {x(t)} is an Rn-valued, corlol {F t}-progressively measurable process such that ð;t [

½0; T�Þ

xðtÞ _¼ zþ

ðt
0

Aðs; xðsÞÞdsþ

ð
½0;t�

Bðs; xðsÞÞuðsÞdvcðsÞ þ

ðt
0

Dðs; xðsÞÞdWðsÞ

þ
X
n[N*

Cðtn; xðtn2Þ; uðtnÞDvðtnÞÞI{tn#t}; ð25Þ

where {tn}n[N* denotes the sequence of {F t}-stopping times which exhausts the jumps

of {v(t)}, and x(0 2 ) ¼ z.

We write C for the set of controls satisfying the previous conditions.

The cost is given by

J½C� _¼ EP G

ðT
0

juðsÞjdvðsÞ; xðTÞ

� �� �
: ð26Þ

The set Ca of admissible controls is defined by

C
a
_¼ {C [ C : J½C� , 1}: ð27Þ

The singular control problem is defined by the minimization of J[C ] on C
a. Assuming the

existence of an optimal singular control ~C, the aim of the paper is to derive necessary

conditions for ~C to be optimal in terms of variational inequalities (see the maximum principle

presented in Theorem 5.5).

4. The maximum principle for the auxiliary control variables

In this section, we present a maximum principle in terms of the auxiliary state and control

variables. These results are presented here with minimal details in order to be concise. The

interested reader may consult the reference [1,2] to have a complete description of this

approach.

In general terms, the approach we used to obtain the maximum principle for singular

control problems (completely described in Refs. [1,2]) can be divided in three steps. The first

step is to convert with a time transformation the original singular control problem into an

auxiliary classical control problem. The second step is to derive the maximum principle in
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terms of these new auxiliary state and control variables. The last step consisting to recover

from the auxiliary maximum principle the original state and control variables by using a time

change, and thus giving a maximum principle for the singular control problem (see Theorem

5.5) will be presented in more details in the next section.

In Proposition 4.2, it is shown that by using a time change technique the original control

problem can be converted into an auxiliary classical control problem. This result is of central

importance and the fundamental difference with respect to the approach used previously by

the authors in Ref. [1] is that now the gain of the control depends on the state variable (the

maps B and C depend on x) implying some technical difficulties. In particular, it appears in

the proof of Proposition 4.2 that the results of Theorem 2.1 are extremely important for

applying our time change approach.

Assume the existence of an optimal singular control denoted by

~C _¼ ðV̂; F̂ ; P̂; {F̂ t}; {~uðtÞ; ~vðtÞ}; {ŴðtÞ}; {~xðtÞ}Þ:

such that {~uðtÞ; ~vðtÞ} is {F̂ Ŵ

t }-progressively measurable.

With the next Proposition, we show how it is possible to construct an optimal singular

control Ĉ satisfying v̂ðTÞ ¼ M from the optimal singular control ~C.

Proposition 4.1. The control Ĉ defined by

Ĉ _¼ ðV̂; F̂ ; P̂; {F̂ t}; {ûðtÞ; v̂ðtÞ}; {ŴðtÞ}; {x̂ðtÞ}Þ ð28Þ

where

v̂ðtÞ ¼ ~vðtÞI½½0;T½½ þ ðM 2 v̂ðTÞ þ ~vðtÞÞI½½T ;þ1½½; ð29Þ

ûðtÞ ¼ ~uðtÞI½½0;T½½ þ ~uðtÞ
~vðTÞ2 ~vðT2Þ

M 2 ~vðT2Þ
I½T ;þ1½£{~vðTÞ,M} þ I½T ;þ1½£{~vðTÞ¼M}

� �
; ð30Þ

is optimal. Moreover, v̂ðTÞ ¼ M, and {ûðtÞ; v̂ðtÞ} is a {F̂ Ŵ

t }-progressively measurable

process.

Proof. From the definition of {ûðtÞ}, and {v̂ðtÞ}, we have that v̂ðTÞ ¼ M, and

ð;t [ ½0; T½Þ; ûðtÞ ¼ ~uðtÞ; v̂ðtÞ ¼ ~vðtÞ; and ûðTÞDv̂ðTÞ ¼ ~uðTÞD~vðTÞ; ð31Þ

consequently, we obtain that x̂ðTÞ ¼ ~xðTÞ, and
Ð
½0;T� jûðtÞjdv̂ðtÞ ¼

Ð
½0;T� j~uðtÞjd~vðtÞ, showing

that J½Ĉ� ¼ J½ ~C�. Clearly, {ûðtÞ; v̂ðtÞ} is a B1ðKÞ £ Rþ-valued, corlol, {F̂ Ŵ

t }-progressively

measurable process implying that Ĉ is optimal. A

Remark 1. Now, we will work with the optimal control Ĉ for technical reasons. However, by

using Propositions 4.1 and 5.4, a general stochastic maximum principle will be derived in

terms of the optimal control ~C giving the full generality to our result (see Theorem 5.5).

Propositions 4.2. Denote the process {t þ v̂ðtÞ} by {ĜðtÞ}. Let {h *(t)} be the right inverse

of {ĜðtÞ}. Then, {h *(t)} is a continuous time change such that the probability space

ðV̂; F̂ ; P̂; {F̂ Ŵ

h *ðtÞ}Þ satisfies the usual hypotheses. Moreover, there exists a [0,1]-valued,

F. Dufour and B. Miller480



D
ow

nl
oa

de
d 

B
y:

 [M
on

as
h 

U
ni

ve
rs

ity
] A

t: 
23

:3
1 

19
 S

ep
te

m
be

r 2
00

7 

{F̂
~W

t }-progressively measurable process {ẑðtÞ} such that

v̂ðtÞ ¼

ð
½0;t�

ẑðsÞdĜðsÞ: ð32Þ

Define the B1ðKÞ £ ½0; 1�-valued, {F̂ Ŵ

h *ðtÞ}-progressively measurable process {ða*ðtÞ; u*ðtÞÞ}

by

a*ðtÞ ¼ ûðh*ðtÞÞ and u*ðtÞ ¼ ẑðh*ðtÞÞ: ð33Þ

Then

h*ðtÞ ¼

ðt
0

ð1 2 u*ðsÞÞds; ð34Þ

J½Ĉ� ¼ EP̂½Gðm
*ðT þMÞ; j*ðT þMÞÞ�; ð35Þ

EP̂½Nðh
*ðT þMÞÞ� ¼ 0; ð36Þ

where the processes {j *(t)} and {m *(t)} are solution of the following equations

j*ðtÞ _¼ zþ

ðt
0

Aðh*ðsÞ; j*ðsÞÞð1 2 u*ðsÞÞdsþ

ðt
0

u*ðsÞBðh*ðsÞ; j*ðsÞÞa*ðsÞds

þ

ðt
0

Dðh*ðsÞ; j*ðsÞÞdŴðh*ðsÞÞ; ð37Þ

m*ðtÞ _¼

ðt
0

ja*ðsÞju*ðsÞds: ð38Þ

Moreover,

x̂ðtÞ ¼ j*ðĜðtÞÞ and m*ðT þMÞ ¼

ð
½0;T�

jûðsÞjdv̂ðsÞ ð39Þ

Proof. By hypothesis, {ĜðtÞ} is a {F̂ Ŵ

h *ðtÞ}-progressively measurable process. Consequently,

it follows that {h *(t)} is a time change on ðV̂; F̂ ; P̂; {F̂ Ŵ

t }Þ, from Proposition 1.1 in

Ref. [52, Chapter V]. Clearly, the filtered probability space ðV̂; F̂ ; P̂; {F̂ Ŵ

h *ðtÞ}Þ satisfies the

usual hypotheses. Following Proposition 3.1 in Ref. [2], it is easy to show the existence of a

[0,1]-valued, {F̂ Ŵ

t }-progressively measurable process {ẑðtÞ} satisfying equation (32). From

proposition 1.4 in Ref. [52, Chapter V], {a*ðtÞ; u*ðtÞ} is a {F̂ Ŵ

h *ðtÞ}-progressively measurable

process. By using Proposition 3.2 in Ref. [2], equation (34) follows. Combining equation

(32) and Proposition 4.9 in Ref. [52, page 8], we have

v̂ðtÞ ¼

ðĜt

0

u*ðsÞds; ð40Þ

and ð
½0;t�

jûðsÞjdv̂ðsÞ ¼

ðĜðtÞ
0

ja*ðsÞju*ðsÞds: ð41Þ

Using equations (34) and (40), it follows that h*ðT þMÞ ¼ T þM 2
Ð ĜðTÞ

0
u*ðsÞds ¼ T since

v̂ðTÞ ¼ M. It is easy to show that on the probability space ðV̂; F̂ ; P̂; {F̂ Ŵ

h *ðtÞ}Þ the stochastic
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differential equations (37)– (38) admit a unique solution. Now, let us show that

x̂ðtÞ ¼ j*ðĜðtÞÞ. By using Proposition (1.4) in Ref. [52, p. 180], and Proposition 4.8 in

Ref. [53], it follows easily that

ðĜðtÞ
0

Aðh*ðsÞ; j*ðsÞÞð1 2 u*ðsÞÞds ¼

ðt
0

Aðs; j*ðĜðsÞÞds; ð42Þ

and

ðĜðtÞ
0

Dðh*ðsÞ; j*ðsÞÞdŴðh*ðsÞÞ ¼

ðt
0

Dðs; j*ðĜðsÞÞdŴðsÞ ð43Þ

Moreover, defining D _¼ ½0; T þM� £V2
S1

n¼1½½Ĝðtn2Þ; ĜðtnÞ��, and

g*ðtÞ _¼

ðt
0

IDðs;vÞu*ðsÞds; ð44Þ

we obtain that

ðĜðtÞ
0

u*ðsÞBðh*ðsÞ; j*ðsÞÞa*ðsÞds ¼

ðĜðtÞ
Ĝð02Þ

u*ðsÞBðh*ðsÞ; j*ðsÞÞa*ðsÞds

¼

ðĜðtÞ
Ĝð02Þ

Bðh*ðsÞ; j*ðsÞÞa*ðsÞdg*ðsÞ

þ
X1
n¼1

ðĜðtnÞ
Ĝðtn2Þ

Bðh*ðsÞ; j*ðsÞÞa*ðsÞdsI{tn#t}

By definition {g*ðtÞ} is clearly a {ĜðtÞ}-continuous process. Consequently, by using

Proposition (1.4) in Ref. [52, p. 180], we obtain

ðĜðtÞ
0

u*ðsÞBðh*ðsÞ; j*ðsÞÞa*ðsÞds ¼

ðt
0

Bðs; j*ðĜðsÞÞa*ðĜðsÞÞdg*ðĜðsÞÞ

þ
X1
n¼1

ðĜðtnÞ
Ĝðtn2Þ

Bðh*ðsÞ; j*ðsÞÞa*ðsÞdsI{tn#t}

However, from equation (32) we have a*ðĜðsÞÞ ¼ ûðsÞ. Moreover by using equation (40) we

obtain g*ðĜðtÞÞ ¼ v̂ cðtÞ. Consequently, it follows that

ðĜðtÞ
0

u*ðsÞBðh*ðsÞ; j*ðsÞÞa*ðsÞds ¼

ðt
0

Bðs; j*ðĜðsÞÞûðsÞdv̂ cðsÞ

þ
X1
n¼1

ðĜðtnÞ
Ĝðtn2Þ

Bðh*ðsÞ; j*ðsÞÞa*ðsÞdsI{tn#t}: ð45Þ
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Now combining equations (37), and (42)–(45), we have that

j*ðĜðtÞÞ ¼_zþ

ðt
0

Aðs; j*ðĜðsÞÞdsþ

ðt
0

Bðs; j*ðĜðsÞÞûðsÞdv̂ cðsÞ

þ
X1
n¼1

ðĜðtnÞ
Ĝðtn2Þ

Bðh*ðsÞ; j*ðsÞÞa*ðsÞdsI{tn#t} þ

ðt
0

Dðs; j*ðĜðsÞÞdŴðsÞ: ð46Þ

Now, from equation (37), we have that for all ðt;vÞ [ ½0; T þM� £V> ½½Ĝðtn2Þ; ĜðtnÞ��,

j*ðtÞ ¼ j*ðĜðtn2ÞÞ þ

ðt
Ĝðtn2Þ

Bðh*ðsÞ; j*ðsÞÞa*ðsÞds

¼ j*ðĜðtn2ÞÞ þ

ðt
Ĝðtn2Þ

Bðtn; j*ðsÞÞûðtnÞds:

However, using equations (6), and (10) in Theorem 2.1, we obtain that

j*ðtÞ ¼ j*ðĜðtn2ÞÞ þCðtn; j*ðĜðtn2ÞÞ; ðt2 Ĝðtn2ÞÞûðtnÞÞ;

for all ðt;vÞ [ ½0; T þM� £V> ½½Ĝðtn2Þ; ĜðtnÞ�� implying that

ðĜðtnÞ
Ĝðtn2Þ

Bðtn; j*ðsÞÞûðtnÞds ¼ Cðtn; j*ðĜðtn2ÞÞ; ûðtnÞDv̂ðtnÞÞ ð47Þ

Now, combining equations (46), (47), it follows that {j*ðĜðtÞÞ} is a solution of equation (25)

and uniqueness, it follows that x̂ðtÞ ¼ j*ðĜðtÞÞ.

Moreover, using equation (41), we obtain m*ðT þMÞ ¼
Ð
½0;T� jûðsÞjdv̂ðsÞ, giving the

result. A

Let ð ~V; ~F ; ~P; { ~F t}Þ be a filtered probability space satisfying the usual

hypotheses and supporting a standard m-dimensional Brownian motion { ~Vt}. Define by

ðV;G;Q; {Gt}Þ, the usual augmentation of the filtered probability space

{V̂ £ ~V; F̂^ ~F ; P̂^ ~P; F̂ Ŵ

h *ðtÞ^
~F t}.

A random variable X̂ defined on ðV̂; F̂ ; P̂Þ may be viewed as defined on ðV;G;QÞ
by setting �Xðv̂; ~vÞ ¼ x̂ðv̂Þ for ðv̂; ~vÞ [ V̂ £ ~V and similarly for a random variable

defined on ð ~V; ~F ; ~PÞ. Consequently, let us introduce on ðV;G;Q; {Gt}Þ the following

processes:

�aðt; v̂; ~vÞ _¼ a*ðt; v̂Þ; �uðt; v̂; ~vÞ _¼ u*ðt; v̂Þ; �hðt; v̂; ~vÞ _¼ h*ðt; v̂Þ;

�jðt; v̂; ~vÞ _¼ j*ðt; v̂Þ; �mðt; v̂; ~vÞ _¼ m*ðt; v̂Þ; �Wðt; v̂; ~vÞ _¼ Ŵðt; v̂Þ;

~Wðt; v̂; ~vÞ _¼ ~Vðt; ~vÞ:

8>><
>>: ð48Þ

Proposition 4.3. On ðV;G;Q; {Gt}Þ, the process { �VðtÞ} defined by

�VðtÞ _¼

ðt
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 2 �uðsÞÞþ

p
d �Wð �hðsÞÞ þ

ðt
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 ð1 2 �uðsÞÞð1 2 �uðsÞÞþ

p
d ~WðsÞ ð49Þ

Singular stochastic control 483
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is a standard m-dimensional {Gt}-Brownian motion. The process { �jðtÞ; �hðtÞ; �mðtÞ} is the

unique solution of the following equations

�jðtÞ ¼ zþ

ðt
0

Að �hðsÞ; �jðsÞÞ½1 2 �uðsÞ�dsþ

ðt
0

�uðsÞBð �hðsÞ; �jðsÞÞ �aðsÞds

þ

ðt
0

Dð �hðsÞ; �jðsÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 �uðsÞ

p
d �VðsÞ; ð50Þ

�hðtÞ ¼

ðt
0

½1 2 �uðsÞ�ds; ð51Þ

�mðtÞ ¼

ðt
0

j �aðsÞj �uðsÞds; ð52Þ

Moreover,

J½ �C� ¼ EQ G �mðT þMÞ; �jðT þMÞ
� �� 	

; ð53Þ

EQ Nð �hðT þMÞÞ
� 	

¼ 02: ð54Þ

Proof. From Theorem 2.75 in Ref. [54], it follows that { �VðtÞ} is a standard m-dimensional

{Gt}-Brownian motion. Using Theorem 6 in Ref. [55, page 194], we obtain that the solution

{jðtÞ;hðtÞ;mðtÞÞ} of equations (50)–(52) exists and is unique. From the definition of { �VðtÞ}, it

is easy to show that {j(t)} is the unique solution of the following equation:

jðtÞ _¼ zþ

ðt
0

Að �hðsÞ; jðsÞÞð1 2 �uðsÞÞdsþ

ðt
0

�uðsÞBð �hðsÞ; �jðsÞÞ �aðsÞds

þ

ðt
0

Dð �hðsÞ; jðsÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 2 �uðsÞÞð1 2 �uðsÞÞþ

p
d �Wð �hðsÞÞ: ð55Þ

However, combining the fact that the process {j*ðtÞ} is solution of equation (37) and

Proposition 10.46 in Ref. [54], it follows that { �jðtÞ} satisfies equation (50). Therefore, { �jðtÞ}

is the unique solution of equation (50). Moreover, it is clear from their definitions that the

processes {m(t)} and { �mðtÞ} (respectively {h(t)} and { �hðtÞ}) are indistinguishable. Finally,

equations (53) and (54) follow easily from equations (35) and (36) and the definition of the

probability Q. A

On the probability space ðV;G;QÞ, define the filtration J t _¼ F̂ Ŵ

h *ðtÞ^{Y; ~V}.

The set of auxiliary control E is the set of {Jt}-progressively measurable processes defined

on ðV;G;Q; {Gt}Þ and taking their value in B1ðKÞ £ ½0; 1�. For any {ðaðtÞ; uðtÞÞ} in E,

F. Dufour and B. Miller484
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the auxiliary state process ðhðtÞ; jðtÞ;mðtÞÞ is defined on ðV;G;Q; {Gt}Þ by

hðtÞ _¼

ðt
0

ð1 2 uðsÞÞds; ð56Þ

jðtÞ _¼ zþ

ðt
0

AðhðsÞ; jðsÞÞð1 2 uðsÞÞdsþ

ðt
0

uðsÞBðhðsÞ; jðsÞÞaðsÞuðsÞds

þ

ðt
0

DðhðsÞ; jðsÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 2 uðsÞÞ

p
d �VðsÞ; ð57Þ

mðtÞ _¼

ðt
0

jaðsÞjuðsÞds: ð58Þ

Note that for any {ðaðtÞ; uðtÞÞ} in E, the previous system admits a unique solution. Moreover,

we have EQ½GðmðT þMÞ; jðT þMÞÞ� , 1.

The associated cost functional is defined by

M½a; u� _¼ EQ½GðmðT þMÞ; jðT þMÞÞ�: ð59Þ

Definition 4.4. The set of admissible auxiliary control Ead is defined by the set of processes

{ðaðtÞ; uðtÞÞ} [ E such that the corresponding auxiliary state process {ðhðtÞ; jðtÞ;mðtÞÞ}

satisfies the following constraint

EQ NðhðT þMÞÞ
� 	

¼ 02: ð60Þ

The auxiliary control problem is to minimize the cost (61) over Ead.

Proposition 4.5. The auxiliary control process {ð �aðtÞ; �uðtÞÞ} defined by equation (48) is

optimal. Moreover, {ð �aðtÞ; �uðtÞÞ} and the corresponding optimal auxiliary state

{ð �hðtÞ; �jðtÞ; �mðtÞÞ} are {J t}-progressively measurable processes.

Proof. Using Proposition 4.3 and Theorem 4.6 in Ref. [2], the result follows easily. A

For the rest of the paper, we shall use the following notation for the different filtered

probability space under consideration:

F̂
Ŵ

h * _¼ V̂; F̂ ; P̂; {F̂ Ŵ

h *ðtÞ}

� �
; G _¼ ðV;G;Q; {Gt}Þ; J _¼ ðV;G;Q; {J t}Þ:

We will need the following result in the proof of the next Theorem.

Lemma 4.6. For all ðt; x; u; zÞ [ R £ Rn £ B1ðKÞ £ ½0; 1�, ðp1; p2; p3Þ [ R £ Rn £ R and

ðq1; q2; q3Þ [ R1£m £ Rn£m £ R1£m;

Htðt; x; u; z; p; qÞ ¼ ½Atðt; xÞð1 2 zÞ þ zBtðt; xÞu�
`p2 þ

Xm
j¼1

Djtðt; xÞ
`q2

j

ffiffiffiffiffiffiffiffiffiffiffi
1 2 z

p
;

Hxðt; x; u; z; p; qÞ ¼ Axðt; xÞð1 2 zÞ þ
Xr
j¼1

zBjxðt; xÞuj

" #`
p2 þ

Xm
j¼1

Djxðt; xÞ
`q2

j

ffiffiffiffiffiffiffiffiffiffiffi
1 2 z

p
;
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where

p ¼

p1

p2

p3

0
BB@

1
CCA and q ¼

q1

q2

q3

0
BB@

1
CCA:

Proof. One may easily show that these two equalities follow directly from the definition of

H (equation (3)). A

With the previous results, we can now obtain in the following Theorem a crucial

property given by equation (65) of the solution of the backward stochastic differential

equations (61)–(64) which renders possible a time change.

Theorem 4.7. On the filtered probability space G, the system of backward stochastic

differential equations

d�pðtÞ ¼ 2

Htð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �pðtÞ; �qðtÞÞ

Hxð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �pðtÞ; �qðtÞÞ

0

0
BB@

1
CCAdt þ �qðtÞd �VðtÞ; ð61Þ

with

�pðT þMÞ ¼ 2

0

Gxð �mðT þMÞ; �jðT þMÞÞ

Gwð �mðT þMÞ; �jðT þMÞÞ;

0
BB@

1
CCA ð62Þ

and

d �PðtÞ ¼2 Axð �hðtÞ; �jðtÞÞ
` �PðtÞð1 2 �uðtÞÞdt2 �PðtÞAxð �hðtÞ; �jðtÞÞð1 2 �uðtÞÞdt

2
Xr
j¼1

ð½Bjxð �hðtÞ; �jðtÞÞ�
` �PðtÞ þ �PðtÞBjxð �hðtÞ; �jðtÞÞÞ �ajðtÞ �uðtÞdt

2
Xm
j¼1

½Djxð �hðtÞ; �jðtÞÞ�
` �PðtÞDjxð �hðtÞ; �jðtÞÞð1 2 �uðtÞÞdt

2
Xm
j¼1

ð½Djxð �hðtÞ; �jðtÞÞ�
` �QjðtÞ þ �QjðtÞDjxð �hðtÞ; �jðtÞÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 �uðtÞ

p
dt

2Hxxð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �pðtÞ; �qðtÞÞdt þ
Xm
j¼1

�QjðtÞd �VjðtÞ; ð63Þ

with

�PðT þMÞ ¼ 2Gxxð �mðT þMÞ; �jðT þMÞÞ; ð64Þ

admits a unique solution in the following class of processes

{�pðtÞ; �qðtÞ; �PðtÞ; ð �QjðtÞÞj[Nm
} [ L2ðG; ½0; T þM�;R2þn £ Rð2þnÞ£m £ Sn £ ½Sn�mÞ

with {�pðtÞ; �PðtÞ} continuous.

F. Dufour and B. Miller486
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Moreover,

�pðt; v̂; ~vÞ ¼ p*ðt; v̂Þ; �qðt; v̂; ~vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðt; v̂Þ

p
q*ðt; v̂Þ;

�Pðt; v̂; ~vÞ ¼ P*ðt; v̂Þ; �Qjðt; v̂; ~vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðt; v̂Þ

p
Q *jðt; v̂Þ;

(
ð65Þ

for all ðv̂; ~vÞ [ V̂ £ ~V and for all j [ Nm, where {p*ðtÞ;P*ðtÞ; q*ðtÞ; ðQ*jðtÞÞj[Nm
} is the

unique solution in the following class of processes

{p*ðtÞ;P*ðtÞ} [ L2 F̂
Ŵ

h * ; ½0; T þM�;R2þn £ Sn

� �

{q*ðtÞ; ðQ*jðtÞÞj[Nm
} [ L2

u * F̂
Ŵ

h * ; ½0; T þM�;Rð2þnÞ£m £ ½Sn�m
� �

with {p*ðtÞ;P*ðtÞ} continuous of the system of backward stochastic differential equations

defined on the filtered probability space F̂
Ŵ

h * :

dp*ðtÞ ¼2

Htðh*ðtÞ; j*ðtÞ;a*ðtÞ; u*ðtÞ; p*ðtÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðtÞ

p
q*ðtÞÞ

Hxðh*ðtÞ; j*ðtÞ;a*ðtÞ; u*ðtÞ; p*ðtÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðtÞ

p
q*ðtÞÞ

0

0
BBBB@

1
CCCCAdt

þ q*ðtÞdŴðh*ðtÞÞ ð66Þ

with

p*ðT þMÞ ¼ 2

0

Gxðm*ðT þMÞ; j*ððT þMÞÞ

Gwðm*ðT þMÞ; j*ðT þMÞÞ

0
BB@

1
CCA ð67Þ

and

dP*ðtÞ ¼2 Axðh
*ðtÞ; j*ðtÞÞ`P*ðtÞð1 2 u*ðtÞÞdt2 P*ðtÞAxðh

*ðtÞ; j*ðtÞÞð1 2 u*ðtÞÞdt

2
Xr
j¼1

ð½Bjxðh
*ðtÞ; j*ðtÞÞ�`P*ðtÞ þ P*ðtÞBjxðh

*ðtÞ; j*ðtÞÞÞa*
j ðtÞu

*ðtÞdt

2
Xm
j¼1

½Djxðh
*ðtÞ; j*ðtÞÞ�`P*ðtÞDjxðh

*ðtÞ; j*ðtÞÞð1 2 u*ðtÞÞdt

2
Xm
j¼1

½Djxðh
*ðtÞ; j*ðtÞÞ�`Q*jðtÞ þ Q *jðtÞDjxðh

*ðtÞ; j*ðtÞÞ
� �

ð1 2 u*ðtÞÞdt

2Hxxðh
*ðtÞ; j*ðtÞ;a*ðtÞ; u*ðtÞ; p*ðtÞ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðtÞ

p
q*ðtÞÞdt

þ
Xm
j¼1

Q*jðtÞdŴðh*ðtÞÞ
ð68Þ
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with

P*ðT þMÞ ¼ 2Gxxðm
*ðT þMÞ; j*ðT þMÞÞ: ð69Þ

Proof. Using Lemma 4.6, equation (61) can be written in the form

�pðtÞ ¼ 2�pðT þMÞ2

ðTþM

t

gðs; �pðsÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 �uðsÞ

p
�qðsÞÞds2

ðTþM

t

�qðsÞd �Vs

where the Rnþ2-valued function g(t, p, q) is defined by

2

½Atð �hðtÞ; �jðtÞÞð1 2 �uðtÞÞ þ �uðtÞBtð �hðtÞÞ �aðtÞ�
`p2 þ

Pm
j¼1Djtð �hðtÞ; �jðtÞÞ

`q2
j

Axð �hðtÞ; �jðtÞÞð1 2 �uðtÞÞ þ
Pr

j¼1
�uðtÞBjxð �hðtÞ; �jðtÞÞ �ajðtÞ

h i`
p2 þ

Pm
j¼1Djxð �hðtÞ; �jðtÞÞ

`q2
j

0

0
BBB@

1
CCCA;

for

p ¼

p1

p2

p3

0
BB@

1
CCA

with p1 [ R, p2 [ Rn and p3 [ R and for

q ¼

q1

q2

q3

0
BB@

1
CCA

where q1 [ R1£n, q2 [ Rn£n and q3 [ R1£n. Moreover, from equation (62), it follows that

�pðT þMÞ [ L2ðV;J TþM;Q;RkÞ. Now, using the hypotheses A1, A3 and A4 on the data A,

B and D, it is easy to show that equation (61) satisfies the hypotheses of Corollary 4.2 in Ref.

[1], implying the existence and the uniqueness for equation (61). Using similar arguments,

the existence and the uniqueness results can be obtained for equation (63). By using

Proposition 4.1 in Ref. [1], it can be shown that equations (66)– (69) admit a unique solution.

The last part of the Theorem (see equation (65)) follows easily from Corollary 4.2 in

Ref. [1]. A

Now we give the maximum principle for the auxiliary control problem.

Theorem 4.8. There exists c [ S1ðR
3Þ such that ð;ða; uÞ [ B1ðKÞ £ ½0; 1�Þ

Hðh*ðtÞ; j*ðtÞ;a; u; p*1ðtÞ; p*2ðtÞ; p*3ðtÞ; r *ðtÞ;P*ðtÞ;cÞ

# Hðh*ðtÞ; j*ðtÞ;a*ðtÞ; u*ðtÞ; p*1ðtÞ; p*2ðtÞ; p*3ðtÞ; r *ðtÞ;P*ðtÞ;cÞ ð70Þ

l^P̂ � a:s: on ½0; T þM� £ V̂, with {p*1ðtÞ} (respectively, {p*2ðtÞ}, {p*3ðtÞ}) an R

(respectively Rn, R)-valued process, and {q*1ðtÞ} (respectively, {q*2ðtÞ}, {q*3ðtÞ}) an R1£m

F. Dufour and B. Miller488
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(respectively Rn£m, R1£m)-valued process where

{p*ðtÞ} _¼

p*1ðtÞ

p*2ðtÞ

p*3ðtÞ

0
BB@

1
CCA

8>><
>>:

9>>=
>>;; {q*ðtÞ} _¼

q*1ðtÞ

q*2ðtÞ

q*3ðtÞ

0
BB@

1
CCA

8>><
>>:

9>>=
>>;; {P*ðtÞ}; ð{Q*j}Þj[Nm

are the unique solutions, in the following class of processes

{p*ðtÞ;P*ðtÞ} [ L2 F̂
Ŵ

h * ; ½0; T þM�;R2þn £ Sn

� �

q*ðtÞ; ðQ*jðtÞÞj[Nm


 �
[ L2

u * F̂
Ŵ

h * ; ½0; T þM�;Rð2þnÞ£m £ ½Sn�m
� �

with {p*ðtÞ;P*ðtÞ} corlol, of the system of backward stochastic differential equations defined

by equations (75)–(80), and where {r *ðtÞ} is defined by

r *ðtÞ _¼ ½q*2ðtÞ2 P*ðtÞDðh*ðtÞ; j*ðtÞÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðtÞ

p
: ð71Þ

Proof. The idea to obtain the result is to apply the maximum principle (see for example

Theorem 5 in Ref. [56] or Theorem 6.1 in Ref. [57]) for the control process ð �uðtÞ; �aðtÞÞ which

is optimal for the auxiliary control problem by using Proposition 4.5. From assumptions A1,

A3 and A4, the hypothesis (3) of Theorem 5 in Ref. [56] are satisfied. However, one

hypothesis of Theorem 5 in Ref. [56] is not satisfied here in the sense that we do not require

the control processes { �aðtÞ}, { �uðtÞ} to be {F �V
t }-adapted. As pointed out in Ref. [57] (see page

114 and the top of page 116), this hypothesis may appear crucial in order to ensure the

existence of the adjoint variables. However, although we required the processes to be {J t}-

adapted, the proof of Theorem 5 in Ref. [56] remains unchanged.

Due to the particular block structure of the matrix D and from Theorem 5 in Ref. [56], it

follows that there exist c [ S1ðR
3Þ such that ð;ða; uÞ [ B1ðKÞ £ ½0; 1�Þ the variational

inequality can be written in the following form

ð1 2 uÞ�p1cðtÞ þ ð1 2 uÞAð �hðtÞ; �jðtÞÞ` �p2cðtÞ þ u½Bð �hðtÞ; �jðtÞÞa�` �p2cðtÞ þ ujuj�p3cðtÞ

þ
ffiffiffiffiffiffiffiffiffiffiffi
1 2 u

p
tr½Dð �hðtÞ; �jðtÞÞ`�rcðtÞ� þ ð1 2 uÞtr½Dð �hðtÞ; �jðtÞÞ` �PcðtÞDð �hðtÞ; �jðtÞÞ�

# ð1 2 �uðtÞÞ�p1cðtÞ þ ð1 2 �uðtÞÞAð �hðtÞ; �jðtÞÞ` �p2cðtÞ þ �uðtÞ

£ ½Bð �hðtÞ; �jðtÞÞ �aðtÞ�` �p2cðtÞ þ �uðtÞj �aðtÞj�p3cðtÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 �uðtÞ

p
tr½Dð �hðtÞ; �jðtÞÞ`�rcðtÞ�

þ ð1 2 �uðtÞÞtr½Dð �hðtÞ; �jðtÞÞ` �PcðtÞDð �hðtÞ; �jðtÞÞ� ð72Þ

l^P � a:s: on ½0; T þM� £V with

�rcðtÞ ¼ �q2cðtÞ2 �PcðtÞDð �hðtÞ; �jðtÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 �uðtÞ

p
; ð73Þ

and where {�p1cðtÞ} (respectively, {�p2cðtÞ}, {�p3cðtÞ}) is an R (respectively Rn, R)-valued

process, and {�q1cðtÞ} (respectively, {�q2cðtÞ}, {�p3cðtÞ}) is an R1£m (respectively Rn£m, R1£m)-
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valued process such that

�p1cðtÞ

�p2cðtÞ

�p3cðtÞ

0
BB@

1
CCA

8>><
>>:

9>>=
>>;;

�q1cðtÞ

�q2cðtÞ

�q3cðtÞ

0
BB@

1
CCA

8>><
>>:

9>>=
>>;

0
BB@

1
CCA

are the first-order adjoint variables solution of the following backward stochastic differential

equation (see equation (21) in Ref. [56]):

d�pcðtÞ ¼ 2

Htð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �p
cðtÞ; �qcðtÞÞ

Hxð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �p
cðtÞ; �qcðtÞÞ

0

0
BB@

1
CCAdt þ �qcðtÞd �VðtÞ ð74Þ

with

�pcðT þMÞ ¼ 2

c1N1tð �hðT þMÞÞ þ c3N2tð �hðT þMÞÞ

c2Gxð �mðT þMÞ; �jðT þMÞÞ

c2Gwð �mðT þMÞ; �jðT þMÞÞ

0
BB@

1
CCA ð75Þ

and where the second-order adjoint variable is solution of the following equation (see

equation (22) in Ref. [56]):

d �PcðtÞ ¼2 Axð �hðtÞ; �jðtÞÞ
` �PcðtÞð1 2 �uðtÞÞdt

2 �PcðtÞAxð �hðtÞ; �jðtÞÞð1 2 �uðtÞÞdt

2
Xr
j¼1

ð½Bjxð �hðtÞ; �jðtÞÞ�
` �PcðtÞ þ �PcðtÞBjxð �hðtÞ; �jðtÞÞÞ �ajðtÞ �uðtÞdt

2
Xm
j¼1

½Djxð �hðtÞ; �jðtÞÞ�
` �PcðtÞDjxð �hðtÞ; �jðtÞÞð1 2 �uðtÞÞdt

2
Xm
j¼1

ð½Djxð �hðtÞ; �jðtÞÞ�
` �Qc;jðtÞ þ �Qc;jðtÞDjxð �hðtÞ; �jðtÞÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 �uðtÞ

p
dt

2Hxxð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �p
cðtÞ; �qcðtÞÞdt þ

Xm
j¼1

�Qc;jðtÞd �VjðtÞ
ð76Þ

with

�PcðT þMÞ ¼ 2c2 Gxxð �mðT þMÞ; �jðT þMÞÞ: ð77Þ

From Theorem 3.1 in Ref. [58], the solutions of equations (74)–(77) exist and are unique.
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Since EP½Nð �hðT þMÞÞ� ¼ 02, we have N1tð �hðT þMÞÞ ¼ 1, and N2tð �hðT þMÞÞ ¼ 2T ,

(see the definition of N). Therefore, the terminal condition (75) is given by

�pcðT þMÞ ¼ 2

c1 þ 2Tc3

c2Gxð �mðT þMÞ; �jðT þMÞÞ

c2Gwð �mðT þMÞ; �jðT þMÞÞ

0
BB@

1
CCA ð78Þ

Simple calculations show that

c2 �pðtÞ þ

2c1 2 2Tc3

0

0

0
BB@

1
CCA

8>><
>>:

9>>=
>>;; {c2 �qðtÞ}

0
BB@

1
CCA

is solution of equation (74) with the terminal condition (78). By uniqueness, we obtain that

�pcðtÞ ¼ c2 �pðtÞ þ

2c1 2 2Tc3

0

0

0
BB@

1
CCA; �qcðtÞ ¼ c2 �qðtÞ: ð79Þ

Moreover, combining equation (79) and the definition of H (equation (3)), it is easy to obtain

that

Hxxð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �p
cðtÞ; �qcðtÞÞ ¼ c2Hxxð �hðtÞ; �jðtÞ; �aðtÞ; �uðtÞ; �pðtÞ; �qðtÞÞ:

Consequently, it gives that ð{c2
�PðtÞ}; ð{c2

�QjðtÞ}Þj[Nm
Þ is solution of equation (76) with the

terminal condition (77). By uniqueness, we obtain that

�PcðtÞ ¼ c2
�PðtÞ; �Qc;jðtÞ ¼ c2

�QjðtÞ: ð80Þ

Now using Theorem 4.7 (equation (65)) and equations (79), (80), it follows that

�pcðt; v̂; ~vÞ ¼ c2p
*ðt; v̂Þ þ

2c1 2 2Tc3

0

0

0
BB@

1
CCA; �Pcðt; v̂; ~vÞ ¼ c2P

*ðt; v̂Þ; ð81Þ

�qcðt; v̂; ~vÞ ¼ c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðt; v̂Þ

p
q*ðt; v̂Þ; �Qc;jðt; v̂; ~vÞ ¼ c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðt; v̂Þ

p
Q*jðt; v̂Þ; ð82Þ

and from equation (73) it implies

�rcðt; v̂; ~vÞ ¼ c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðt; v̂Þ

p
q*ðt; v̂Þ2 P*ðt; v̂ÞDðh*ðt; v̂Þ; j*ðt; v̂ÞÞ
� 	

¼ c2r
*ðt; v̂Þ ð83Þ

where we have used the definitions of { �hðtÞ}, { �jðtÞ} (equation (48)).

Now, using the definitions of the processes { �aðtÞ} and { �uðtÞ}, the definition of H (see

equation (5)), and equations (81)– (83), it follows that the variational inequality (72) can be

written on the filtered probability space F̂
Ŵ

h * as ð;ða; uÞ [ B1ðKÞ £ ½0; 1�Þ

Hðh*ðtÞ; j*ðtÞ;a; u; p*1ðtÞ; p*2ðtÞ; p*3ðtÞ; r *ðtÞ;P*ðtÞ;cÞ

# Hðh*ðtÞ; j*ðtÞ;a*ðtÞ; u*ðtÞ; p*1ðtÞ; p*2ðtÞ; p*3ðtÞ; r *ðtÞ;P*ðtÞ;cÞ;

l^P̂ � a:s: on ½0; T þM� £ V̂. showing the result. A

Singular stochastic control 491
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5. The singular maximum principle and adjoint variables

In this section, the adjoint variables for the original control problem are characterized. The

interesting feature of these adjoint variables is that they are solutions of singular backward

equations (see equations (84)–(87)). It is shown in Theorem 5.2 that by using a time change

technique the adjoint variables for the original control problem can be derived from the

adjoint variables of the auxiliary control problem (see equations (66)–(69)). As in Section 4,

an important difference with respect to the approach used previously by the authors in Ref.

[1] is that now the gain of the auxiliary control variables (the map B) in the backward

stochastic differential equations defining the auxiliary adjoint variables (see equations (66)–

(69)) depends on the auxiliary state variables. In particular, as shown in the proof of Theorem

5.2 the results of Theorem 2.1 are again essential for applying our time change approach.

Finally, before presenting the stochastic maximum principle for the original singular control

problem (see Theorem 5.5) some technical results are derived.

In the following definition, we introduce the backward stochastic differential equations

that will be satisfied by the adjoint variables for the original control problem. Note the special

form of the right hand side of these equation that gives a singular part for these adjoint

variables.

Definition 5.1. Let C [ C
a be a singular control

C _¼ ðV;F ;P; {F t}; {uðtÞ; vðtÞ}; {WðtÞ}; {xðtÞ}Þ

such that {uðtÞ; vðtÞ} is {FW
t }-progressively measurable. If the system of backward

stochastic differential equations

p1ðtÞ ¼

ðT
t

Atðs; xðsÞÞ
`p2ðsÞdsþ

Xm
j¼1

ðT
t

Djtðs; xðsÞÞ
`q2

j ðsÞds2

ðT
t

q1ðsÞdWðsÞ

þ

ðT
t

p2ðsÞ`Btðs; xðsÞÞuðsÞdv
cðsÞ

þ
X1
n¼1

p2ðtnÞ
`Ctðtn; xðtn2Þ; uðtnÞDvðtnÞÞI{t,tn}; ð84Þ

p2ðtÞ ¼ 2Gx

ð
½0;T�

juðsÞjdvðsÞ; xðTÞ

� �
þ

ðT
t

Axðs; xðsÞÞ
`p2ðsÞds

þ
Xm
j¼1

ðT
t

Djxðs; xðsÞÞ
`q2

j ðsÞdsþ
Xr
j¼1

ðT
t

Bjxðs; xðsÞÞ
`p2ðsÞujðsÞdv

cðsÞ

þ
X1
n¼1

Cxðtn; xðtn2Þ; uðtnÞDvðtnÞÞ
`p2ðtnÞI{t,tn} 2

ðT
t

q2ðsÞdWðsÞ; ð85Þ

p3ðtÞ ¼ 2Gw

ðT
0

juðsÞjdvðsÞ; xðTÞ

� �
2

ðT
t

q3ðsÞdWðsÞ; ð86Þ
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and

PðtÞ ¼2Gxx

ð
½0;T�

juðsÞjdvðsÞ;xðTÞ

� �
þ

ðT
t

½Axðs;xðsÞÞ
`PðsÞþPðsÞAxðs;xðsÞÞ�ds

þ
Xr
j¼1

ðT
t

½Bjxðs;xðsÞÞ
`PðsÞþPðsÞBjxðs;xðsÞÞ�ujðsÞdv

cðsÞ

þ
Xm
j¼1

ðT
t

Djxðs;xðsÞÞ
`PðsÞDjxðs;xðsÞÞþDjxðs;xðsÞÞ

`QjðsÞþQjðsÞDjxðs;xðsÞÞ�ds
� 	

þ
Xn
j¼1

ðT
t

Ajxxðs;xðsÞÞp
2
j ðsÞþ

Xm
i¼1

Djixxðs;xðsÞÞq
2
jiðsÞ

" #
ds

þ
Xn
j¼1

Xr
i¼1

ðT
t

p2
j ðsÞBjixxðs;xðsÞÞuiðsÞdv

cðsÞ2

ðT
t

Xm
j¼1

QjðsÞdWðsÞ

þ
X1
n¼1

½InþCxðtn;xðtn2Þ;uðtnÞDvðtnÞÞ�
`PðtnÞ½InþCxðtn;xðtn2Þ;uðtnÞDvðtnÞÞ�I{t,tn}

þ
X1
n¼1

Xn
j¼1

p2
j ðtnÞCjxxðtn;xðtn2Þ;uðtnÞDvðtnÞÞ2PðtnÞ

h i
I{t,tn}

ð87Þ

admits a solution in the following class of processes

{p1ðtÞ;p2ðtÞ;p3ðtÞ}[ L2ðFW ; ½0;T�;R£Rn£RÞ;

{q1ðtÞ;q2ðtÞ;q3ðtÞ}[ L2ðFW ; ½0;T�;R1£m£Rn£m£R1£mÞ;

{PðtÞ};ð{QjðtÞ}Þj[Nm

� �
[ L2ðFW ; ½0;T�;SnÞ£ ½L2ðFW ; ½0;T�;SnÞ�m;

with {p1ðtÞ;p2ðtÞ;p3ðtÞ;PðtÞ} corlol.

Then ðð{piðtÞ}; {qiðtÞ}Þi[N3
; {PðtÞ}; ð{QjðtÞ}Þj[Nm

Þ are called the adjoint variables

associated to the control C. The solution is said unique if the solution of the previous

system is unique in this class of processes.

By using a time transformation, we show that from ð{p*ðtÞ}; {q*ðtÞ};

{P*ðtÞ}; ð{Q *jðtÞ}Þj[Nm
Þ we can obtain the adjoint variables for the original optimal control.

Theorem 5.5. Define the following processes:

p̂ðtÞ8p*ðĜðtÞÞ; q̂ðtÞ _¼ q*ðĜðtÞÞ; P̂ðtÞ _¼P*ðĜðtÞÞ; and for j[Nm Q̂ jðtÞ _¼Q*jðĜðtÞÞ; ð88Þ

where ð{p*ðtÞ};{q*ðtÞ};{P*ðtÞ}; ð{Q*j}Þj[Nm
Þ are solutions of equations (66)–(69). Write

p̂ðtÞ in the form

p̂ðtÞ ¼

p̂1ðtÞ

p̂2ðtÞ

p̂3ðtÞ

0
BB@

1
CCA
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where p̂1ðtÞ[R, p̂2ðtÞ[Rn and p̂3ðtÞ[R and similarly

q̂ðtÞ ¼

q̂1ðtÞ

q̂2ðtÞ

q̂3ðtÞ

0
BB@

1
CCA

where q̂1ðtÞ[R1£n, q̂2ðtÞ[Rn£n and q̂3ðtÞ[R1£n.

Then ðð{p̂ iðtÞ}; {q̂ iðtÞ}Þi[N3
; {P̂ðtÞ}; ð{Q̂ jðtÞ}Þj[Nm

Þ are the unique adjoint variables

associated to the control Ĉ.

Proof. Combining equations (66), and (34), we obtain

p*2ðtÞ ¼2 Gxðm
*ðT þMÞ; j*ððT þMÞÞ þ

ðTþM

t

Axðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞdh*ðsÞ

þ
Xm
j¼1

ðTþM

t

Djxðh
*ðsÞ; j*ðsÞÞ`q*2

j ðsÞdh*ðsÞ2

ðTþM

t

q*2ðsÞdŴðh*ðsÞÞ

þ
Xr
j¼1

ðTþM

t

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞu
*ðsÞds ð89Þ

and using the fact that ĜðTÞ ¼ T þM, and equation (39), it gives

p*2ðĜðtÞÞ ¼2 Gx

ð
½0;T�

jûðsÞjdv̂ðsÞ; x̂ðTÞ

� �
þ

ðĜðTÞ
ĜðtÞ

Axðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞdh*ðsÞ

þ
Xm
j¼1

ðĜðTÞ
ĜðtÞ

Djxðh
*ðsÞ; j*ðsÞÞ`q*2

j ðsÞdh*ðsÞ2

ðĜðTÞ
ĜðtÞ

q*2ðsÞdŴðh*ðsÞÞ

þ
Xr
j¼1

ðĜðTÞ
ĜðtÞ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞu
*ðsÞds

ð90Þ

According to Definition (1.3) in Ref. [52, p.180], {h*ðtÞ} is clearly a {ĜðtÞ}-continuous

process since {h*ðtÞ} is the right inverse of {ĜðtÞ}. Recalling h*ðĜðsÞÞ ¼ s, j*ðĜðsÞÞ ¼ x̂ðsÞ

and applying Proposition (1.4) in Ref. [52, p.180] to the second and the third terms of the

right hand side of equation (90), and applying Proposition (1.5) in Ref. [52, p.181] to the

fourth term of the right hand side of this equation it follows that

p*2ðĜðtÞÞ ¼2 Gx

ð
½0;T�

jûðsÞjdv̂ðsÞ; x̂ðTÞ

� �
þ

ðT
t

Axðs; x̂ðsÞÞ
`p*2ðĜðsÞÞds

þ
Xm
j¼1

ðT
t

Djxðs; x̂ðsÞÞ
`q*2

j ðĜðsÞÞds2

ðT
t

q*2ðĜðsÞÞdŴðsÞ

þ
Xr
j¼1

ðĜðTÞ
ĜðtÞ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞu
*ðsÞds ð91Þ
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Now, we obtain for the last term of the previous equation

Xr
j¼1

ðĜðTÞ
ĜðtÞ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞu
*ðsÞds

¼
Xr
j¼1

ðĜðTÞ
ĜðtÞ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞdg
*ðsÞ

þ
X1
n¼1

Xr
j¼1

ðĜðtnÞ
Ĝðtn2Þ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞdsI{t,tn}; ð92Þ

where the process {g*ðtÞ} has been defined in equation (44). Using Proposition (1.4) in Ref.

[52, p.180], we obtain

Xr
j¼1

ðĜðTÞ
ĜðtÞ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞdg
*ðsÞ

¼
Xr
j¼1

ðT
t

Bjxðs; x̂ðsÞÞ
`p*2ðĜðsÞÞûjðsÞdg

*ðĜðsÞÞ; ð93Þ

since {g*ðtÞ} is a {ĜðtÞ}-continuous process. However, g*ðĜðtÞÞ ¼ vcðtÞ, consequently

combining equations (91)–(93) we have

p*2ðĜðtÞÞ ¼2 Gx

ð
½0;T�

jûðsÞjdv̂ðsÞ; x̂ðTÞ

� �
þ

ðT
t

Axðs; x̂ðsÞÞ
`p*2ðĜðsÞÞds

þ
Xm
j¼1

ðT
t

Djxðs; x̂ðsÞÞ
`q*2

j ðĜðsÞÞds2

ðT
t

q*2ðĜðsÞÞdŴðsÞ

þ
Xr
j¼1

ðT
t

Bjxðs; x̂ðsÞÞ
`p*2ðĜðsÞÞûjðsÞdv

cðsÞ

þ
X1
n¼1

Xr
j¼1

ðĜðtnÞ
Ĝðtn2Þ

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞdsI{t,tn}: ð94Þ

Now, from equation (89), we have that for all ðt;vÞ [ ½0; T þM� £V> ½½Ĝðtn2Þ; ĜðtnÞ��,

p*2ðtÞ ¼ p*2ðĜðtnÞÞ þ
Xr
j¼1

ðĜðtnÞ
t

Bjxðh
*ðsÞ; j*ðsÞÞ`p*2ðsÞa*

j ðsÞds

¼ p*2ðĜðtnÞÞ þ
Xr
j¼1

ðĜðtnÞ
t

Bjxðtn; j*ðsÞÞ`p*2ðsÞûjðtnÞds

and using equations (7), and (11) in Theorem 2.1, it follows that

Xr
j¼1

ðĜðtnÞ
Ĝðtn2Þ

Bjxðtn; j*ðsÞÞ`p*2ðsÞûjðtnÞds ¼ Cxðtn; x̂ðtn2Þ; ûðtnÞDv̂ðtnÞÞ
`p*2ðĜðtnÞÞ: ð95Þ
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Finally, combining equations (94) and (95), we obtain that {p*2ðĜðtÞÞ} is solution of

equation (85).

Using similar arguments, it is easy to obtain that

p*1ðĜðtÞÞ ¼

ðT
t

Atðs; x̂ðsÞÞ
`p*2ðĜðsÞÞdsþ

Xm
j¼1

ðT
t

Djtðs; x̂ðsÞÞ
`q*2

j ðĜðsÞÞds

2

ðT
t

q*1ðĜðsÞÞdŴðsÞ þ

ðT
t

p*2ðĜðsÞÞ`Btðs; x̂ðsÞÞûðsÞdv
cðsÞ

þ
X1
n¼1

ðĜðtnÞ
Ĝðtn2Þ

p*2ðsÞ`Btðtn; j*ðsÞÞûðtnÞdsI{t,tn}; ð96Þ

and using equations (8), (12) in Theorem 2.1,

ðĜðtnÞ
Ĝðtn2Þ

p*2ðsÞ`Btðtn; j*ðsÞÞûðtnÞds ¼ p*2ðĜðtnÞÞ
`Ctðtn; x̂ðtn2Þ; ûðtnÞDv̂ðtnÞÞ: ð97Þ

Therefore, it gives that {p*1ðĜðtÞÞ} is solution of equation (84).

Similarly, it follows that

P*ðĜðtÞÞ ¼

ðĜðTÞ
ĜðtÞ

½Axðh
*ðsÞ; j*ðsÞÞ`P*ðsÞ þ P*ðsÞAxðh

*ðsÞ; j*ðsÞÞ�ð1 2 u*ðsÞÞds

þ
Xr
j¼1

ðĜðTÞ
ĜðtÞ

½Bjxðh
*ðsÞ; j*ðsÞÞ`P*ðsÞ þ P*ðsÞBjxðh

*ðsÞ; j*ðsÞÞ�a*
j ðsÞu

*ðsÞds

þ
Xm
j¼1

ðĜðTÞ
ĜðtÞ

Djxðh
*ðsÞ; j*ðsÞÞ`P*ðsÞDjxðh

*ðsÞ; j*ðsÞÞð1 2 u*ðsÞÞds

þ
Xm
j¼1

ðĜðTÞ
ĜðtÞ

Djxðh
*ðsÞ; j*ðsÞÞ`Q*jðsÞ þ Q*jðsÞDjxðh

*ðsÞ; j*ðsÞÞ�ð1 2 u*ðsÞÞds

þ

ðĜðTÞ
ĜðtÞ

Jxxðh
*ðsÞ; j*ðsÞ;a*ðsÞ; u*ðsÞ; p*2ðsÞ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 u*ðsÞ

p
q*2ðsÞÞds

2
Xm
j¼1

ðĜðTÞ
ĜðtÞ

Q *jðsÞdŴðh*ðsÞÞ2 Gxx

ð
½0;T�

jûðsÞjdv̂ðsÞ; x̂ðTÞ

� �
;
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implying that

P*ðĜðtÞÞ ¼

ðT
t

½Axðs; x̂ðsÞÞ
`P*ðĜðsÞÞ þ P*ðĜðsÞÞAxðs; x̂ðsÞÞ�ds

þ
Xr
j¼1

ðT
t

Bjxðs; x̂ðsÞÞ
`P*ðĜðsÞÞ þ P*ðĜðsÞÞBjxðs; x̂ðsÞÞûjðsÞdv̂

cðsÞ

þ
X1
n¼1

Xr
j¼1

ðĜðtnÞ
Ĝðtn2Þ

½Bjxðh
*ðsÞ; j*ðsÞÞ`P*ðsÞ þ P*ðsÞBjxðh

*ðsÞ; j*ðsÞÞ�a*
j ðsÞdsI{t,tn}

þ
Xm
j¼1

ðT
t

Djxðs; x̂ðsÞÞ
`P*ðĜðsÞÞDjxðs; x̂ðsÞÞds

þ
Xm
j¼1

ðT
t

Djxðs; x̂ðsÞÞ
`Q*jðĜðsÞÞ þ Q*jðĜðsÞÞDjxðs; x̂ðsÞÞ�ds

þ
Xn
j¼1

ðT
t

Ajxxðs; x̂ðsÞÞp*2
j ðĜðsÞÞ þ

Xm
i¼1

Djixxðs; x̂ðsÞÞq*2
ji ðĜðsÞÞ

" #
ds

þ
Xn
j¼1

Xr
i¼1

ðT
t

p*2
j ðĜðsÞÞBjixxðs; x̂ðsÞÞûiðsÞdv̂

cðsÞ

þ
X1
n¼1

Xn
j¼1

Xr
i¼1

ðĜðtnÞ
Ĝðtn2Þ

p*2
j ðsÞBjixxðh

*ðsÞ; j*ðsÞÞa*
i ðsÞdsI{t,tn}

2
Xm
j¼1

ðT
t

Q*jðĜðsÞÞdŴðsÞ2 Gxx

ð
½0;T�

jûðsÞjdv̂ðsÞ; x̂ðTÞ

� �
: ð98Þ

Now, from equation (68), we have that for all ðt;vÞ [ ½0; T þM� £V> ½½Ĝðtn2Þ; ĜðtnÞ��,

P*ðtÞ ¼ P*ðĜðtnÞÞ þ
Xr
j¼1

ðĜðtnÞ
t

Bjxðh
*ðsÞ; j*ðsÞÞ`P*ðsÞ þ P*ðsÞBjxðh

*ðsÞ; j*ðsÞÞ
� 	

a*
j ðsÞds

þ
Xn
j¼1

Xr
i¼1

ðĜðtnÞ
t

p*2
j ðsÞBjixxðh

*ðsÞ; j*ðsÞÞa*
i ðsÞds;

and from equations (9), (13) in Theorem 2.1, it gives that

Xr
j¼1

ðĜðtnÞ
Ĝðtn2Þ

Bjxðh
*ðsÞ; j*ðsÞÞ`P*ðsÞ þ P*ðsÞBjxðh

*ðsÞ; j*ðsÞÞ
� 	

a*
j ðsÞds

þ
Xn
j¼1

Xr
i¼1

ðĜðtnÞ
Ĝðtn2Þ

p*2
j ðsÞBjixxðh

*ðsÞ; j*ðsÞÞa*
i ðsÞds

¼ In þCxðtn; x̂ðtn2Þ; ûðtnÞDv̂ðtnÞÞ
� 	`

P*ðĜðtnÞÞ In þCxðtn; x̂ðtn2Þ; ûðtnÞDv̂ðtnÞÞ
� 	

2 P*ðĜðtnÞÞ þ
Xn
j¼1

p*2
j ðĜðtnÞÞCjxxðtn; x̂ðtn2Þ; ûðtnÞDv̂ðtnÞÞ: ð99Þ

Combining equations (98) and (99), we obtain that {P*ðĜðtÞÞ} is solution of equation (87).
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Moreover, it is easy to show that

p*3ðĜðtÞÞ ¼ 2Gw

ð
½0;T�

jûðsÞjdv̂ðsÞ; x̂ðTÞ

� �
2

ðT
t

q3ðĜðsÞÞdŴðsÞ

Finally, it follows that ðð{p*iðĜðtÞÞ}; {q*iðĜðtÞÞ}Þi[N3
; {PðĜðtÞÞ}; ð{Q*jðĜðtÞÞ}Þj[Nm

Þ are the

adjoint variables associated to the control Ĉ. By using the fact that jCxxj is bounded and

equation (21), it can be shown that the system of equations given by {p*2ðĜðtÞÞ;PðĜðtÞÞ}

satisfies the hypotheses of Proposition 2.4 showing the uniqueness for {p*2ðĜðtÞÞ;PðĜðtÞÞ}.

This implies the uniqueness for the adjoint variables associated to the control Ĉ, showing the

result A

Lemma 5.3. For c [ R3, and ða; uÞ [ B1ðKÞ £ ½0; 1�, write

Lðt;a; uÞ ¼Hðh*ðtÞ; j*ðtÞ;a; u; p*1ðtÞ; p*2ðtÞ; p*3ðtÞ; r *ðtÞ;P*ðtÞ;cÞ

2 Hðh*ðtÞ; j*ðtÞ;a*ðtÞ; u*ðtÞ; p*1ðtÞ; p*2ðtÞ; p*3ðtÞ; r *ðtÞ;P*ðtÞ;cÞ: ð100Þ

Then, for all t [ ½Ĝðti2Þ; ĜðtiÞ�

Lðt;a; uÞ ¼c2 Bðti; j*ðtÞÞðua2 ûðtiÞÞ
� 	`

p*2ðtÞ þ c2ðujaj2 jûðtiÞjÞp̂
3ðtiÞ

þ ð1 2 uÞ 2c1 2 2Tc3 þ c2

�
p*1ðtÞ þ Aðti; j*ðtÞÞ`p*2ðtÞ

�

þ
1

2
tr Dðti; j*ðtÞÞ`P*ðtÞDðti; j*ðtÞÞ
� 	�


; ð101Þ

with

j*ðtÞ ¼ x̂ðti2Þ þCðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ; ð102Þ

p*1ðtÞ ¼2Ctðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ` InþCxðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`
h i21

£ p̂2ðti2Þþ p̂1ðti2Þ; ð103Þ

p*2ðtÞ ¼ InþCxðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`
h i21

p̂2ðti2Þ; ð104Þ

and

P*ðtÞ ¼ InþCxðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`
h i21

P̂ðti2Þ2
Xn
i¼1

Cixxðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`

" #

£ InþCxðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`
h i21

; ð105Þ

P̂�a:s: on {ti # T}.
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Moreover, for ða; uÞ [ B1ðKÞ £ ½0; 1�,

ð;t [ ½Ĝðti2Þ; ĜðtiÞ�Þ; Lðt;a; uÞ # 0 P̂2 a:s: on {ti # T}: ð106Þ

LðĜðtÞ;a; uÞ # 0; M
Ĝ
2 a:s: on ½0; T� £ V̂: ð107Þ

Proof. It is easy to show that ð;t [ ½Ĝðti2Þ; ĜðtiÞ�Þ,

h*ðtÞ ¼ ti; u*ðtÞ ¼ 1; a*ðtÞ ¼ ûðtiÞ; and r *ðtÞ ¼ 0; ð108Þ

P̂ � a:s: on {ti # T}. Combining equations (3), (5) and (108), we obtain that

ð;t [ ½Ĝðti2Þ; ĜðtiÞ�Þ,

Hðh*ðtÞ; j*ðtÞ;a; u; p*ðtÞ; r *ðtÞ;P*ðtÞÞ ¼ u½Bðti; j*ðtÞÞa�`p*2ðtÞ þ ujajp*3ðtÞ

þ ð1 2 uÞ p*1ðtÞ þ Aðti; j*ðtÞÞ`p*2ðtÞ
�

þ
1

2
tr Dðti; j*ðtÞÞ`P*ðtÞDðti; j*ðtÞÞ
� 	�

; ð109Þ

P̂ � a:s: on {ti # T}. From equations (37), and (108) it follows that for all

t [ ½Ĝðti2Þ; ĜðtiÞ�,

j*ðtÞ ¼ j*ðĜðti2ÞÞ2

ðt
Ĝðti2Þ

Bðti; j*ðsÞÞûðtiÞds: ð110Þ

Note that from equation (39), we have that j*ðĜðti2ÞÞ ¼ x̂ðti2Þ, and so by using Theorem

2.1 it gives equation (102).

For u ¼ 1, simple calculations shows that ;ðh; j;a; p; qÞ [ R £ Rn £ B1ðKÞ £

R2þn £ Rð2þnÞ£m,

Hxðh; j;a; u; p; qÞ ¼ 0
Xr
j¼1

Bjxðh; jÞaj

" #`�����
�����0

 !
p; and

Htðh; j;a; u; p; qÞ ¼ ð0j½Btðh; jÞa�
`j0Þp:

Write p*ðtÞ in the form

p*ðtÞ ¼

p*1ðtÞ

p*2ðtÞ

p*3ðtÞ

0
BB@

1
CCA

where p*1ðtÞ [ R, p*2ðtÞ [ Rn and p*3ðtÞ [ R. Moreover, from equation (108) we have

ð;t [ ½Ĝðti2Þ; ĜðtiÞ�Þðt
Ĝðti2Þ

q*ðsÞdWðh*ðsÞÞ ¼ 0 P̂2 a:s: on {ti # T}: ð111Þ

Moreover, note that from the definition of {p̂ðtÞ} (see Theorem 5.2), we

have p*ðĜðti2ÞÞ ¼ p̂ðti2Þ. Therefore, it follows from equations (66), (108) and (111) that
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P̂-a.s. on {ti # T},

p*ðtÞ ¼

p̂1ðti2Þ2
Ð t
Ĝðti2Þ

½Btðti; j*ðsÞÞûðtiÞ�
`p*2ðsÞds

p̂2ðti2Þ2
Pr

j¼1

Ð t
Ĝðti2Þ

½Bjxðti; j*ðsÞÞûjðtiÞ�
`p*2ðsÞds

p̂3ðtiÞ

0
BBB@

1
CCCA

for all t in ½Ĝðti2Þ; ĜðtiÞ�. By using Theorem 2.1, we obtain that

p*2ðtÞ ¼ In þCxðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`
h i21

p̂2ðti2Þ;

and

p*1ðtÞ ¼ p̂1ðti2Þ2Ctðti; x̂ðti2Þ; ûðtiÞðt2 Ĝðti2ÞÞÞ`p*2ðtÞ;

for all t in ½Ĝðti2Þ; ĜðtiÞ�, showing equations (103) and (104). Using similar arguments, we

obtain equation (105).

Finally, combining equations (108) and (109), and the fact that p*3ðtÞ ¼ p̂3ðtiÞ for all t in

½Ĝðti2Þ; ĜðtiÞ�, the first part of the result follows.

From equations (101)–(104) we have that Lðt;a; uÞ is continuous on ½Ĝðti2Þ; ĜðtiÞ�,

P̂ � a:s: on {ti # T}. Combining this fact with Theorem 4.8, we obtain equation (106).

Finally, by using Corollary 5.5 in Ref. [1], the last assertion (equation (107)) can be easily

obtained. A

The next Proposition presents some relations between the optimal singular control ~C and

Ĉ. This result is important as it gives the full generality to our maximum principle.

Proposition 5.4. Assume the existence of an optimal singular control denoted by

~C _¼ V̂; F̂ ; P̂; {F̂ t}; {~uðtÞ; ~vðtÞ}; {ŴðtÞ}; {~xðtÞ}
� �

:

such that {~uðtÞ; ~vðtÞ} is {F̂ Ŵ

t }-progressively measurable.

Then, the optimal control

Ĉ _¼ V̂; F̂ ; P̂; {F̂ t}; {ûðtÞ; v̂ðtÞ}; {ŴðtÞ}; {~xðtÞ}
� �

:

defined by equations (29), and (30) is such that on the filtered probability space

ðV̂; F̂ ; P̂; {F̂ t}Þ the processes {~xðtÞ} and {x̂ðtÞ} are indistinguishable, and

M~v s ! Mv̂ s ; M~v ac ¼ Mv̂ ac ; ð112Þ

~uðtÞ ¼ ~uðtÞ; and ~vðtÞ ¼ v̂ðtÞ; M~v ac 2 a:s: on ½0; T� £ V̂: ð113Þ

The adjoint variables ðð{~piðtÞ}; {~qiðtÞ}Þi[N3
; { ~PðtÞ}; ð{ ~QjðtÞ}Þj[Nm

Þ associated to ~C exist, and

are unique. Moreover, for i [ N3, j [ Nm,

~piðtÞ ¼ p̂ iðtÞ; ~qiðtÞ ¼ ~qiðtÞ; ~PðtÞ ¼ P̂ðtÞ and ~QjðtÞ ¼ Q̂ jðtÞ; ð114Þ

where ðð{p̂ iðtÞ}; {q̂ iðtÞ}Þi[N3
; {P̂ðtÞ}; ð{Q̂ jðtÞ}Þj[Nm

Þ are the adjoint variables associated to Ĉ.

Proof. From equation (31), we have that ð;t [ ½0; T�Þ, v̂ cðtÞ ¼ ~vcðtÞ, and

ûðtÞDv̂ cðtÞ ¼ ~uðtÞ~vcðtÞ. Moreover, it is very important to remark that the adjoint variables

F. Dufour and B. Miller500



D
ow

nl
oa

de
d 

B
y:

 [M
on

as
h 

U
ni

ve
rs

ity
] A

t: 
23

:3
1 

19
 S

ep
te

m
be

r 2
00

7 

associated to a singular control (u(t), v(t)) satisfy backward stochastic differential

equations (see equations (84)– (87)) that depend only on the control through the terms v c(t)

and u(t)Dv(t). By using these key properties, the result follows as in proposition 5.8 in

Ref. [1]. A

We can now establish a necessary condition for any control ~C [ C
a to be optimal.

In fact similarly to the maximum principle for non-singular control problem,

see for example [56,57] and the references therein, we show that if a control
~C ¼ ðV̂; F̂ ; P̂; {F̂ t}; {~uðtÞ; ~vðtÞ}; {ŴðtÞ}; {~xðtÞ}Þ is optimal it maximizes a certain Hamil-

tonian almost surely with respect to the measure of Doleans-Dade generated by the optimal

control {~vðtÞ}.

Let {v(t)} be an Rþ-valued, corlol, progressively measurable increasing process defined

on a filtered probability space ðV;F ;PÞ. The process {v0ðtÞ} defined by

v0ðtÞ ¼

lim sup
e#0

vðtþeÞ2vðtÞ
e

if the limit exists in R;

0 otherwise:

8<
:

is an Rþ-valued, {F t}-progressively measurable process (see Lemma 5.6 in Ref. [1]).

Theorem 5.5. Assume the existence of an optimal singular control denoted by

~C _¼ ðV̂; F̂ ; P̂; {F̂ t}; {~uðtÞ; ~vðtÞ}; {ŴðtÞ}; {~xðtÞ}Þ:

such that {~uðtÞ; ~vðtÞ} is {F̂ Ŵ

t }-progressively measurable.

Denote by ðð{~piðtÞ}; {~qiðtÞ}Þi[N3
; { ~PðtÞ}; ð{ ~QjðtÞ}Þj[Nm

Þ the adjoint variables associated ~C

and let { ~ti}i[N* the sequence of {F̂ Ŵ

t }-stopping times which exhausts the jumps of {~vðtÞ}.

Then, there exists c [ S1ðR
3Þ such that for all ðu; zÞ [ B1ðKÞ £ ½0; 1�

½~zðtÞ2 z� 2c1 2 2Tc3 þ c2 ~p1ðtÞ þ
1

2
tr½Dðt; ~xðtÞÞ` ~PðtÞDðt; ~xðtÞÞ� þ Aðt; ~xðtÞÞ` ~p2ðtÞ

� �� 


þ c2 ½BðtÞ½zu2 ~zðtÞ~uðtÞ��` ~p2ðtÞ þ ½zjuj2 ~zðtÞj~uðtÞj�~p3ðtÞ
�

þtr½Dðt; ~xðtÞÞ`~rðtÞ�ð
ffiffiffiffiffiffiffiffiffiffiffi
1 2 z

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 ~zðtÞ

p
Þ
i
# 0 ð115Þ

M~v ac � a:s: on ½0; T� £ V̂, where

~rðtÞ _¼ ~q2ðtÞ2 ~PðtÞDðt; ~xðtÞÞ
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 2 ~zðtÞ
p

; ~zðtÞ _¼
~vðtÞ

1 þ ~vðtÞ
; ð116Þ

and

c2 ½zu2 ~uðtÞ�`BðtÞ` ~p2ðtÞþ½zjuj2j~uðtÞj�~p3ðtÞ
� 	

þð12zÞ 2c122Tc3þc2 ~p1ðtÞþ
1

2
tr Dðt; ~xðtÞÞ` ~PðtÞDðt; ~xðtÞÞ
� 	

þAðt; ~xðtÞÞ` ~p2ðtÞ

� �� 

#0

ð117Þ
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M~v s�a:s: on ½0;T�£V̂, and for all i[N and g[½0;1�

c2 Bð ~ti; ~x
gðtiÞÞðzu2 ~uð ~tiÞÞ

� 	`
~pg2ð ~tiÞþðzjuj2j~uð ~tiÞjÞ~p

3ð ~tiÞ
h i

þð12zÞ 2c122Tc3þc2 ~pg1ð ~ti2ÞþA ~ti; ~x
gð ~tiÞ

� �`
gp~

2
ð ~tiÞ

hn

þ
1

2
tr D ~ti; ~x

gð ~tiÞ
� �` ~Pgð ~tiÞD ~ti; ~x

gð ~tiÞ
� �h i�

#0



; ð118Þ

P̂�a:s: on { ~ti#T}, with

~xgðtiÞ¼ ~xðti2ÞþC ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �

; ð119Þ

~pg1ðtiÞ¼ ~p1ðti2Þ2Ct ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �`

£ InþCx ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �`h i21

~p2ðti2Þ; ð120Þ

~pg2ðtiÞ¼ InþCx ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �`h i21

~p2ðti2Þ; ð121Þ

and

~PgðtiÞ¼ InþCx ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �`h i21

~Pðti2Þ2
Xn
i¼1

Cixx ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �`" #

� InþCx ti; ~xðti2Þ;g~uðtiÞD~vðtiÞ
� �`h i21

:

ð122Þ

Proof. Combining Lemma 5.3 and Proposition 5.4, the results can be obtained by using the

same arguments as those of Theorem 5.9 in Ref. [1]. A
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