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Necessary conditions for optimal singular stochastic control
problems
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In this paper, necessary conditions of optimality, in the form of a maximum principle, are obtained for
singular stochastic control problems. This maximum principle is derived for a state process satisfying a
general stochastic differential equation where the coefficient associated to the control process can be
dependent on the state, extending earlier results of the literature.
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1. Introduction

In this paper, we consider the following stochastic optimal control problem: minimize the

cost function
T
E [G (J |u<s)|dv(s),x<T))} ,
0

subject to

B(s, x(s)u(s)dv(s) + J D(s, x(5))dW(s)
0

x(t) =+ J A(s, x(s))ds + J
0

[0.]

+ Y W, (1), () AT 5,2 e

neN”
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In the previous equation, {(u,,v,)} are the control variables defined on a filtered probability
space (), F,P,{F,}). The set of admissible controls is defined as the class of right
continuous with left hand limits (corlol) processes {(u,, v;)}, { F,}-progressively measurable
satisfying the following conditions: {v,} is increasing, v = M P-a.s., and u, € K, |u,| = 1
where K is a subset of R", T > 0 is the finite horizon. {v (¢)} is the continuous part of the
control {v(f)}. {7, },ens denotes the sequence of {F,}-stopping times exhausting the jumps
of {v(r)}, and Av(7,) is size of the jump of {v(¢)} at time 7,,. The functions A, B D, ¥ and G
are deterministic.

This paper is a continuation of Dufour and Miller [1] that applies a time change method to
study the maximum principle for singular control problems (see [1,2] for a detailed
discussion of this technique of time change applied to singular control problem). There are
many works concerning singular control problems. In particular, the connection between
singular control problem and optimal stopping problem has been studied by many authors
including Alvarez [3,4], Boetius [5,6], Boetius and Kohlmann [7], Chow, Menaldi and Robin
[8], Dufour and Miller [2], El Karoui and Karatzas [9,10], Karatzas [11,12], Karatzas and
Shreve [13—15]. Results on the dynamic programming principle can be found in Boetius [6],
Haussmann and Suo [16], Fleming and Soner [17], Zhu [18]. Sufficient conditions for the
existence optimal singular control for general non-linear models have been obtained in
Dufour and Miller [2] and Haussmann and Suo [19]. Recent applications of singular
stochastic control have been studied in diverse areas such as mathematical finance by
Framstad, Oksendal and Sulem [20], the control of a satellite by Jacka [21,22], optimal
harvesting by Lungu and Oksendal [23] and by Alvarez [24]. This list of works does not
pretend to be an exhaustive panorama of the literature relative to singular control problems
(see the book by Oksendal and Sulem [25] and the thesis report by Boetius [6] for more
complete expositions on this topic).

To the best knowledge of the authors the stochastic maximum principle for singular controls
was only considered by Cadenillas and Haussmann [26] and more recently by Bahlali and
Chala in Refs. [27,28] and by Dufour and Miller in Ref. [1] using different approaches. These
differences may be briefly described as follows: in Ref. [26], the state process satisfies a linear
stochastic differential equation. In Refs. [27,28], Bahlali and Chala generalizes the work of
Cadenillas and Haussmann to the case where the state process satisfies a non-linear stochastic
differential equation. In Refs. [26—28], the control process is of finite variation. In Ref. [1], the
authors considers a state process defined by a non-linear stochastic differential equation, and
the admissible control is of bounded variation (2(7) is bounded). In many aspects the results
obtained in Refs. [1,26—28] are different and complementary. To compare the results obtained
in the present paper with the works presented in Refs. [1,26—28], it turns out that the maximum
principle we obtained is completely novel. In particular, the crucial generalization and the
main difference with the literature [26—28] and our earlier work [1] is that the coefficient
associated with control process and the size of the jump of the state process {x(¢)} (see the
expression of B, and W in the previous equation) are allowed to be dependent on the state
variable. An important consequence of this generalization is that all the adjoint variables have
now a singular part contrary to the case studied in Refs. [26—28].

In [1], the authors derive a stochastic maximum principle for the following state process:

x(t) =+ J A(s, x(s))ds + J B(s)u(s)dv(s) + J D(s, x(s))dW(s).
0 0

[01]



Downloaded By: [Monash University] At: 23:31 19 September 2007

Singular stochastic control 471

where the cost to minimize is defined by

T
E {G (J lu(s)|do(s), X(T)ﬂ )
0

the functions A, B D and G are deterministic, and {(i,,v,)} is the control process satisfying
the following conditions: {v,} is increasing, v7 = M, and u; € K C R', |u,| = 1.

A natural generalization of this work would have been to consider a state process
satisfying the following stochastic differential equation

X0 = {4 J As, x(s))ds + J B(s, x()u(s)do(s) + J Ds, x(s)dW(s),
0 0

[0.]
where the gain of the control (namely the function B) depends on the state process {x()}.

However, in the present paper, the control acts upon the state through the terms
‘]"[OJ] B(s, x(s))u(s)dv°(s), and Y cny Y (7, X(1,—), (1) A0(7,))] 7, =y Where the coefficients
B and WV are not arbitrary but are connected by equation (2) which may appear artificial.
Nevertheless, our approach to defining state trajectories finds its justification in the
deterministic context. Indeed, in the deterministic case (taking D =0 in the previous
equation) it has been shown that the optimal control may not exist for a state process defined
by the previous equation (see for example [29]). Roughly speaking, one of the main reason
explaining this non-existence property is that the state trajectories may not be stable with
respect to perturbations of the control processes. This point has been widely studied in the
deterministic context [30—36]. In particular, it has been shown that if the state process
satisfies the following equation

x(t) = {+ J A(s, x(s))ds + J B(s, x(s))u(s)dv(s)
0 [0,¢]

+ > W, xX(1y =), w(T) AV 7, <1)

neN’”

where W satisfies a semi-group property W(¢,x,u; + up) = V(t,x,u;) + V(t, x +
W(t,x,u;),uy) and the function B is defined through V¥ by the following equation B(t,x) =
(0¥ /9u)(t, x, 0) then an optimal control may exist under some technical hypotheses [36—40].
Under these assumptions the deterministic maximum principle has been studied in Refs.
[32,41-47].

Consequently, it is very natural to consider the same framework but in the stochastic
context leading to a state process defined by the equation (1). The hypotheses that
the functions W, and B need to satisfy are given in the next section (see assumptions A2, A3
and A4).

Moreover, a very interesting property is that this singular control has a connection with
respect to a classical control problem with integral constraint on the control studied by the
authors in Ref. [48]. Indeed, the approach we use to solve singular control problem can be
described in three steps. The first step is to convert the original singular control problem into
a classical control problem by using a time change driven by the control. The second step is
to solve this classical control problem, the last step consisting to recover the original control
problem by using an inverse time change. It appears that the singular control problem studied
here and the classical control problem analysed by the authors in Ref. [48] have the same
auxiliary control structure.
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The paper is organized as follows. In Section 2, we formulate the singular control problem.
The time change and the auxiliary control problem is briefly described in Section 3. Section 4
deals with the auxiliary maximum principle and its properties. In Section 5, the main
results are obtained and in particular the stochastic maximum principle for singular controls
(see Theorem 5.5).

1.2 Notation

The Lebesgue measure on R is denoted by A.

Ny is the set of the first N integers, that is Ny = {1, ...,i, ... ,N}.

N°={keN : k>0}andR; = {x€R : x=0}.

If Vis a vector, V; denotes the ith component of V.

If M is a matrix, M; denotes a vector given by the ith column of the matrix M, and M;;
is the element corresponding to ith row and the jth column. (') denotes the transpose
operation.

For x € [R{k, |x|] denotes its Euclidean norm and for a matrix A € R the norm of A is
defined by |A| = Vur[AAT].

For KCR Bi(K)={xEK:|x|=1},and S{(K) = {x EK : |x| = 1}.

S, denotes the set of all (n X n) real symmetric matrices.

0, € R" is the zero vector.

The indicator function of a set A is defined as I4(x).

The function & defined on N X N is such that §; = 1 if i = j and §; = 0 otherwise.

For x € R, x * is defined by xt = (1/x) if x # 0; andxT=0ifx=0.

If V is a metric space then B(V) denotes its associated borel o-field.

A filtered probability space (Q, F, P, {F,}) is said to satisfy the usual hypotheses, if the
probability space ({2, F, P) is complete and if the filtration {F,} is right-continuous and if
every JF, contains all P-null sets of F.

Let (Q,F,P,{F;}) be a filtered probability space and {6,} be a [0,1]-valued, {F;}-
progressively measurable process. Suppose that V denotes any of the spaces RF, R* or Sy.
Then, L>(Q, F, P, { F,}; [0, T1; V) (respectively, L3(Q, F, P, { F,}; [0, T]; V)) denotes the set
of V-valued processes {x(f)} which are {JF,}-progressively measurable and satisfy
Ep[[ Ix(s)|*ds] < 400 (respectively, Ep[ [ x(s)I*[1 — 6(s)lds] < +o0).

If F denotes the filtered probability space (Q,F,P,{F;}), then L?(F;[0,T];V)
(respectively, L%([F; [0,T];V)) is wused to write in a more compact form
LX(Q, F,P,{F,};10,TI; V) (respectively, L3(Q, F, P, {F,};10,T1]; V)).

Moreover, L2({), F, P; V) denotes the set of V-valued random variables X defined on the
probability space ({2, F, P) such that Ep[|X |2] < 400,

Let (Q,F,P,{F;}) be a filtered probability space, for a corlol, adapted processes
{A(t)} of finite variation on each interval [0,¢], {A(?)} is the distribution function of a
measure denoted by dA. For {H(f)} a progressively measurable process, the integral
process jOH (s)dA(s) is denoted by H-A. If {A(f)} is an increasing corlol, adapted
processes, the measure defined on (R X Q, B(R;)®F) by Ep[fgwlc(s)dA(s)] for C €
B(R)®F is denoted by My.

Let (Q, F,P,{F,}) be a filtered probability space satisfying the usual hypotheses and
supporting a standard m-dimensional Brownian motion {W,}. Then {]—"ZW } denotes the
augmentation of the natural filtration generated by { W,}.
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In order to define the state processes, let us introduce the following data:

e T and M are fixed real numbers.

e Kis a subset of R".

e [is a fixed vector in R".

e A : RXR'—R"

e D : RXR'— R™,

o UV : RXR'XR —R".

e G : RXR"'—R. (—T

e N : R— R?such that N(r) = <t2 T2>'

The following assumptions will be used in the paper:

Assumption Al. The maps A, D and G are c?

Assumption A2. The maps W is C ' satisfying (V(z, x,u;,u;) € RXR" X R" X R")
V(t,x,0) =0, Y(t,x,u; +up) =Wt x,uy)+ Ve, x +V(t,x,u1), up).

The second partial derivatives of W with respect to its second variable exists and is
continuous. The first and the second partial derivatives of W with respect to its second
variable is bounded.

Let us introduce the map B : R X R"— R™ defined by

ow
B(trx):a(t?xao)a (2)

where (9W/du) denotes the partial derivative of the function W with respect to its third
variable.

Assumption A3. The map B is C>.

Assumption A4. The first and second derivatives of A, B, D and the second derivative
of G are bounded. The maps A(z, x), B(z, x), D(t, x) are bounded by C(1 + |¢| + |x|). The first
derivative of G(w, x) is bounded by C(1 + [w| + |x]).

Assumption A5. (Vx € R"), (V(w;,w;) € RXR) if w; = w, then G(wy, x) = G(wy, x).

Remark 1. Examples of functions W satisfying hypotheses A2—A3 can be found in chapter 2,
Section 2.2, examples 2.3-2.6 in the book [29].

Let us introduce the following notation: A : R X R" X B;(K) X [0, 1] — R"*? is defined by
11—z
Alt,x,u,2) = | A1 — 2) + 2B(t, x)u

zlul



Downloaded By: [Monash University] At: 23:31 19 September 2007

474 F. Dufour and B. Miller
and
0
D : RxR"x[0,1]— R"™ isdefinedby D(t,x,z)= | D(t,x)V1 —z
0

(V(t,x,u,2,p,q,P) € RXR" X By (K) X [0, 1] x R>™" x R » Rr=ny
H(t,x,u,z,p,q) = Alt,x,u,z) " p + tr[D(t,x,2) " q] 3)
YV, x,u,z,p " p2p>,q, P, ) €E RXR"X B (K)X [0, 1]X RX R" X R X R™" x R™" x R?),
J(t,x,p%,q) =A(t,x) " p* +ulD(1,%) " q] )

H(t,xu,z,p",p*.p,q.P, )= (op' — 1 = 2T4)(1 —2) + o [(1 — 2DA(t,x)
+zB(t,x)u]l " p* + nzlulp® + /1 — ztr[D(1,x) " g]

+%tr[D(t,x)TPD(t,x)](l -2). Q)

In the rest of the paper, the partial derivatives of the function A (respectively B, H, J, ¥ and
D; for j € N,,) with respect to the first variable will be denoted by A, (respectively B, H;, J,,
W, and D;,) and with respect to the second variable it will be denoted by A, (respectively B,
Hy, Jy, ¥y and D;,). The partial derivative of G with respect to the first variable will be denote
by G,, and with respect to the second variable it will be denoted by G,. The second partial
derivatives of the function G (respectively H, J and ¥, for j € N,)) with respect to the second
variable will be denoted by G, (respectively H., J,, and ¥;,,).

2. Preliminaries

In this section, we prove some important technical results to derive a maximum principle.

THEOREM 2.1. Assume that W satisfies the hypotheses A2, A3 and A4. Let (7,1, 7) € R3
with o < t;, and yp € R", j; € R™", and Y| € S,.. Let u(f) be an R"-mapping defined on
[7o, #1] satisfying f;;lu(s)lds < 00. Then, the solution of the following system of differential
equations

0 =0+ | By, ©)

50 =31+ Y [ Bur36) s, @)
=1 i

50 = | 567 B(ryoutsias ®)

Y() =Y + ZJ [Bja(7, ¥(5)) " Y(5) + Y(5)Bjs(T, y(s))luj(5)ds
=1

+> > J 5i(5)Bjie(7, y(s)ti(s)ds, )

=1 i=1"J1
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for t € [to,1] is given by

y@) =yo+¥ <T, ¥(to), J ”(S)dS> , (10)

1 T
() = |:In + v, (T,y(l),J M(S)ds)] y(t), (1D
() =30 ¥, <T,y(f0),J M(S)ds>, (12)

1 T 1
Y(t) = |:In + V7, (77 y(t)7J M(S)dSH Y(ty) [In + 'V, (T, y(0), J M(S)dSﬂ

t t

+ Z Wi <T, (), J u(s)ds> yi(t1). (13)
- .

J

Proof. In the context of deterministic optimal control problems, it is known that the solution
of equation (6) (respectively equations (7), (8)) is given by equation (10) (respectively
equations (11), (12)) (see for example the reference [29]). We have only to show that Y(r)
defined in (13) is solution of equation (9). As it will appear in the Proposition 4.2 and its
proof, this additional equation comes from the fact that in stochastic optimal control
problems, the maximum principle is given in terms of two adjoint variables (first and second-
order adjoint variables) by opposition to deterministic control problems where only one
adjoint variable is necessary.

Denote by ®(7, yg, to, 1) = yo + VY (7, yo, f;ou(s)ds). The partial derivative of ® with respect
to the second variable will be denoted by @, and the second partial derivative of ®; (for
i € N,,) with respect to the second variable will be denoted by ®;,,. From equations (6) and
(10), it satisfies the following equation

!

(I)(Tvy()a fo, t) =Yo + J B(Ta (I)(T7 Yo, to,S))Lt(S)dS. (14)

)
Combining equations (7), and (14), we obtain by direct calculation that
t

D @i, y0, 10, OFi0) = J D(7,y0,10,5)"
i=1

o

D 5)Biel7, D, Y0, 10, )it (5)

i=1 j=1

X q)x(TmyOatO?S) ds'

15)

Moreover, from equation (14) it follows that

!
O (7,y0,10,1) = I, J O (7,y0, 10, 5)
fo

> Bulr, (7, yo, to, s))u,(s)] .6
=1
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Define for Z, € S,

Z(t) = (I);I(T7y07t07t)T ZO - (I)ixx(TayO; t07t))7i(t) (I);I(T7y07t07t)' (17)

1

n
=

Remark that Z(tg) = Zy since @; (7, Yo, 0,%0) = 0,, and (7, yo,t,t) = I,. Now, by
using equations (15), and (16) we obtain that Z(¢) satisfies the differential equation defined by
(9) with the initial condition Z(#y) = Z,. However, equation (17) implies that

Z(t()) = q)x(T7 Yo, to, t)TZ(t)(I);I(T7 Yo, to, t) + Z CDixx(Ta Yo, to, t))_)i(t)v
i=1
showing that
Z(t) = CDX(Tay(l)a [ tl)T qu)x_l(ﬂ)’(t)’ f, tl) + Z (I)ixx(77y(t)7 [ tl))_)i(tl)7 (18)
i=1

is the solution of the differential equation (9) with the terminal condition Y;. However by
definition of ®, we obtain that ® (7, y(2),¢,t1) = I, + V. (7, ¥(?), fﬁ‘u(s)ds), and for i € N,,,
(7, 3(0), 1, 11) = Wire (7, 9(1), [} u(s)ds) giving the result. O

LEMMA 2.2. There exists a constant k such that (V(7, x,y,u) € [0,T] X R" X R" X By, (R")),

IW(r,x,w)l =k (1 +Ix]) [ul 19)
|W(r,x,u) = W(r,y,w)| =k [x—y| |ul (20)
(L, +Wo(r,,w) )™ = Ll =k ul @

Proof. From Theorem 2.1, it follows that W(7, x, tu) = ﬂ)B(T, x + W (r,x, su))uds. Therefore,
by using hypothesis A3, we have

! t
|V (T, x, tu)| = J |B(t,x + W(7,x,su)) — B(T,x)||lulds + J |B(7, x)||ulds
0 0

!
= kJ W(r,x,su)lds + k(1 + |x])|ul,
0
for a constant k (which depends on T and M). An application of Gronwall’s Lemma shows

equation (19).
Moreover, there exists a constant k; such that

T
|\II(7-7X7 tu) - \I,(Taya tu)l = J |B(T,X+ \II(Taxa Sl/l)) - B(Tay + q’(T,y,SM))”uldS
0

t
=kilx =yl |ul + k1|M|J | W (T, x, su) — V(r,y, su)|ds,
0

by using the fact that the first derivative of B is bounded. An application of Gronwall’s
Lemma shows equation (20).
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From equation (16), we have that

(In + W (T, x, tu)T) g I, — J (In + WV (T, x, su)T)_l [Z By (1, x + W (7, x, su))uj] ds,

t
0 j=1

implying that

f r
,+ ‘Ifx(r,x,tu)T)—l —I,=— JO [ZBj.x(T,x+\P(T,x7su))uj] ds

J=1
- Jo [+ P (T, x, su)') - 1] lZBjx(T,x+\P(T,x, su))uj] ds.
=

Again combining the fact that the first derivative of B is bounded and Gronwall’s Lemma,
we obtain easily equation (21). (]

ProrposiTiON 2.3. Let (Q, F, P, {F,}) be a filtered probability space satisfying the usual
hypotheses. Assume that {W(¢)} is a standard m-dimensional {J,}-Brownian motion and
{u(t), v(r)} is a B1(K) X R-valued, corlol, { F,}-progressively measurable process such that
{v(#)} is increasing and satisfies v(T) = M. Let {7,},cn+ be the sequence of {F;}-stopping
times which exhausts the jumps of {o(#)}. Then the following stochastic differential equation

1

x(t) = {+ J A(s, x(s))ds + J B(s, x(s)u(s)dv*(s) + J D(s, x(s))dW(s)
0 0

[0.1]

+ Z ‘P(Tnv x(Tn _); M(Tn)Av(Tn))I{T,lst}v (22)

neN”

admits a unique solution in the set of corlol {F;}-adapted processes.

Proof. Clearly, we have that {x(¢)} is a solution of equation (22) if and only if {x(r)} is a
solution of the following eqution

x(t) =+ J A(s, x(s))ds + J B(s, x(s)u(s)dv(s) + J D(s, x(5))dW(s)
0 0

[0.1]

+ J W(s, x(s—), y)u(ds, dy),
0

where W(s, x, y) = W(s, x, W {y1>0/1y]), and w is the optional random measure on R, X R”
defined by u(dt,dy) = 3", lus, Av,, |8, 4. av,)(df,dy). From hypotheses Al, A3, A4 and by
using equations (19)—(20), it is easy to check that the hypotheses of Theorem 3 in Ref. [49]
are satisfied showing the existence and the uniqueness of a solution of (22) in the set of corlol
{ F;}-adapted processes. [l
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PROPOSITION 2.4. Assume that {Y(1),Z(t)} € L*(Q,F,P,{F)};[0,T]; R" x R™") with
{Y(®)} corlol is solution of the following backward stochastic differential equation

dY (1) = ADY()dr + U(r)dt + B(1)Y (1)dv (1) + C()Y(t—)dv" (1)

+ Z Di(NZ(t)dt + Z(HdW (1) 23)

j=1
with Y(I)=(€e R", {o(1)} an increasing corlol, ]-"lW-progressively
measurable process (v(T) = M), and {(a*(r), 8°(¢))} (respectively {Dy()} for j €N,)
an R™" X R™ x R™ (respectively R™") F}-progressively measurable process
such that |A@)| + [BO|+[COH|+ >, IDi(nl =K, for a constant K, and
(U0} € L*(Q, F, P {F)}; [0, TI;R").
Then the solution is unique in this class of processes.

Proof. Let {X(#)} be the unique solution of the following stochastic differential equation

dX(t) = — X(t—)A)dt — X(t—)B()dv (1) — X(t—)C®)[1 + Av(r)] 'dv?(r)

=) " X(—)Di(dWi (1)
i=1

J

with X(0) = I,,. It is easy to show that Ep[supte[O,T]IX(t)lz] < +o00, and the inverse matrix of
X(1) exists. Now, it follows that

dX()Y(t) = X(nHU(t)dt + X(OHZ(HdW (1) — Z X(t)Dj(t)Y(t)de(t).

J=1

By using the fact that

T
Ep \/J XY (D)) + IXOZ@) | < +oo,

0

it gives that

!

, ]
X()Y(t) = Ep [X(T)g - J X(s)U(s)ds| FV | + J X(s)U(s)ds.
0 i 0

Consequently, if {¥(1), Z(t)} € L*(Q, F, P, {FV};[0,T]; R" X R™™) with {¥(r)} corlol is
an other solution of (23), then Y(¢) = f/(t) since X(7) is invertible and it implies that
Z(t) = Z(t), showing the result. 0

3. Problem statement

In this section, we formulate the original singular stochastic control problem presented in the
introduction using the formulation described in Refs. [50,51].
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DEFINITION 3.1. A singular control is defined by the following term:
C=Q,F,PAF}, {u@®),20}, {WD)}, {x()})

where

(1) (Q,F,P) is a complete probability space with a right continuous complete filtration
{Fi}.
(i) {W(#)} is a standard m-dimensional {F,}-Brownian motion.
(iii) {u(?), v(®)} is a Bj(K) X R, -valued, corlol, {F,}-progressively measurable process
such that {o(f)} is increasing and satisfies

o(T) = M. (24)

(iv) {x(r)} is an R"-valued, corlol {F,}-progressively measurable process such that (Vi €
[0, 71

!

x(m) ={+ J A(s, x(s))ds + J B(s, x(s))u(s)dv“(s) + J D(s, x(s))dW (s)
0 [0,1] 0

+ > Wy, (1), u(T) Av(T)) 7, =1y, (25)

neN”

where {7,},cn denotes the sequence of {F, }-stopping times which exhausts the jumps
of {v(r)}, and x(0 — ) = {.

We write € for the set of controls satisfying the previous conditions.
The cost is given by

T
JIC]=Ep [G (J |u(s)|d’v(s),x(T))} . (26)
0

The set € of admissible controls is defined by
C'={CeC:J[C] <o} (27)

The singular control problem is defined by the minimization of J[C] on €. Assuming the
existence of an optimal singular control C, the aim of the paper is to derive necessary
conditions for C to be optimal in terms of variational inequalities (see the maximum principle
presented in Theorem 5.5).

4. The maximum principle for the auxiliary control variables

In this section, we present a maximum principle in terms of the auxiliary state and control
variables. These results are presented here with minimal details in order to be concise. The
interested reader may consult the reference [1,2] to have a complete description of this
approach.

In general terms, the approach we used to obtain the maximum principle for singular
control problems (completely described in Refs. [1,2]) can be divided in three steps. The first
step is to convert with a time transformation the original singular control problem into an
auxiliary classical control problem. The second step is to derive the maximum principle in
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terms of these new auxiliary state and control variables. The last step consisting to recover
from the auxiliary maximum principle the original state and control variables by using a time
change, and thus giving a maximum principle for the singular control problem (see Theorem
5.5) will be presented in more details in the next section.

In Proposition 4.2, it is shown that by using a time change technique the original control
problem can be converted into an auxiliary classical control problem. This result is of central
importance and the fundamental difference with respect to the approach used previously by
the authors in Ref. [1] is that now the gain of the control depends on the state variable (the
maps B and ¥ depend on x) implying some technical difficulties. In particular, it appears in
the proof of Proposition 4.2 that the results of Theorem 2.1 are extremely important for
applying our time change approach.

Assume the existence of an optimal singular control denoted by

C= (O, F, P {F), (a(), o(n)}, (WD), (¥(D)).

such that {@(t), 2(t)} is {.7:" :N }-progressively measurable.
With the next Proposition, we show how it is possible to construct an optimal singular
control C satisfying #(T) = M from the optimal singular control C.

PROPOSITION 4.1. The control C defined by

C = (O, F,P,{F ), (i), 20}, (WD)}, {3(1)}) (28)
where
o(t) = o) jo,rp + M — D(T) + D1 +o0f 5 (29)
w(T) — o(T—)

a(t) = aIyo,ry + () Iir roorx{any<my + T +ooixzan=my |, (30)

M —oT—)

is optimal. Moreover, (T) = M, and {i(t),0(¢)} is a {.ﬁ:rv}—progressively measurable
process.

Proof. From the definition of {i(¢)}, and {2(¢)}, we have that 9(T) = M, and
NVt €[0,TD, a() = a(t), 1) =31, and WTANT) = w(MAXT),  (31)
consequently, we obtain that X(T) = ¥(T), and f[oﬁr] l(0)|dd(r) = J“[OAT] |zt(r)|da(r), showing

that J[C] = J[C). Clearly, {i(r),2(t)} is a B1(K) X R -valued, corlol, {ffzv}-progressively

measurable process implying that Cis optimal. ]

Remark 1. Now, we will work with the optimal control C for technical reasons. However, by
using Propositions 4.1 and 5.4, a general stochastic maximum principle will be derived in
terms of the optimal control C giving the full generality to our result (see Theorem 5.5).

PRrOPOSITIONS 4.2. Denote the process {r + 9(¢)} by {f(t)}. Let {1 (r)} be the right inverse
of {I'(¢)}. Then, {n”(»} is a continuous time change such that the probability space

(fl,j: , f’, {ﬁ‘ ;V*(,)}) satisfies the usual hypotheses. Moreover, there exists a [0,1]-valued,
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{.7A-' W} -progressively measurable process {Z(7)} such that
A(t) = J 2(s)dI(s). (32)
[0,1]
Define the B;(K) X [0, 1]-valued, {.7-"71 (I)} -progressively measurable process {(a"(f), 0%(2))}
by
a’ () =i(n"(t)) and 67(r) = z(n"(1). (33)
Then
[ "
m = J (1 = 607(s)ds, (34)
0
JICl = EplG(p"(T + M), £(T + M))], (35)
Ep[N(n™(T + M))] =0, (36)

where the processes {&7(¢)} and {u "(f)} are solution of the following equations

EM =1+ J A7 (5), E () — 67(s))ds + J 67 ()B(n"(s), £ ()" (s)ds
0 0

+ J D(n’(s), £(s)dW(n"(s)), 37
0
W) = J la ()] 6" (s)ds. (38)
0
Moreover,
()= EE@) and W' T+ M) = J l(s)|das) (39)
[0,T]

Proof. By hypothesis, {F(t)} isa {}' w0} progresswely measurable process. Consequently,
it follows that {n“()} is a time change on (Q .7-' P, {}' }), from Proposmon 1.1 in
Ref. [52, Chapter V]. Clearly, the filtered probability space (Q F,P, {.7-' v «(n}) satisfies the
usual hypotheses. Following Proposition 3.1 in Ref. [2], it is easy to show the existence of a
[0,1]-valued, {]A-' , J-progressively measurable process {Z(#)} satisfying equation (32). From
proposition 1.4 in Ref. [52, Chapter V], {a" (1), 0" (1)} is a (F () -progressively measurable
process. By using Proposition 3.2 in Ref. [2], equation (34) follows. Combining equation
(32) and Proposition 4.9 in Ref. [52, page 8], we have

i,
8(t) = J 0% (s)ds, (40)
0

and

'
J lir(s)|dD(s) = J [ (5)| 0" (s)ds. (41)
[0, 0

Using equations (34) and (40), it follows that *(T + M) =T + M — IO(T)G (s)ds = T since
o(T) = M. 1t is easy to show that on the probability space (Q, F , P, {f »+(n ) the stochastic
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differential equations (37)—(38) admit a unique solution. Now, let us show that
() = & I'(1)). By using Proposition (1.4) in Ref. [52, p. 180], and Proposition 4.8 in

Ref. [53], it follows easily that

IXO) / R
J A(M"(5), £ (N1 — 07(s))ds = J A(s, &' (T'(s))ds,
0

0

and
f(f) * 5 o * ! * >
JO D(n"(s), & (5)dW(n"(5)) = JOD(S,E (I'(s)dW(s)

Moreover, defining D = [0, T + M]x Q — 2, [[['(r,—), ['(7,)]], and

t

Y = J In(s, )" (s)ds,
0

we obtain that

r'o-)

N0} .
JO 6" (5)B(n"(5), &' ()" (s)ds = J

INO)
= J B(n(5), £ (s))a"(5)dy"(s)

ro-)

(m—)

n=1

0" ($)B(n" (), £ ()" (s)ds

o ()
#3 [ B, € 6na 0ty =

(42)

(43)

(44)

By definition {y*(r)} is clearly a {f(t)}—continuous process. Consequently, by using

Proposition (1.4) in Ref. [52, p. 180], we obtain

I'(r) 4 ~ ~ ~
L 0" (9)B(n"(s), £ (s)a" (s)ds = JOB(S, ET(s)a” T(sHdy T(s))

n=1 I'(m—)

© f(Trt)
#3 [ B, £ e 0t

However, from equation (32) we have a*(f‘(s)) = 7i(s). Moreover by using equation (40) we

obtain y*(f‘(t)) = 9°(¢). Consequently, it follows that

IV0) t .
JO 0" ()B(n"(s), £ ()e” (s)ds = JOB(S, & (I'(s)iu(s)dd (s)

=1 J (1)

©  of(7,)
+ ZJ B(m"(s), & ()" (5)ds] 5, =1

(45)
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Now combining equations (37), and (42)—(45), we have that

&) =+ LA(s, & ([L(s)ds + JOB(s, £ (L(s)in(s)dd e (s)

© f(T)l) t N “
#3 [ B, £ 60 0ty + | D€ Enais. 4O
0

pui ) O

Now, from equation (37), we have that for all (¢, w) € [0, T + M]x Q N [[['(7,—), [(m)]],

1

B(n"(5), £ ()a(s)ds

I(m,—)

£ = £ @ (n—) + J

1

= &@(m-)+ J B(7y, £ (s)it(7,)ds.

NG

However, using equations (6), and (10) in Theorem 2.1, we obtain that

&) = & C(r,—) + U(r,, £ [ (1,-)), ¢ = Tz, )id(r,)),

for all (, w) € [0,T + M]x Q N [[[(r,—), T(7,)]] implying that

(7)) R
JA B(7y, € (8))it(r,)ds = W(7,, £ (I (7, ), 4(7,)AD(T,)) (47)
I(m—)

Now, combining equations (46), (47), it follows that {f*(f(t))} is a solution of equation (25)
and uniqueness, it follows that x(r) = & (1'(2)).

Moreover, using equation (41), we obtain u*(T + M) = J"[O‘T] |it(s)|do(s), giving the
result. O

Let (Q,F,P,{F,}) be a filtered probability space satisfying the usual
hypotheses and supporting a standard m-dimensional Brownian motion {V,}. Define by
(©,G,0,{G:}), the wusual augmentation of the filtered probability space
(A% 0, FRF, PRP, F,.,QF,).

A random variable X defined on (Q,j: P may be viewed as defined on (Q,G, Q)
by setting X(&, @) = () for (&, ®) € QxQ and similarly for a random variable
defined on (Q,j—" . D). Consequently, let us introduce on (Q,G,Q,{G,}) the following
processes:

alt,d,d) = a*t,®), 0t a6 =0"0ta), Ao =n"ta),
at,0,0)= £, @), At é,e) =p o), Wt o, o) =Wt d), (48)
W(t, &, &) = V(t, @).

PROPOSITION 4.3. On (0, G, O, {G,}), the process {V(¢)} defined by

V() = JO\/ (1 = 6(s) T dW(7(s)) + JO\/ 1= (1 = )1 — b)) " dW(s) (49)
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is a standard m-dimensional {G,}-Brownian motion. The process {&(f), 7(t), f(t)} is the
unique solution of the following equations

&n=1(+ JOA(ﬁ(S), &)1 — B(s)1ds + L 6(s)B(7(s), &(s))d(s)ds

+ LD(ﬁ(s), BT — B)dis), (50)
) = JOU — d(s)]ds, 1)
) = J |a(s)| A(s)ds, (52)
0
Moreover,
JIC] = E[G(a(T + M), &T + )], (53)
Eg[N(H(T + M))| = 0,. (54)

Proof. From Theorem 2.75 in Ref. [54], it follows that {V(¢)} is a standard m-dimensional
{G,}-Brownian motion. Using Theorem 6 in Ref. [55, page 194], we obtain that the solution
{&1), n(t), w(1))} of equations (50)—(52) exists and is unique. From the definition of { V(¢)}, it
is easy to show that {&(#)} is the unique solution of the following equation:

n=1{(+ JOA(”f‘I(S), &)1 — O(s))ds + L 6(s)B(7(s), &(s))a(s)ds

+J D(7(s), &NV (1 — B(s)(1 — B(s) " dW(7(s)). (55)
0

However, combining the fact that the process {£*(¢)} is solution of equation (37) and
Proposition 10.46 in Ref. [54], it follows that { &)} satisfies equation (50). Therefore, { &(1)}
is the unique solution of equation (50). Moreover, it is clear from their definitions that the
processes {u(r)} and {i(r)} (respectively {n(¢)} and {7(#)}) are indistinguishable. Finally,
equations (53) and (54) follow easily from equations (35) and (36) and the definition of the
probability Q. O

On the probability space (), G, Q), define the filtration 7, = F :/*(t)®{ﬂ, Q).

The set of auxiliary control £1is the set of {7, }-progressively measurable processes defined
on (,G,0,{G,}) and taking their value in Bj(K) X [0, 1]. For any {(«(?),6(t))} in &,
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the auxiliary state process (7(t), &), u(1)) is defined on (), G, Q, {G,}) by

() = L(l — B(s))ds, (56)

&n =17+ J A(n(s), &)1 — 6(s))ds + J 0(s)B(n(s), &(s))a(s) O(s)ds
0 0

+ JODm(s), &)/ (1 — B(s)dW(s), 57)
w(t) = J0|a(s)|0(s)ds. (58)

Note that for any {(«(f), 6(¢))} in &, the previous system admits a unique solution. Moreover,
we have Eo[G(u(T + M), &T + M))] < .
The associated cost functional is defined by

Mla, ] = Eo[G(u(T + M), &T + M))]. (59)

DEFINITION 4.4. The set of admissible auxiliary control &,4 is defined by the set of processes
{(a(1), 0(2))} € & such that the corresponding auxiliary state process {(n(z), &), u(1))}
satisfies the following constraint

Eo[N()(T + M))| = 0,. (60)

The auxiliary control problem is to minimize the cost (61) over &,.

PROPOSITION 4.5. The auxiliary control process {(a@(t), 8(¢))} defined by equation (48) is
optimal. Moreover, {(a(t),6(f))} and the corresponding optimal auxiliary state
{(73(t), &2), (1))} are {J,}-progressively measurable processes.

Proof. Using Proposition 4.3 and Theorem 4.6 in Ref. [2], the result follows easily. |

For the rest of the paper, we shall use the following notation for the different filtered
probability space under consideration:

[?Z*i(fz,ﬁ,ﬁ,{fim}), G=(Q,6.0.{G), J=®.G.0{I)D.

We will need the following result in the proof of the next Theorem.

LeEmMMA 4.6. For all (f,x,u,z) € RXR"XB(K)X[0,1], (",p%,p?) ERXR"XR and
(q1,qz’q3) c Rle % RnXm X RIXm7

Hilt, x,u,2,p,q) = [, 0(1 = 2) + 2Bi(t,ul 'p” + Y Di(t, ) giv/T — 2,

j=1

T

Hot, x,1,2,p,9) = |Adt,0(1 = D+ > B, 0u;| p° + Y Di(t, 0 gi/T =2,
=1 =1
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where
1 1
q
2
p= and g= 1[4
3 3
q

Proof. One may easily show that these two equalities follow directly from the definition of
‘H (equation (3)). O

With the previous results, we can now obtain in the following Theorem a crucial
property given by equation (65) of the solution of the backward stochastic differential
equations (61)—(64) which renders possible a time change.

THEOREM 4.7. On the filtered probability space G, the system of backward stochastic
differential equations

H(7(t), &1), a(o), 610), p(t), 4(1))
dp() = — | H (7o), &), a(), 6(r), p(t), g(0)) | dr + g(n)dV(), (61)
0

with
0

PT+M)=—| G(&(T +M),&T + M) (62)
Gu((T + M), &T + M)),

and
dP(t) = — A«(q(1), &) " P(1)(1 — 6())dt — P(DA(7(t), &n)(1 — 6(1))dt

=) (B0, &I P(1) + P(0)By(77(1), &) aj(r) Br)d
=1

- Z [Dj(71(2), &)1 T P()Dyp(7(1), E0))(1 — O(1))de
j=1

- Z([Djx(ﬁ(t)a 1" O/ (1) + Q' ()D(7(1), E)V/1 — By
j=1

j=

= (1), &0), @), 6(1), p(1), g)de + > Q' (1)dV(a), (63)
=1

with
P(T +M) = —Gu(i(T + M), &T + M), (64)
admits a unique solution in the following class of processes
(P, 30, P0),(Q ()jen, } € LA(G3[0, T + M R X R x 8" x [S"]™)

with {p(), P(t)} continuous.
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Moreover,

p(t, &, &) =p*(t,®), q(t,d,d) =1~ 07 d)q" (o),
P(t, @, @) = P*(1,0), Q'(t,d,®) = JT— 0,071, ),

487

(65)

for all (&, ®) € QO xQ and for all j € N,,, where {p*(t)7P*(t),q*(t),(Q*j(t))jeNm} is the

unique solution in the following class of processes

{p*(),P (1)} € L? ([ﬁfﬁ; [0,T + M]; R*™" x S”)

(q" 0, (@7 M)jen, )} € Ly ([AFZV*; [0,7 + M]; R x [S"]’")

with {p*(¢), P*(¢t)} continuous of the system of backward stochastic differential equations

defined on the filtered probability space [AF::/

Hi(n™ (1), @), (1), 07 (1), p™ (1), /T — 6% (g™ (1))

dp*() = — | Hi(™(0), &), a" (1), 07(0),p" (1), T — 67 (g™ (1)) |dr
0
+¢"(OdW(n" (1)
with
0
pT+M)=—| G (T+M),EWT+M)
Gu(u™(T + M), E(T + M))
and

dP"(1) = = A (0, € @) P* (D — 0"(1)dt = P* (DA (1), E"()(1 — 67 (1))dr

=) (B0 (), E )] TP (1) + P (1)Bi(n (1), € (1))t} (1)0" (1)dt
j=1

m

= > D" (@), E NP (D" (1), € ()1 — 87 (1))dr

J=1

= (1D (), € @NIT Q1) + QT (D(n™ (1), (1) (1 — 67 (1))dt

J=1

— Heln @), E@®), a” (1), 07(1),p (1), /1 — 0*(1)q " (1))dt

+)0ndWin (1)
=1

(66)

(67)

(68)
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with

PY(T+M)=—Gu(u (T +M),E(T + M)). (69)

Proof. Using Lemma 4.6, equation (61) can be written in the form

T+M T+M

o5 p(5), /T — B()g(s))ds — J 4(5)dV,

1

B(t) = —p(T + M) — J

t

Rn+2

where the -valued function g(¢, p, q) is defined by

[A:(7(0), &)1 = 8(1) + 6B an)] " p? + Y7L, Dy (7(1), &) " g7

_ _ _ _ T _
= | [aa0, &1 = ) + S 608, 0, Ea0)] p+ S DRG0, &) ¢ |

0
for
1
|2
p =
3
with p! € R, p? € R" and p> € R and for
g
g=|
PE

where ¢! € R™, g% € R™" and ¢°> € R™. Moreover, from equation (62), it follows that
(T + M) € L*Q, Trium, O; R*). Now, using the hypotheses A1, A3 and A4 on the data A,
B and D, it is easy to show that equation (61) satisfies the hypotheses of Corollary 4.2 in Ref.
[1], implying the existence and the uniqueness for equation (61). Using similar arguments,
the existence and the uniqueness results can be obtained for equation (63). By using
Proposition 4.1 in Ref. [1], it can be shown that equations (66)—(69) admit a unique solution.
The last part of the Theorem (see equation (65)) follows easily from Corollary 4.2 in
Ref. [1]. O

Now we give the maximum principle for the auxiliary control problem.

THEOREM 4.8. There exists ¢ € S;(R*) such that (V(a, 6) € By(K) X [0, 1])
H(n" (1), £ (1), e, 0,p" (1), p (1), p (@), 7" (1), P" (1), )
= H(n"®), & O, a"@®), 07 (1), p™ (O, p"t),p™ (1), (), P*(1), ) (70)

ARQP —a.s. on [0,T + M] X Q, with {p*1(®)} (respectively, {p™2(®)}, {p=®)}) an R
(respectively R", R)-valued process, and {g*!(r)} (respectively, {g*2()}, {¢™>(1)}) an R™"
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(respectively R™ R"™")-valued process where

P 0
oy =L | PPO |3, g0y =L | 47O |}, (P*®), {07 })jen,
JAN0)! g3 ()

are the unique solutions, in the following class of processes

(p" (), P (1)} € L2<[AFTAVIV$; 0.7 + M]; R2+" xS”)

{a"0, @7 (t)jen, } € L ([Ff [0, + M]; R*H7" x [8”]'”)

with {p*(r), P*(r)} corlol, of the system of backward stochastic differential equations defined
by equations (75)—(80), and where {r*(r)} is defined by

ri() = [ () — PY(OD(n" (1), € (0)]\/1 — 6*(0). (71)

Proof. The idea to obtain the result is to apply the maximum principle (see for example
Theorem 5 in Ref. [56] or Theorem 6.1 in Ref. [57]) for the control process (6(f), &(t)) which
is optimal for the auxiliary control problem by using Proposition 4.5. From assumptions Al,
A3 and A4, the hypothesis (3) of Theorem 5 in Ref. [56] are satisfied. However, one
hypothesis of Theorem 5 in Ref. [56] is not satisfied here in the sense that we do not require
the control processes {a@(f)}, {0(t)} tobe { F :/ }-adapted. As pointed out in Ref. [57] (see page
114 and the top of page 116), this hypothesis may appear crucial in order to ensure the
existence of the adjoint variables. However, although we required the processes to be {7, }-
adapted, the proof of Theorem 5 in Ref. [56] remains unchanged.

Due to the particular block structure of the matrix D and from Theorem 5 in Ref. [56], it
follows that there exist ¢ € S;(R*) such that (V(a, 6) € B1(K) X [0, 1]) the variational
inequality can be written in the following form

(1= 0)p""(0) + (1 = OAG), &) P> (1) + O1B((1), ED)al P (1) + Olulp (1)
+ V1 = 6ue[D((), &) #/(D] + (1 = O D((0), &D) " PUBDG(D), &1))]
= (1= 60)p""() + (1 = ANA@), &) p>"(1) + O(r)
X [B(7(r), &0)an)] " p>! (1) + o)l a®lp>(0) + /1 — Gl D), &) " 7(0)]
+ (1 = O)[D(A(1), &) T PY(1)D((1), &1))] (72)
A®P —a.s. on [0,T + M] X with

FU(n) = g*' (1) — PY(D((0), &1 — 6(0), (73)

and where {p'%(¢)} (respectively, {p>%(¢)}, {p>¥(¢)}) is an R (respectively R", R)-valued
process, and {g'¥(r)} (respectively, {72%(1)}, {p>¥(1)}) is an R (respectively R™", R>™)-



Downloaded By: [Monash University] At: 23:31 19 September 2007

490 F. Dufour and B. Miller

valued process such that

() g'" )
2o |V L] a*
() g3

are the first-order adjoint variables solution of the following backward stochastic differential
equation (see equation (21) in Ref. [56]):

Ht(ﬁ(t)7 50)7 07([)7 0_(1)71_) ll’(t)a EI'JI(I))
dpl(t) = — | Hu((0), &0), @), (1), p (1), 3" (®) | dt +g"(1)dV(z) (74)
0

with

N (AT + M) + Ny (AT + M)
PUT +M) = — U G((T + M), &T + M) (75)
Gy (T + M), &T + M))

and where the second-order adjoint variable is solution of the following equation (see
equation (22) in Ref. [56]):

dP(t) = — A(q(t), &) TPV ()(1 — 6(r))dt

— PYA(i(), &)1 — 6(t))dt

— ) (IBiu((e), DI T PY(@t) + PY(OB(7(1), &) (1) Br)de
j=1

= ID(G0), &1 T PYODy((1), ED)(1 — ()

j=1

=Y (DAY, T OM (1) + QWD) EDNV/T — Br)de
=1

— Mo (1), &1, G(0), B, 50, 3 @) + 3 0W(1)dV; (1) (76)
=1

J
with
PUT + M) = —in G (KT + M), &T + M)). (77)

From Theorem 3.1 in Ref. [58], the solutions of equations (74)—(77) exist and are unique.
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Since Ep[N(7(T + M))] = 0,, we have N, (q(T + M)) = 1, and N, (7(T + M)) = 2T,
(see the definition of N). Therefore, the terminal condition (75) is given by

Y+ 2Ty
PUT + M) = — | G(&(T + M), &T + M)) (78)
G (T + M), &T + M)

Simple calculations show that

=y — 2Ty
op(t) + 0 At}
0

is solution of equation (74) with the terminal condition (78). By uniqueness, we obtain that

=iy — 2T Y3
pl(t) = yop(t) + 0 A OERY0) (79)
0

Moreover, combining equation (79) and the definition of H (equation (3)), it is easy to obtain
that

Hu(7(0), &0, @), 00, p (1), 3"(0) = g Ho (1), &1), @0), 61), p(0), 4(1)).

Consequently, it gives that ({1 P(t)}, ({0’ (H})jen,,) is solution of equation (76) with the
terminal condition (77). By uniqueness, we obtain that

Pty = inP(r), Q™(1) = hQ'(1). (80)
Now using Theorem 4.7 (equation (65)) and equations (79), (80), it follows that
—y — 2T
Pt &, @) = gop”(t, d) + 0 , Pl é,@) = P (1,0), (81
0

7', 0, @) = Yo /1 = 0°(1, ®)q"(1,®), 0"(1,d,®) = yo/1 — 0°(1, D)Q (1, ), (82)
and from equation (73) it implies
Ut &, @) = gh/1 — 07(t,®)[q"(t, &) — P"(t, ®)D(n"(t, ®), " (t, )] = Yr™(t, @) (83)

where we have used the definitions of {%(#)}, {&(#)} (equation (48)).
Now, using the definitions of the processes {a(f)} and { (1)}, the definition of H (see
equation (5)), and equations (81)—(83), it follows that the variational inequality (72) can be

written on the filtered probability space [AF:/ as (V(a, 0) € B{(K) X [0,1])
H" (1), £ 1), a, 0,p™ (1), p™(0), p (@), r* (1), P (1), )
< H(n" (0, &0, a"®),0°(0),p" 0),p @), p 1), r (), P (1), ),

AQP —a.s. on [0, T 4+ M] X Q. showing the result. O



Downloaded By: [Monash University] At: 23:31 19 September 2007

492 F. Dufour and B. Miller

5. The singular maximum principle and adjoint variables

In this section, the adjoint variables for the original control problem are characterized. The
interesting feature of these adjoint variables is that they are solutions of singular backward
equations (see equations (84)—(87)). It is shown in Theorem 5.2 that by using a time change
technique the adjoint variables for the original control problem can be derived from the
adjoint variables of the auxiliary control problem (see equations (66)—(69)). As in Section 4,
an important difference with respect to the approach used previously by the authors in Ref.
[1] is that now the gain of the auxiliary control variables (the map B) in the backward
stochastic differential equations defining the auxiliary adjoint variables (see equations (66)—
(69)) depends on the auxiliary state variables. In particular, as shown in the proof of Theorem
5.2 the results of Theorem 2.1 are again essential for applying our time change approach.
Finally, before presenting the stochastic maximum principle for the original singular control
problem (see Theorem 5.5) some technical results are derived.

In the following definition, we introduce the backward stochastic differential equations
that will be satisfied by the adjoint variables for the original control problem. Note the special
form of the right hand side of these equation that gives a singular part for these adjoint
variables.

DEFINITION 5.1. Let C € € be a singular control
C=Q,F,P AT} {u@®), v}, {WD}, {x(n})

such that {u(?),v(t)} is {.7-',W }-progressively measurable. If the system of backward
stochastic differential equations

T

T m T
p'(n)= J A5, x(5)) " p*(s)ds + ZJ Dj(s,x(5)) "} (s)ds — J q'(s)dW (s)
t j=l t

t

T
+ J p(5) " Bi(s, x(s))u(s)dv*(s)

t

+ 3 2 Wi, X1y ), u(m) AT (1 (84)

n=1

T
P2() = G, (J |u(s>|dv(s),x<T)> +J (s, x(s) T p(s)ds
[0,7]

t

m T r T
+3° | D360 G0 + 3 [ Bt P01 ()
j=r7t j=1 1
0 T
+ W, x(7 =), u(m)Av(7)) T p (T (1<, —J q*(s)dW(s),  (85)
n=1 t

T

T
P’ =-G, (L |u(s)|dv(s),x(T)> - J ¢ ()dW(s), (86)

t
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and
T

P(t)=—Gxu (J |u(S)|dv(S),X(T)) +J [A(5,(5)) " P(5) + P(s)A(s,x(5))]ds
(0.7]

1

r T
+ Z [Bju(5,x(5)) " P(s) + P(5)Bjy(5,x(5)) luj(s)dv  (s)

=
m T
+ Z [Dju(s,x(5)) " P(5)Djo(5,X(5)) + Dj(5,x(5)) T Q7 () + Q7 (5)Dju(s, x(5))1ds]
=1
n T m
+ A_,-xx(&x(S))pf(S) + ZDjixx(S,X(S))qﬁ(S)] ds
j=11 i=1
n r T T m )
+ ZJ PBji(5. ()it (5)d0° () — J 3" 0i(s)dw(s)
j=1 i=1"Y1 rj=1
+ Z [In + \I,x(Tm-x(Tn _)7 M(Tn)Av(Tn))] TP(Tn)[In + \Px(Tm-x(Tn _)7 M(Tn)Av(Tn))]I{t<7,,}
n=1
+ 3D [P O W), ) A7) — P | T, ®7)
n=1 j=1

admits a solution in the following class of processes
p'®).p>0,p° ) EL*(F";[0, TRXR" X R),
{q'(®),q°(®).q°®} € L*FY;[0, TR x R™" x R™™),
(P}, {Q D )jen,) € LXEFY;[0,T1;:8") X [L*(F";[0,T]:8M]™,

with {p'(#),p(t),p>(t),P(t)} corlol.

Then (({p'}, {g' () Dien,. (P}, {Q/()})jen,) are called the adjoint variables
associated to the control C. The solution is said unique if the solution of the previous
system is unique in this class of processes.

By wusing a time transformation, we show that from ({p (0}, {q"(®},
(P}, ({Q7 (H})jen,) we can obtain the adjoint variables for the original optimal control.

THEOREM 5.5. Define the following processes:

pO=p @), 4=¢"C)), P)=P" [ (1), and forjEN,, Q/(t)=Q (1)), (88)

where ({p"(0},{q"®},{P"(®)},{Q"})en,) are solutions of equations (66)—(69). Write
p(t) in the form
Pl
pity=| P>
P
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where p'(1) ER, p2(t) ER" and p>(¢) € R and similarly

q'(n
an=|a’®
0]

where §'(1) € R, §%(r) € R™" and §3(r) € R™".
Then (({p'(D}, (§'(1)Dien,, (PD)}, ({Qf(t)})jeNm) are the unique adjoint variables
associated to the control C.

Proof. Combining equations (66), and (34), we obtain

T+M
Pt = — Go(u (T + M), E (T + M) + J A" (), £(5)) 'p*(s)dn " (s5)

t

m_ oT+M

+;J

T+M
Dix(n"(s), £ () " g;*(s)dm"(s) — J " ()dW(n"(5))

1 1

r o (T+M

+2 J Biu(n'(5), £'(s) P 2(9)a (5)0" (s)ds (89)
j=1 71

and using the fact that f‘(T) = T + M, and equation (39), it gives

1'(T)

p2EW) = - G, (LO . |ﬁ<s)|d@(s>,fc<T)> + Jﬁ A, €00

£(r) ) A
+ZJA D.fx(”fl*(S),5*(S))qu2(s)dn*(s)—JA 4" ()dW(n"(5))
j=1 7T f
- f(T) * * * % % 90
+ L Bjx(n"(5), £"() 'p () (5)8" (s)ds 40)
= Jtw

According to Definition (1.3) in Ref. [52, p.180], {n*(r)} is clearly a {f(t)}—continuous
process since {n*(¢)} is the right inverse of {f‘(t)}. Recalling n*(f(s)) =y, §*(f‘(s)) = x(s)
and applying Proposition (1.4) in Ref. [52, p.180] to the second and the third terms of the
right hand side of equation (90), and applying Proposition (1.5) in Ref. [52, p.181] to the
fourth term of the right hand side of this equation it follows that

T

p 2 C@) = — G, (j{o | Ia(s)ld%(s),fc(T)) +J A5, %) p ([ (s))ds
T I3

m

T T
+ Zj Dji(s,%(s)) " ;> (I(s))ds — J q"*(L(s))dW(s)

=1

r oI
+ L Biu(n"(9), € (s) p " (5)e ()0 (s)ds D
=1 (1)
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Now, we obtain for the last term of the previous equation

r B
ZJ Bir(”(5), £°(5)) " p ()} ()07 (s)ds

=1 ')

e . .
= ZJ Bir("(5), £°(5)) " p () (s)dy"(s5)
)

j=1 NG

w r f(m)
+ Z; Zj L( B0, £ PP (sl < 92)
n=1 j= Tn

where the process {y*(¢)} has been defined in equation (44). Using Proposition (1.4) in Ref.
[52, p.180], we obtain

r @ ‘
> J _ Bi(m7(5), () p () (5)dy " (s)

j=1T®

r T
= ZJ Bji(s, %)) " p 2T (s)iy(s)dy” (L(s)), (93)
=1

since {y*(r)} is a {f(t)}-continuous process. However, y*(f‘(t)) = v°(t), consequently
combining equations (91)—(93) we have

T
p2(Ew) = - G, (j |12(s)|d€;(s),5c(T)> +J A(s,5(5) 2D (s))ds
[0,7] t
m T . T N R
+ ZJ Dji(s,&(5)) " q;*(I(s))ds — J q (L (5)dW(s)
j:1 t t

<

T
+ J Bii(s,%(s) " p (D(s)i(s)dv  (s)

=1t

o r oI(m)
] B .66 P00 61T . 1)

n=1 j=1 JI(m~-)

Now, from equation (89), we have that for all (1, w) € [0, T +M] X QN [[f(rn—), f(T,l)]],

. r(Fa) ' )
P70 =p () + Z J Bix("(5), £°(5)) " p () (s)ds

j=1"1

r D)

=p2([((7,) + ZJ Bix(7y, £°()) T p " ()tj(7,)ds
=1

t
and using equations (7), and (11) in Theorem 2.1, it follows that

r (Lem) )
ZJ Bio(1,, £ () p P (9)itj(1y)ds = Wi, &(7, ), U(m,)AD(7)) T p (L (7,)). (95)

=1 f(r,-)
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Finally, combining equations (94) and (95), we obtain that {p*z(f(t))} is solution of
equation (85).
Using similar arguments, it is easy to obtain that

T

T m
p @@ = J Ai(s, 5(9) T p (T (9)ds + Zj Dji(s,%(s)) " q;>(I'(s))ds
t j:l t

T T
J ¢ (' (s)dW(s) +J p"2(1(5)) T Bi(s, &(s))ii(s)dv (5)

o (r,)
+E J P () By, £ (8)i(1,)ds] 1<, (96)
n=1 J (1, —)

and using equations (8), (12) in Theorem 2.1,

['(7,) R
Jf P2(5) " Bi(7y, € ($))it(1,)ds = p (L (7,) ' Wi(7, (1, =), U(1)AD(T,)).  (97)
(1—)

Therefore, it gives that { p*l(f(t))} is solution of equation (84).
Similarly, it follows that

(1)

P (1) = L [Ax(n"(5), E') TP (s) + P ()A(m"(5), E"(sNI(1 — 07 (s))ds
0
r oI
+> . [Bir(n"(5), £"(5)) " P"(5) + P"(5)Bju(m" (5), £ (5))]; (5)0" (s)ds
j=1 (1)
m f(T) ) ) )
+ Z i Djx(m"(5), £() " P (9)Dj(n " (5), £ ()(1 — 67 (5))ds
j=1 (1)
m_ (1T . 3 A , .
+ ZJf( Dix(m7(5), £°(5) ' Q7(s) + QV(9)Dpx(m"(5), E"(s)](1 — 07 (s))ds
j=1 710

IN0D)
+ L T (5), £(5), ™ (5), 0°(5),p™(5), /1 — 07(5)g ™ (5))ds
®

m_ by )
- ZJ Q(s)AW(7"(5)) — G (JO |a<s)|d@<s),fc(T)>,
[0,7]

=1 f(t)
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implying that
T

Py = J [A(s,%(s) T P*(['(5)) + P*([(s)A.(s, &(s))1ds
r T
+> J Bix(s, &(s) T P*(T'(5)) + P*(['(5)Bju(s, (5))itj(5)dD°(s)
=1

o f(r)

+> ) J [Bix(n”(s), £ ()" P*(s) + P"(s)Bjx(n"(s), £ (s)]a; (s)ds 1<,

n=1 j=1 JI(m~)
T

+ Dij.(s, )Ac(s))TP*(f'(s))Djx(s, x(s))ds

NgE

~.
I
-

T
Dji(5,3(5) QY (I'(s)) + Q(1'(5))Dju(s, &(s))]ds

t

+
M-

=

T

+

Ajea(, 36D E ) + D Djina(s, fc(s))q;‘f@(s))] ds
i=1

t

<.
I

n r T
> J P2 (D(9)Bjiwx (s, 3(5))i1i(5)dD  (s)

=1 J1

—_

~

[ n r f‘(q—")
+> 33 J P2 ($)Bjice(n(5), € ()¢t} ()dsT (1<,

n=1 j=1 i=1 JI(m~)
m T

- ZJ QI(I()dW(s) — Gur (j |a<s>|d@<s>,5c<T>). ©8)
j=1 t [0,7]

Now, from equation (68), we have that for all (1, w) € [0, T + M]x Q N [[['(r,—), [(z)]],

r (fm)

P*(t) = P"(P(r)) + ZJ [Bix(n"(5), €N P7(s) + P*($)Biu(n(5), €' (5))] & (5)ds
j=1

t

n__r(fm

+> J P2 (9)Bjixx(7(5), €' ()] (s)ds,
j=1 =171
and from equations (9), (13) in Theorem 2.1, it gives that
r(fa@) ‘ A A
Z Jf [Bjx(”r]*(sh E°(5)"P*(s) + P*(9)Bi(n"(s), f*(s))] a;(s)ds
j=1 4 1(m—)
- . f(T'X) £ * 3k *
+> ) J P()Bjie(n"(5), £ ()t} (s)ds

j=1 i=1 JT(m—)

= [In + \Px(Tnvfc(Tn_)a ﬁ(Tn)A%(Tn))] TP*(f(Tn)) [In + ‘Px(Tnajc(Tn_)a a(Tn)A'f)(Tn))]

= P ) + D p P C @)W, 37, -), (1) A(T,). (99)
j=1

Combining equations (98) and (99), we obtain that {P *(f'(t))} is solution of equation (87).



Downloaded By: [Monash University] At: 23:31 19 September 2007

498 F. Dufour and B. Miller

Moreover, it is easy to show that
u A T Fa A
p A @) = -G, (J Ia<s>|d@<s),fc(T>> —J g’ (D(s))dW(s)
[0,7] t

Finally, it follows that (({p" ([}, {g" (T Dien,, (PE@)), (QTE@)))yen,) are the
adjoint variables associated to the control C. By using the fact that |¥,,| is bounded and
equation (21), it can be shown that the system of equations given by { p*z(f'(t)),P(f (1)}
satisfies the hypotheses of Proposition 2.4 showing the uniqueness for {p *z(f‘(t)), P(f‘(t))}.
This implies the uniqueness for the adjoint variables associated to the control C, showing the
result g

LeEmmaA 5.3. For ¢y € [R3, and («, 0) € B1(K) X [0, 1], write
L(t, o, 0) =H(n" (1), &' (1), e, 0,p " (1), p ™ (), p™ (1), 7" (1), P"(2), )

—H(n"@), @), a" (1), 0", p"™ @), p™ (1), p (1), r" (1), P*(1), ).~ (100)

Then, for all ¢ € [['(r,—), ()]

L(t, @, 0) =40 [B(m, €' ()6 — ()] p (1) + Pa(Blal — la(r)))p(r)

+(1 - 0){—411 —2T4Ys + [p*‘(r) + ATy, E(1) Tp (1)

-i-%tr[D(Ti, EW) P ()D(r;, f*(t))]} } (101)
with
E() = &(r=) + V(1,27 —), i(m)(t — T(mi—)), (102)
P 0=~V 35, = Do) [ AWt e~ - T]
XpA (=) +p' (1), (103)

A~ -1
P20 = LAV m 3 n )i~ Do) A, (104)

and

P'0= [l 4+ V(3 — =) T]

P(ri=) =) Wiee(7i, %7 =), ()t — f(n—»)ﬂ
i=1

X1+ W 300, — P ] (105)

A

P—as.on {1;,=T}.
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Moreover, for (a, 0) € B1(K) X [0, 1],
vt e [[(#-), (™)), Lit,a,0)<0 P—as. on {r =T} (106)

L), @, 0) =0, M; —as. on [0,T]x. (107)

Proof. It is easy to show that (Vr € [['(r;—), ['(m)]),
nH=1n 6®O=1 o @=ir), and r’@) =0, (108)
pP- a.s. on {7 = T}. Combining equations (3), (5) and (108), we obtain that
(Vr € [I'(r;—), T'(m)D),
H(n" (1), & (1), o, 6,p" (), r" (1), P" (1)) = O[B(wi, £" (1)l ' p™*(1) + blalp™ (1)

+ (1= 0)[p" @)+ A, £®) ' p™ (1)

1 . #
+3 D, EO)TPTOD(, £ )] [, (109)

P—as. on {r;, =T}. From equations (37), and (108) it follows that for all
t € [I'(r—), ()],

t

&0 =¢d@m-) - J B(7;, € (s))iu(7;)ds. (110)

I(r—)

Note that from equation (39), we have that §*(f‘(7i—)) = X(7;—), and so by using Theorem
2.1 it gives equation (102).
For 6= 1, simple calculations shows that VY(7,¢ a,p,q) € RXR" X B (K) X

RZ+11 X R(Z-‘rn)Xm
0) p, and

- T
Z Bjx(nv @aj]
=

Hi(m, & a, 0,p,q) = (Ol[B(n, Hal " |0)p.

Hin, & a,0,p,q) = (0

Write p™(¢) in the form
P
prny=|pr7®
P

where p*1(t) € R, p™(t) € R" and p*3(t) € R. Moreover, from equation (108) we have
Ve e [I'(r,—), T'(m)]

JA g* ()dW(n*(s) =0 P —as. on {r; =T}. (111)
L(ri—)

Moreover, note that from the definition of {p(f)} (see Theorem 5.2), we
have p*“(I'(7;—)) = p(1;—). Therefore, it follows from equations (66), (108) and (111) that
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P-as.on {1, = T},
PUE=) = [ [Bi(mi, € ()i(m)] T p 2 (s)ds
P = | P21=) = 0y [ [Bis(r £ 6Di(m)] T p 2 (s)ds
p(m)
for all 7 in [f‘(fr,--), f(ri)]. By using Theorem 2.1, we obtain that

N -1
P20 = [+ Wl x(m, am) — D) | pA-),
and

PO =pl(r—) = Vi, 2(m—), ()t — T(m =) p*2@),

for all ¢ in [f‘(T,-—), f‘(T,-)], showing equations (103) and (104). Using similar arguments, we
obtain equation (105).

Finally, combining equations (108) and (109), and the fact that p*3(¢) = p3(r;) for all ¢ in
[f‘(Ti—), f(Ti)], the first part of the result follows.

From equations (101)—(104) we have that L(¢, @, 6) is continuous on [f‘(T,--), f(T,-)],

~

P—as. on {1, = T}. Combining this fact with Theorem 4.8, we obtain equation (106).
Finally, by using Corollary 5.5 in Ref. [1], the last assertion (equation (107)) can be easily
obtained. O

The next Proposition presents some relations between the optimal singular control C and

C. This result is important as it gives the full generality to our maximum principle.

PropOSITION 5.4. Assume the existence of an optimal singular control denoted by
C= (Q.F P F) {10, 50}, (W)}, (50)) )

such that {ii(7), 0(¢)} is {]A-" ZW }-progressively measurable.
Then, the optimal control

&= (0, F.PAF) (20, 500), (W), 150} ).

defined by equations (29), and (30) is such that on the filtered probability space
(Q, F, P, {F,}) the processes {X(r)} and {i(¢)} are indistinguishable, and

Mas < Mae, Mo = M, (112)
i(f) = i(f), and (1) = (), Mzwx —as. on [0,T] X Q. (113)

The adjoint variables ({p'(1)}, {7"(1) Dien,, (PO}, { Q/(D) Djen
are unique. Moreover, for i € N;, j € N,

pP=p'0, dO=3w0, Pe)=Pe and 0= 00, (114)
where ({p/(D}, {31 Dien,, (P}, ({ Qf(t)})jeNm) are the adjoint variables associated to C.

) associated to C exist, and

m

Proof. From equation (31), we have that (Vt€[0,T]), 9°(0t)=2°(r), and
w(H)ADC(r) = u(t)o°(t). Moreover, it is very important to remark that the adjoint variables
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associated to a singular control (u(#), v(r)) satisfy backward stochastic differential
equations (see equations (84)—(87)) that depend only on the control through the terms v “(7)
and u(f)Av(¢). By using these key properties, the result follows as in proposition 5.8 in
Ref. [1]. O

We can now establish a necessary condition for any control C € € to be optimal.
In fact similarly to the maximum principle for non-singular control problem,
see for example [56,57] and the references therein, we show that if a control
C =, F P AF}, (a@), 5@)}, (WD)}, {%(1)}) is optimal it maximizes a certain Hamil-
tonian almost surely with respect to the measure of Doleans-Dade generated by the optimal
control {9(r)}.

Let {9(f)} be an R -valued, corlol, progressively measurable increasing process defined
on a filtered probability space ({2, F, P). The process {#/(r)} defined by

v(t+e)—v(r)

-~ if the limit existsin R,

lim sup
J(f) = el
0 otherwise.

is an Ry-valued, {F,}-progressively measurable process (see Lemma 5.6 in Ref. [1]).

THEOREM 5.5. Assume the existence of an optimal singular control denoted by
C= (O, F, P, (F)), (), 50}, (WD)}, (XD))).

such that {i(?), 2(1)} is {ﬁ" :V }-progressively measurable.
Denote by ({p'()}, {7'()Dien,: {P(1)}, {Q/(1)})jen,,) the adjoint variables associated C

and let {7;},cn the sequence of {j-' [W }-stopping times which exhausts the jumps of {2(7)}.
Then, there exists ¢y € Sl([R{3) such that for all (u,z) € B1(K) X [0, 1]

1 -
[Z(r) — z]{ 1 —2TYs + [ﬁ GRS Etr[D(t,fc(t))TP(t)D(nJ?(t))] +A(t756(t))Tﬁ2(t)] }

+ o [[B()[zu — 211" p2(t) + [zlul — z0)la®1p° )

e[ D(t, X(1) THOINT — 2 — /1 — z(z))} =0 (115)

Mz —a.s. on [0,T] X Q, where

()

o) = [37() — PODG,X0)] /1 — 20), 2(1) = T o0

(116)

and

o [[zu—a(O]" B@)" p* (1) +[zlul — |a@®)1p° )]

+- Z){ — iy —2TYs+ |p' (t)-i-%tr [D(1,%(1)) " P(1)D(1,%(1))| +A(t75€(t))Ti72(t)} } =0
(117)
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Ms—a.s.on [07T]><SA2, and for all i€N and y€[0,1]
i [ [B(7, 5 (m)au—a(7))] ' p7(7)+(elul - Iu(ﬁ)l)ﬁ(ﬁ)}

+1 =~ 2T+ [P () +A(7,57(R) ()

%tr [D(ﬁ»,ﬂ(ﬁ))TP’(f,-)D(f,-,ﬂ(ﬁ))]] SO}, (118)
P—as.on{F=T}, with
V() =%(1—) + W (7,%(7 ), yit(T)AB(Ty)), (119)
P =P (1) = W (7, 5(n =),y AB(T)) |

-1
><{Lﬂr‘l’x(Ti,fc(ﬂ—)ﬁﬂ(ri)m”f(n))T] (1), (120)

PP = 1AW (3 yaeyden) | o), (121)

and

P(1i=) = Wi (71,57 —), yil(r)AB(y)) |

P ()= 1,4, (7, 5(m ), yim)Ae(m) |
i=1

711
X[y (73,57, i) AB() |
(122)

Proof. Combining Lemma 5.3 and Proposition 5.4, the results can be obtained by using the
same arguments as those of Theorem 5.9 in Ref. [1]. O

References

[1] Dufour, F. and Miller, B., 2006, Maximum principle for singular stochastic control problems, SIAM Journal of
Control and Optimization, 45(2), 668—698.

[2] Dufour, F. and Miller, B., 2004, Singular stochastic control, STAM Journal of Control and Optimization, 43(2),
708-730.

[3] Alvarez, L., 1999, A class of solvable singular stochastic control problems, Stochastics Stochastics Reports,
67(1-2), 83-122.

[4] Alvarez, L., 2001, Singular stochastic control, linear diffusions and optimal stopping: a class of solvable
problems, SIAM Journal of Control and Optimization, 39(6), 1697—-1710.

[5] Boetius, F., 2001, Bounded variation singular stochastic control and associated Dynkin game. In: M. Kohlmann
and S. Tang (Eds.) Mathematical Finance, Trends in Mathematics (Basel: Birkhauser), pp. 111-120.

[6] Boetius, F., 2001, Singular stochastic control and its relations to Dynkin game and entry-exit problems,
PhD thesis, University of Konstanz.

[7] Boetius, F. and Kohlmann, M., 1998, Connections between optimal stopping and singular stochastic control,
Stochastic Processes and their Applications, 77(2), 253-281.

[8] Chow, P., Menaldi, J.L.. and Robin, M., 1995, Additive control of stochastic linear systems with finite horizon,
SIAM Journal of Control and Optimization, 23(6), 858—899.

[9] El Karoui, N. and Karatzas, 1., 1988, Probabilistic aspects of finite-fuel, reflected follower problems,
Acta Applicandae Mathematicae, 11(3), 223-258.



Downloaded By: [Monash University] At: 23:31 19 September 2007

Singular stochastic control 503

[10] El Karoui, N. and Karatzas, I., 1991, A new approach to the Skorohod problem, and its applications, Stochastics
Stochastics Reports, 34(1-2), 57-82.

[11] Karatzas, 1., 1983, A class of singular stochastic control problems, Advances in Applied Probability, 15(2),
225-254.

[12] Karatzas, 1., 1985, Probabilistic aspects of finite-fuel stochastic control, Proceedings of the National Academy
of Sciences of the United States of America, 82(17), 5579-5581.

[13] Karatzas, I. and Shreve, S., 1984, Connections between optimal stopping and singular stochastic control
1. Monotone follower problems, SIAM Journal of Control and Optimization, 22(6), 856—877.

[14] Karatzas, I. and Shreve, S., 1985, Connections between optimal stopping and singular stochastic control II.
Reflected follower problems, SIAM Journal of Control and Optimization, 23(3), 433—-451.

[15] Karatzas, I. and Shreve, S., 1986, Equivalent models for finite-fuel stochastic control, Stochastics, 18(3—4),
245-276.

[16] Haussmann, U. and Suo, W., 1995, Singular optimal control, II, SIAM Journal of Control and Optimization,
33(3), 937-959.

[17] Fleming, W. and Soner, H., 1993, Controlled Markov Processes and Viscosity Solutions (New York: Springer).

[18] Zhu, H., 1992, Generalized solution in singular control: the nondegenrate problem, Applied Mathematics and
Optimization, 25, 225-245.

[19] Haussmann, U. and Suo, W., 1995, Singular optimal control, I, SIAM Journal of Control and Optimization,
33(3), 916-936.

[20] Framstad, N., Oksendal, B. and Sulem, A., 2001, Optimal consumption and portfolio in a jump diffusion market
with proportional transaction costs, Stochastics & Stochastics Reports, 35(2), 233-257.

[21] Jacka, S., 1999, Keeping a satellite aloft: two finite fuel stochastic control models, Journal of Applied
Probability, 36(1), 1-20.

[22] Jacka, S., 2002, Avoiding the origin: a finite-fuel stochastic control problem, The Annals of Applied Probability,
12(4), 1378—1389.

[23] Lungu, E. and Oksendal, B., 2001, Optimal harvesting from interacting populations in a stochastic
environment, Bernoulli, 7(3), 527-539.

[24] Alvarez, L., Gyllenberg, M. and Shepp, L., 2001, Optimal harvesting in the presence of density—dependent
extinction probabilities, Technical report 431, Turku School of Economics.

[25] Oksendal, A. and Sulem, A., 2005, Applied Stochastic Control of Jump Diffusion (Berlin: Springer).

[26] Cadenillas, A. and Haussmann, U., 1994, The stochastic maximum principle for a singular control problem,
Stochastics and Stochastics Reports, 49(3—4), 211-237.

[27] Bahlali, S. and Chala, A., 2005, A general stochastic maximum principle for singular control problems,
Electronic Journal of Probability, 10, 988—1004.

[28] Bahlali, S. and Chala, A., 2005, The stochastic maximum principle in optimal control of singular diffusions
with non linear coefficients, Random Operators and Stochastic Equations, 13(1), 1-10.

[29] Miller, B. and Rubinovitch, E., 2003, Impulsive Control in Continuous and Discrete-Continuous Systems
(Boston, NY, Dortrecht, London, Moscow: Kluwer Academic/Plenum).

[30] Bressan, A., 1987, On differential systems with impulsive controls, Rend. Sem. Math. Univ. Padova, 78,
227-236.

[31] Bressan, A. and Rampazzo, F., 1988, On differential systems with vector-valued impulsive controls, Boll. Un.
Mat. Ital., 7(2-B), 641-656.

[32] Dal Maso, G. and Rampazzo, F., 1991, On systems of ordinary differential equations with measures as control,
Differential and Integral Equations, 4(3), 739-765.

[33] Huillet, T., Monin, A., Montseny, G. and Salut, G., 1989, Generalized inputs to nonlinear systems. In: J.
Descusse, M. Fliess, A. Isidori and D. Leborgne (Eds.) New Trends in Nonlinear Control Theory (Nantes, 1988)
(Berlin: Springer), Vol. 122, Lecture Notes in Control and Inform. Sci., pp. 414-428.

[34] Miller, B., 1978, Stability of solutions of ordinary differential equations with measure, Uspekhi
Mathematicheskikh Nauk., 33(2), 198.

[35] Silva, G. and Vinter, R., 1996, Measure differential inclusions, Journal of Mathematical Analysis and
Applications, 202(3), 727-756.

[36] Zavalishchin, S. and Sesekin, A., 1997, Dynamic Impulse Systems. Theory and Applications (Dordrecht, The
Netherlands: Kluwer Academic).

[37] Bressan, A. and Rampazzo, F., 1991, Impulsive control systems with commutative vector fields, Journal of
Optimization Theory Applications, 71, 67-83.

[38] Miller, B., 1978, Nonlinear sampled-data control of processes described by ordinary differential equations. I,
Automation and Remote Control, 39(1), 57-67.

[39] Miller, B., 1978, Nonlinear sampled-data control of processes described by ordinary differential equations. II,
Automation and Remote Control, 39(3), 34—42.

[40] Murray, J., 1989, Existence theorems for optimal control and calculus of variations problems where the state
can jump, SIAM Journal of Control and Optimization, 24(3), 412—438.

[41] Arutyunov, A., Karamzin, D. and Pereira, F., 2005, A nondegenerate maximum principle for the impulse
control problem with state constraints, SIAM Journal of Control and Optimization, 43(5), 1812—1843.

[42] Dykhta, V. and Samsonyuk, O., 2000, Optimal Impulse Control with Applications [in Russian] (Moscow:
Fizmathlit).

[43] Miller, B., 1982, Optimality condition in the control problem for a system described by a measure differential
equation, Automation and Remote Control, 43(6), 752—761.



Downloaded By: [Monash University] At: 23:31 19 September 2007

504 F. Dufour and B. Miller

[44] Miller, B. and Rubinovich, E., 1992, Optimal impulse control problem with constrained number of impulses,
Math. Comput. Simulation, 34, 23—-49.

[45] Pereira, F. and Silva, G., 2000, Necessary conditions of optimality for vector-valeud impulsive control
problems, System & Control Letters, 40, 205-215.

[46] Silva, G. and Vinter, R., 1997, Necessary conditions for optimal impulsive control problems, SIAM Journal of
Control and Optimization, 35(6), 1829—-1846.

[47] Vinter, R. and Pereira, F., 1988, A maximum principle for optimal processes with discontinuous trajectories,
SIAM Journal of Control and Optimization, 26, 205-229.

[48] Dufour, F. and Miller, B., 2002, Generalized solutions in nonlinear stochastic control problems, SIAM Journal
of Control and Optimization, 40(6), 1724—1745.

[49] Jacod, J., 1979, Existence and uniqueness for stochastic differential equations. In: M. Kohlmann and W. Vogel
(Eds.) Stochastic Control Theory and Stochastic Differential Systems (Proc. Workshop, Deutsch.
Forschungsgemeinsch., Univ. Bonn, Bad Honnef, 1979), Lecture Notes in Control and Information Sci.
(Berlin: Springer), Vol. 16, pp. 435-446.

[50] El Karoui, N., Nguyen, H. and Jeanblanc-Picque, M., 1987, Compactification methods in the control of
degenerate diffusions: existence of an optimal control, Stochastics, 20, 169-219.

[51] Haussmann, U. and Lepeltier, J., 1990, On the existence of optimal controls, SIAM Journal of Control and
Optimization, 28(4), 851-902.

[52] Revuz, D. and Yor, M., 1999, Continuous Martingales and Brownian Motion, 3rd ed. (New York: Springer).

[53] Karatzas, I. and Shreve, S., 1991, Brownian Motion and Stochastic Calculus, 2nd ed. (New York: Springer).

[54] Jacod, J., 1979, Calcul stochastique et problemes de martingales, Lecture Notes in Mathematics
(Berlin: Springer), Vol. 714.

[55] Protter, P., 1990, Stochastic Integration and Differential Equations (New York: Springer).

[56] Peng, S., 1990, A general stochastic maximum principle for optimal control problems, SIAM Journal of Control
and Optimization, 4, 966-979.

[57] Yong, J. and Zhou, X., 1999, Stochastic Controls. Hamiltonian systems and HJB Equations (New York:
Springer).

[58] Pardoux, E. and Peng, S., 1990, Adapted solution of a backward stochastic differential equation, Systems &
Control Letters, 14, 55-61.



