ON THE LIMIT EXPERIMENTS OF RANDOMLY
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GARCH is the most prominent nonlinear time series model, both
widely applied and thoroughly studied. Aggregating its only one-
dimensional innovations, it is a well-known oddity that GARCH con-
verges in law to a diffusion driven by a two-dimensional Brownian
motion. As a result, the convergence is not in Le Cam’s sense of
deficiency and, thus, a passage from discrete to continuous time is
impossible in all plausible decision problems. Recently an intuitively
appealing continuous time version of GARCH (called COGARCH)
was introduced which is driven by an only one-dimensional Lévy
process, thus, maintaining one of the key features of GARCH. Fur-
ther investigations have shown that COGARCH occurs as a limit of
GARCH models in law when the innovations are randomly thinned.
In this paper we investigate the validity of the corresponding approx-
imations in Le Cam’s framework of deficiency. We identify the limit
experiments for two kinds of sampling schemes. If the corresponding
volatilities are unobservable, we show that the limit experiment is not
equivalent to COGARCH in deficiency. Otherwise, if, in addition, full
information observations about the volatility processes is available,
then we show that the limiting experiment is generically equivalent
to COGARCH.

1. Introduction. Since the seminal papers by Engle (1982, [6]) and
Bollerslev (1986, [3]) GARCH has proved itself to be useful in the model-
ing of heteroscedasticity in discrete-time financial times series. On the other
hand, continuous-time models are more useful, for instance, in option pric-
ing as shown by Black & Scholes (1973, [2]) and Merton (1973, [1(]), the
analysing tick-by-tick data and observations from irregularly spaced time
series. In the 1990’s researchers tried to bridge the gap between continu-
ous and discrete time. Most notable, Nelson (1990, [17]) showed that an
appropriately parametrised GARCH can be seen as a discrete-time approx-
imation of a bivariate diffusion model on an approximating time grid. At
the first glance this is an appealing result as the estimates of the underlying
model parameters can be easily obtained by the time series formulation and
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2 B. BUCHMANN & G. MULLER

plugged into the continuous-time limit for other purposes. However, conver-
gence in law, such as studied by Nelson, does usually not allow a passage
from discrete to continuous time in all plausible decision problems. This is
a more general obstacle in asymptotic statistics and, in order to resolve it,
Le Cam advocated the concept of convergence in deficiency [cf. Le Cam
(1986, [10]), Le Cam & Young (1990, [11]) and Strasser (1985, [19])]. Since
then many authors investigated Le Cam’s approach in various statistical
problems [Brown & Low (1996, [1]), Nussbaum (1996, [1%]) and Grama &
Neumann (2006, [7]) and references therein; cf. Milstein & Nussbaum (1998,
[12]) with potential applications to time series analysis.]

In the more specific context of Nelson’s diffusion limit, Wang (2002, [21])
and Brown et al. (2003, [5]) showed that Nelson’s diffusion approximation
of GARCH is not in place in deficiency since the innovations encounters
both models in an intrinsically different way: whereas GARCH is driven by
one-dimensional innovations, its diffusion limit is driven by planar Brownian
motion. In Klippelberg et al. (2004, [13]) an intuitively appealing version
of a continuous-time GARCH (COGARCH) was introduced. Among other
things, Kallsen & Vesenmayer [9] and Maller et al. [14] have identified CO-
GARCH as a limit of GARCH (in distribution and in probability) provided
the innovations are randomly thinned.

As argued above, convergence in distribution may not be satisfactory from
a statistician’s point of view and, thus, the validity of the corresponding ap-
proximations in Le Cam’s framework of deficiency are investigated in this
paper. In particular, we aim to give an answer to the following questions:
does there exist a limit experiment of randomly thinned GARCH in defi-
ciency? If so, is the corresponding limit experiment of COGARCH-type?
How does the underlying sampling scheme encounter this scenario?

Dealing with Le Cam’s distance in deficiency is a challenging task for
a mathematical statistician and little is known. Besides this, we have to
cope with innovations in this paper, not aggregated, but randomly thinned.
Hence, it is meaningless to compare the corresponding experiments to the
usual paradigm in the above-mentioned literature, i.e. signal recovery with
Gaussian white noise. Similar to [21], further obstacles arise from the intrin-
sic heteroscedasticity of (CO)GARCH in our analysis.

The paper is organised as follows. Section 2 contains our main results.
To be more specific, we introduce the experiments and sampling schemes
in Subsection 2.1. In Subsection 2.2 we construct a limiting experiment
for randomly thinned GARCH with conditionally variances unobserved. As
shown in Subsection 2.3, using both theoretical and numerical methods, this
experiment is generically not equivalent to COGARCH. If, however, the

imsart-aap ver. 2007/04/13 file: GARCH170508.tex date: May 17, 2008



THINNED GARCH 3

conditional variances are observable in full, all experiments are generically
(asymptotically) equivalent to COGARCH. This is shown in Subsection 2.4.
We conclude in Section 3. Section 4 contains all proofs. In the Appendix we
review some of the necessary facts of Le Cam’s distance in deficiency.

2. Main results.

2.1. Garch-type experiments in discrete and continuous time. We fix a
probability measure @ on the Borel field B(R). For all n € N let p,, € (0,1)
and Z,, = (Z,,k)1<k<n be an n-dimensional vector with distribution

(2.1) L(Zn) = (1=pa)eo + paQ)""

The parameter p, modulates our random thinning. In accordance with the
law of rare events we assume that the following limit exists in (0, 00):
(2.2) v = lim np, € (0,00).
In the sequel we will encounter several GARCH-type processes, all of them
indexed by 6 € [0,00)*. In discrete time, processes will be indexed addi-
tionally by n € N and a suitable parametrisation. Throughout this paper
a parametrisation is a pair (0, (H,)nen) where O is a nonempty subset of
[0,00)* and, for all n € N, H,, is a mapping H,, = (hon, B, ns An) 1 © —
[0,00)%. In this sense hg (hon(f)) denotes the unknown initial value of the
volatility hg which is contrived as an additional unknown parameter in this
paper. For the corresponding continuous time limits, 3/a and « are the
mean level and the mean reversion parameter of the volatility processes,
respectively; A is a scaling parameter for the corresponding jumps of the
volatility processes.

For a parametrization (O, (H,)nen) we consider the sequence of partial

sums corresponding to a randomly thinned GARCH model, indexed by 6 € ©
and n € N, defined by

(23)  Gu(k) = Gu(k=1)+hy/*(k=1) Zpi, Gn(0) =0,
ha(k) = Bn(0) + an(0)hn(k=1) + An(0) hn(k-1) Z7 .,

ha(0) = hon(0), 1<k<n, 0€0©,

where H,,(0) = (hon(0), 5n(0), 0 (0), \n(0)) for all § € O. Note that the
specification of a GARCH does not quite follow the traditional one, but
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4 B. BUCHMANN & G. MULLER

enumerating the indices generates the same processes. Also, observe that
the definition of (G4, hy,) in (2.3) depends on the choice of (©, (Hy,)nen)-

The limit in (2.2) sets up convergence in distribution of ZL”:']l Zn ) to a
compound Poisson process with rate v € (0,00) and jump distribution @
as n — oo. For a choice of (0, (Hy)nen) it is, thus, natural to ask whether
the limit of (G ([nt]), hn([nt]))o<t<1 in distribution exists along H,(#) as
n — oo for fixed # € ©. In [9] and [I1] such parametrisations have been
successfully constructed. Moreover, the corresponding continuous time limit
equals COGARCH driven by a compound Poisson process.

COGARCH is a process (G,h) = (G(t),h(t))o<t<1 that is indexed by
0 = (ho,3,a,A\) € [0,00)* and determined as the unique pathwise solution
of the system of the following integral equations:

(24) G(t) = /[Ot]XRhl/Q(s—)zN(ds,dz),

ht) = ho+t / B—ah(s—)ds + A h(s—)=2 N(ds, dz) ,
[0,¢] [0,{] xR
where N is a Poisson point measure on [0, 1] x R with an intensity v/ ® Q.
In the sequel we restrict or analysis to the following two sampling schemes:

e incomplete observations: only G and G,, (n € N) are observable in full
whereas the corresponding volatility processes h and h,, (n € N) are
unobservable.

o complete observations: both processes (G, h) and (Gy, hy,) are observ-
able in full.

We are dealing with both sampling schemes in the separate Subsections 2.2—
2.3 and Subsection 2.4, respectively. Not surprisingly, a simpler theory is in
place in case of complete observations. In the more realistic scenario, where
observations of the volatility processes are not available, results are more
difficult due to the nonlinearity of (CO)GARCH.

Throughout the whole paper, the space of right-continuous functions
g : [0,1] — R? with left limits on [0, 1] is denoted by D4. We endow Dy with
the o-algebra Dy, generated by the point evaluations [cf. Billingsley [1]].
Furthermore, let My be the space of all nonnegative point measures on
[0,1] x R? with finite support. We equip this space with the o-algebra Mg
generated by the point evaluations [cf. Reiss (1993), [20], pages 5—6].

The trace of the Borel field in RY = (R U {—00,00})¢ with respect to

A C R? is denoted by B(A). The Lebesgue measure on B(R) and the Dirac
measure with total mass in x are denoted by ¢ and €,, respectively. If (E, A)
is a measurable space and X is a random element taking values in (E,.A)
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then its distribution is denoted by £(X'). Whenever this distribution depends
on a parameter § we employ the notation Ly(X). If (E;, A;), i = 1,2, are
measurable spaces and X : Ey — Es is A; /A2 measurable then ,uX denotes
the image of a measure p under X.

2.2. Limit experiments of GARCH (incomplete observations). In this
subsection we assume that the volatility processes are unobservable. To pur-
sue our programme we introduce another class of processes. Therefore let
(G, h) = (é(t),fl(t))ogtgl be the unique pathwise solution of the following
system of integral equations:

(2.5) G(t) = /[O ﬂXREl/Q(s—)zN(ds, dz),

>

(t) = ho+ [ B—ah(s—)dTy (s)+ A h(s—)z% N(ds,dz),
[0,1] [0,t] xR

where 0 = (hg, 3,a,\) € [0,00)%. Here T : My — Dy, 0 — T, is defined as

follows: if, for some m € N, 0 =ty < t1 < ... < t,, <1 and z1,...,Tm € R,

o € M admits a representation of form o = > 3", g where 0 = ¢y <

t1 < ... <ty <1, then we set

tkvzk)

t—1x k
2.6 T,(t) = ——+ —, t e lth_1,tr), 1<k< ,
( ) 0'() m(tk—tk_1)+m [k 1 k) m
t—1tm
) = — M 1 te ).

m (tm — tm—l )

If such a representation does not exist, then we set T, () = ¢ for all ¢ € [0, 1].

Let us call (é,/ﬂ) the MCOGARCH, an acronym referring to Modified
COGARCH. To illustrate the difference between COGARCH and MCO-
GARCH, we consider a simpler representation of G next. (We will return to
(2.5) in our analysis in Subsection 2.4.)

To this end, let v = (v(t))o<t<1 be a Poisson process with rate v € (0, 00)
and (Zy)ren be a sequence of independent random variables, independent
of v. By solving the integral equations for A in (2.5) we observe that

(2.7) Lo( (Z hl/f) 5,0 )

where, for k,m € N, k > 2, we set

~

(2‘8) hm7k79 = (1_€—a/m) + e—a/mﬁm7k_1 [1 + A Zl?—l] ,

>

Slme ™

m,1,0 = (1_e—a/m) + e_a/mh() s
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6 B. BUCHMANN & G. MULLER

for 0 = (ho, B, a, ) € [0,00)%, @ > 0, with the convention 33 = 0. Here we
extend the definition of Emkﬂ to 0 = (ho, 3,0, ) € [0,00)* by taking a | 0
in (2.8).

In view of (2.8) note that the magnitudes of the jumps of G (in space)
depend on their multiplicity and the innovations (Z,), but not on their
arrival times. This attribute is not shared by COGARCH. To some extend
it is, thus, justified to speak of G and G as experiments driven by two
and three sources of randomness, respectively: the number of jumps, the
innovations, and the arrival times.

As no information about the volatility processes is assumed in this sub-
section we consider the following experiment of MCOGARCH type:

(2.9) £ = (Dl,Dl, (['9(6))96[0,00)4)'

For a parametrisation (©, (Hy),ecn) we consider the corresponding GARCH
experiments in discrete time by

(210)  Enm,(0) = (R™,B(R™), (Lo(Gr)) neN,

669)’

where, for n € N, G, = (Gy(k))1<k<n is defined by (2.3) via the parametri-
sation (O, (Hp)nen). We write &, g, = &1, (0), provided we have © =
[0,00)* in (2.10).

Next we give a GARCH parametrisation such that the randomly thinned
GARCH converges strongly to the MCOGARCH experiment £in deficiency:
therefore pick 6 = (hg, 3,a,A) € © and n € N. If a > 0 then we set

(211) K0 = hoe 4 Dmeiy, g00) = D e,
aD@) = e/, AO() = Nem/m,

and, otherwise, if & = 0 then we set

(2.12) h{%(0) = ho+§, BY0) =

Let ([0, 00)4, (HT(LO))) be the corresponding parametrization and (G%O)) be the
corresponding partial sum processes of GARCH in (2.3).

Although the parametrisation in (2.11)—(2.12) is quite elaborated, we
show that the corresponding GARCH experiments converges to the experi-
ment of MCOGARCH-type, with no restrictions on @ assumed [cf. Subsec-
tion 4.1 for a proof].

THEOREM 2.1.  If (2.2) is in place for some v € (0,00) and p, € (0, 1),
n € N, then En (0 converges strongly to € in deficiency as n — oo.
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THINNED GARCH 7

If @ is absolutely continuous with respect to the Lebesgue measure, then
Theorem 2.1 extends partially to other GARCH parametrisations [cf. Sec-
tion 4.3 for a proof of the following theorem].

THEOREM 2.2. Suppose that (2.2) holds for some v € (0,00) and p,, €
(0,1), n € N, and Q < £. Let © # ) with compact closure © in (0,00) x
[0,00)3. For n € N, let Hy, = (hon, Bny 0y An) : © — [0,00)* be a GARCH
parametrisation and Gy, be the corresponding GARCH model in (2.3).

If there exist ng € N and C' > 0 such that, for all n > ng, both

(2.13) sup max {|h0’n(0)—h0] , |)\n(9)—/\]} < g,
0=(ho,3,a,1)€O n
and
(2.14) sup max{]nﬂn(ﬁ)—ﬁ‘ , |n(an(0)—1) + a’} <C,
0=(ho,B,0,)) €O
then
(2.15) lim sup | £5(Gn) = Lo(G)| =0,
= 9co

and &, 1, (©) converges strongly to g’(@) in deficiency as n — oo.

In Kallsen and Vesenmayer [9] and Maller et al. [14] the following GARCH

parametrisations (O, (HéKV))neN) and (O, (HflM))neN) have been considered
where, for 6 = (hg,3,,)) € (0,00)% x [0,00) , in obvious notation, @ =
(0,0)3 x [0, 00) and

(2.16) hsY)

(9)
(0)

a(KV)(@) — M) 0) = e—a/n7
©0) = x, AMg) = e/m),

Kallsen and Vesenmayer [9] have shown that (Gy[n-], hy[n-]), as defined in
(2.3) by Hn(0) = 2 i (0), converge to COGARCH with parameter 6 in
(2.4) in law with respect to the Skorokhod topology, as n — oo, for all § € ©.

Maller et al. [11] have encountered a slightly different scenario. For 6§ € ©
they have embedded a sequence of GARCH models into a given COGARCH
and obtained the convergence with respect to the same topology, now driven
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8 B. BUCHMANN & G. MULLER

by a general Lévy process, even in probability. If the driving process is a
compound Poisson process with rate v > 0 and jump size distribution @Q then
their analysis comprises a situation where the corresponding partial sums
have the same law as (Gp[n-], hp[n-]) under the parametrisation Hng)(Q),
feO, neN.

In short, it follows from the analysis in [9] and [I1] that the partial sum
processes of GARCH converge to COGARCH with parameter 6 in law along
both parametrisations, along HT(lKV)(Q) and H,SM) (0), respectively, as n —
00, with respect to the Skorokhod topology, for all # € ©. On the other
hand, both parametrisations fall into the framework of Theorem 2.2. Hence,
if the distribution of the innovations admits a Lebesgue density the limiting

experiment is given by MCOGARCH &€(©) rather than COGARCH £(0).

2.3. COGARCH vs. MCOGARCH (incomplete observations). In this

subsection we investigate whether the experiments induced by GARCH and
MOCOGARCH are of the same type. Here we again assume that the volatil-
ity processes are unobservable. Therefore recall (2.4) and consider the ex-
periment
(2.17) E = (D1,Dy, (Lg(G))ee[Om)zl) .
Note that both experiments £ and g depend on the intensity measure v/ ® Q)
which enters (2.4)- (2.5) via N. In this subsection we include this depen-
dence into our notation by writing &, o and é’\%Q instead of € and & , Tespec-
tively. Next we are concerned how COGARCH relates to MCOGARCH in
deficiency [cf. Subsection 4.4 for a proof].

THEOREM 2.3. Let ) # © C (0,00) x [0,00)® and Q be the standard
normal distribution.

Suppose that £, ¢(O) is equivalent to E%Q(@) for all v > 0. Then we have:
(i) If (ho, 3,0, ), (hog2,B,a,\) € © then ho1 = ho .

(ii) If (ho, B1,, A), (ho, B2, a, A) € © then 31 = (5.

(iii) If (ho, B, a1, A), (ho, 8,02, \) € © then a1 = ay.

Theorem 2.3 indicates that equivalence of MCOGARCH and COGARCH
is restricted to parameter sets that are of considerably lower dimensions and
have nonempty interior. Hence, for Gaussian innovations we have generically
no equivalence in deficiency. A generalization of Theorem 2.3 to other dis-
tributions seems to be not obvious. However, there is strong evidence that
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TABLE 1
Choices of Oy and 0 = 0;; in Equation (2.18).

0o 2 1 1 0.1

611 0.4 1 1 0.1
012 10 1 1 0.1
021 2 0.2 1 0.1
622 2 5 1 0.1
031 2 1 0.2 0.1
032 2 1 5 0.1
041 2 1 1 0.02
040 2 1 1 0.5

the non-equivalence of COGARCH and MCOGARCH holds in more general
situations.

Therefore recall that statistical equivalence of the experiments £ and £is
implied [cf. [19], Theorem 53.10] when for all finite subsets © C [0, 00)* and
all 8y € © we have

dﬁg(G) _ dﬁe(@)
(2.18) Lo, <<d59o(G)>eee> = Lo ((dﬁgo(é)>eee) ‘

We generated samples from these two distributions according to the recur-
sion (4.37) in the proof of Theorem 2.3 in Subsection 4.4. To this end, we
first restricted the parameter space to a set with two elements, 6y and 6.
While fixing 6 to (2,1, 1,0.1), we have chosen eight vectors 0;;, i =1,...,4,
j = 1,2, for the parameter vector #, which differ from 6y in only one com-
ponent, cf. Table 1. Secondly, we checked the distributional equality (2.18)
for three different jump distributions: the standard normal one (for com-
parison), the standard Cauchy distribution Cauchy(0, 1), and the normal
mixture distribution

1 1
5N (=0.5,0.75) + 5 N (0.5,0.75),

which has mean 0 and variance 1. The intensity v was always fixed to 4.

For each of the eight pairs (f,6;;) and each of the three jump distri-
butions, we generated 10° samples of the two distributions referring to the
COGARCH and MCOGARCH in Equation (2.18). Table 2 reports in the
left column the choice of 8;;, whereas the other three columns report, for
each of the three jump distributions, the 25% quantile, the median, and the
75% quantile of the distribution in Equation (2.18).

Next, we applied the Wilcoxon rank sum test (also known as Mann-
Whitney test) to investigate the null hypothesis the median of the likelihood
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10 B. BUCHMANN & G. MULLER
TABLE 2
Estimated 25% quantiles, medians, and 75% quantiles for the distributions in (2.18).
jumps N(0,1) Cauchy(0, 1) mixed N
quantiles 25% median 75% 25% median 75% 25% median 75%
COGARCH COGARCH COGARCH
MCOGARCH MCOGARCH MCOGARCH
011 0.1081 0.5560 1.3888  0.5521 0.7775 1.1767  0.0909 0.5329 1.3918
0.1785 0.6977 1.3495 0.5884 0.8226 1.1811 0.1558 0.6743 1.3543
012 0.1505 0.3152 0.6449 0.4173 0.8127 1.4573  0.1436 0.3008 0.6136
0.1637 0.3377 0.6768  0.4412 0.8335 1.4505 0.1575 0.3264 0.6559
021 0.8326 1.0168 1.1711  0.9273 0.9761 1.0393 0.8307 1.0201 1.1766
0.7605 1.0114 1.2459 0.9051 0.9566 1.0539 0.7560 1.0155 1.2512
022 0.4883 0.7071 1.0086  0.7765 1.0229 1.2130 0.4797 0.6956 1.0000
0.4201 0.6077 1.0000 0.7010 1.0247 1.2676  0.4100 0.5988 0.9798
031 0.6928 0.8543 1.0621  0.8497 1.0000 1.1506 0.6863 0.8476 1.0530
0.6304 0.7841 1.0629 0.8029 1.0000 1.1881 0.6248 0.7757 1.0524
032 0.0053 0.1702 1.1056  0.3853 0.6449 1.1172 0.0028 0.1392 1.0856
0.0010 0.0590 0.9129  0.3093 0.5650 1.1090  0.0005 0.0437 0.8703
041 0.9864 1.0104 1.0735 0.8265 1.0000 1.0798 0.9863 1.0114 1.0762
0.9884 1.0100 1.0693 0.8357 1.0000 1.0779 0.9884 1.0109 1.0722
042 0.6851 0.8870 1.0000 0.6217 0.9328 1.0418 0.6750 0.8802 1.0000

0.6963 0.8942 1.0000

0.6281 0.9360 1.0388

0.6865 0.8874 1.0000

ratio for the COGARCH experiment equals the median of the likelihood ratio
for the MCOGARCH experiment. Table 3 reports the values of the Wilcoxon
test statistic W, together with the corresponding p-values. For each jump
distribution, the first column corresponds to a sample size of 10%, the second
row to 10°, and the third column to a sample size of 10° per experiment.
Obviously, the p-values tend to 0 as the sample size increases. Based on
108 samples, the null hypothesis is most significantly rejected, for all three
jump distributions and for all eight parameter vectors 6;;. In other words,
there is strong evidence that, in the case of uncomplete observations, the
randomly thinned GARCH and the COGARCH experiment are not statis-
tically equivalent for these jump distributions. This confirms our conjecture,
that Theorem 2.3 holds in a much more general formulation for quite arbi-
trary jump distributions.

2.4. Complete Observations. In the last subsections we have investigated
both convergence and equivalence in deficiency of a variety of GARCH-type
experiments under the assumption that their volatility processes h,, h and
I are unobservable. In this subsection we are dealing with the less realistic
situation where the corresponding volatility processes are observable in full,
though. To this end, consider the following GARCH-type experiments in
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TABLE 3

11

Wilcoxzon rank sum test: Values of Wilcoxon test statistic W and corresonding p-values.

jumps N(0,1) Cauchy(0, 1) mixed N
sample size 10* 10° 10° 10* 10° 10° 10* 10° 10°
W statistic W statistic W statistic

p-value p-value p-value

011 -7.10 -24.12 -73.91 -8.82 -25.46 -73.81 -8.11 -24.01 -71.91
0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
012 -3.04 -14.90 -47.21 -0.35 -2.73 -9.90 -6.04 -15.37 -48.40
0.0024 0.0000 0.0000  0.7245 0.0064 0.0000 0.0000 0.0000 0.0000
021 -1.56 -3.20 -12.52 8.71 31.90 98.90 -0.45 -3.45 -14.05
0.1189 0.0014 0.0000  0.0000 0.0000 0.0000 0.6545 0.0006 0.0000
022 12.10 44.13 136.09 -1.92 -2.69 -8.28 14.17 45.16 141.15
0.0000 0.0000 0.0000  0.0546 0.0070 0.0000  0.0000 0.0000 0.0000
031 12.38 37.96 116.09 1.76 2.16 10.30 12.07 38.89 119.95
0.0000 0.0000 0.0000 0.0788 0.0311 0.0000  0.0000 0.0000 0.0000
032 11.34 39.48 126.96 11.63 33.04 100.34 13.59 42.66 131.75
0.0000 0.0000 0.0000  0.0000 0.0000 0.0000  0.0000 0.0000 0.0000
041 0.83 1.41 5.79 -1.52 -2.85 -4.98 2.83 3.64 5.35
0.4054 0.1572 0.0000  0.1280 0.0044 0.0000  0.0047 0.0003 0.0000
042 -2.96 -3.71 -13.73 -1.29 -2.35 -2.94 -1.63 -4.81 -15.26

0.0031 0.0002 0.0000

0.1963 0.0189 0.0032

0.1041 0.0000 0.0000

continuous time with fully observed volatilities by

5h = (D27D27 (ﬁe(Gv h))

0€[0,00)4 ) ’

En = (D2, Do, (50(@73))

96[0,00)4) ’

where h is defined by the specification in (2.5) and (2.6). Similar to Subsec-
tions 2.1-2.2, where we dealt with the continuous time, both experiments &,
and SAh depend upon @ and v > 0 as well. In this subsection we will suppress
this dependence in our notations.

We need to specify a set O, C [0,00)* of exceptional points in the param-
eter space [0,00)* by

(2.19) O, = {0 = (ho, 8,2, \) € [0,00)% : hga = f3}.

Observe that ©. is closely connected to the fixpoint of the affine differ-
ential equation h'(t) =  — ah(t). Indeed, if § = (ho,5,a,\) € O, then
we have h(t) = h(t) = ho for all t € [0,T) where T is the first jump of
(M)COGARCH. It is impossible to recover the parameters (3, a, A in full
within the time horizon [0,7"). Otherwise, if hg is not the fixpoint of this
differential equation then it is always possible to recover parts of 6 by taking
appropriate derivatives. In the next proposition we formalize this idea and
show that both &, and &, are equivalent to a simple reference experiment
[cf. Subsection 4.5.1 for a formal proof].
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12 B. BUCHMANN & G. MULLER

PROPOSITION 2.1.  If Q({0}) = 0 then both &, and &, are equivalent to
F = ([0, 00]*, B([0, 00]*), (Q0)oefo,00)t) where, for 6 = (ho, B, a, A) € [0,00)*,
v > 0, we set

(2.20)
e’ €(ho,B,a,00) T (1—e7)ep, 0¢ 0.,
e 7 € (ho,00,00,00) T (1—e )eyp, 0 €0,
_ hog>0, A>0,
Q@ = e’ €(hg,00,00,00) T (1_6_7) €(hg,00,00,0) » 0 €O,
ho>0, A=0,
€(0,00,00,00) 1 0 €O, hp=0,

and ©. is the set as defined in (2.19).

REMARK 2.1. In the situation of Proposition 2.1 we require @) to satisfy
Q({0}) = 0. Indeed, if @ = ep then it is easy to see that both &, and
&, are equivalent to F where we formally set v = 0 in (2.20). Otherwise,
if Q({0}) € [0,1) then we may adjust the intensity measures of the driving
Poisson measure accordingly, to see that both &, and éh are equivalent to F,
but with 7 replaced by v Q(R\{0}) in the definition of Qy. Analogously, one
can adjust the discrete-time experiments that we consider in Proposition 2.2.
We leave the details to the reader. O

Next we investigate the discrete time experiments. Note that the initial
value of h is observable in continuous time. As a result, it is always possible
to recover the parameter hg in full. To account for this phenomenon in dis-
crete time we shall introduce the following sequence of experiments &}, m,, ,
indexed by n € N, where we set

(2.21)  Enpm, = (R B(R™?), (Lo (G, ha)) neN.

96[0,00)4) ’
Here ([0, 00)*, (H,)) is a parametrisation of the full parameter space [0, 00)*;
both G, = (Gnk)o<k<n and hy, = (hnk)o<k<n are defined by (2.3) via
Hy,(0) = (hon(0), Bn(0), an(6), \n(0)) for n € N and 6 € [0,00)* [by a slight
abuse of the previous notations]. Now we are in the position to state an
analogon of Proposition 2.1 in the discrete time [cf. Subsection 4.5.2 for a
formal proof].

PROPOSITION 2.2.  Suppose that (2.2) is satisfied for some v € (0,00)
and p, € (0,1), n € N. Let ([0,00)% Hy)nen be the parametrisation in
(2.11)~(2.12). Also, let ([0,00)%, HEY ) en and (0, 00)%, HM)en be the

parametrisations in (2.16), respectively.
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THINNED GARCH 13

If Q({0}) = 0 then the following assertions are in place as n — oo, both in
deficiency:

(i) Enn,mH, converges strongly to F.

(ii) Both & vy and €, oy are asymptotically equivalent to Fp =
([0, ], B([0, 00]*), (ngn)ge[o’oo)zl), where for n € N and 0 = (ho, B, a,\) €
[0,00)* we define Qg as Qg in (2.20), but with O, replaced by

Ocn = {0 = (ho, B, \) € [0,00)* : hon (1—e /") = 3}

Finally we are concerned with the relationships between the experiments
F and F,, n € NU{oo} [cf. Subsection 4.5.3 for a formal proof].

PROPOSITION 2.3. Lety > 0 and O # © C [0,00)*. Let F,F,, n € N,
be the experiments in Propositions 2.1 and 2.2.
Let F = ([0, 00]%, B([0, 00]4), (@9)96[0’00)4) be the experiment where for 6 =
(ho, B, a, \) € [0, 00)* we define Qp as Qg in (2.20), but with O, replaced by

0. = {012 x (0,00) x [0,00) U0, 00) x {0}? x [0, 0).

Then the following assertions hold:

~ ~

(1) Always 6(F(0),F(0)) = 6(F(O),Fn(0)) =0 for all n € N.
(ii) Further, 5(F(0), F(0)) = 0 if and only if, for all hy > 0,

(2.22) {(ﬂ,a,)\) €10,00) : (ho, B, N) € @m@emég} )
N #{(,@,a)e[o,oo)Q : HAZO(hO,B,a,)\)e@eﬁ@}—l.

(iii)  Further, lim, ..o 6(Fn(©), F(©)) = 0 if and only if there exists ng
such that, for allm > ng and hg > 0, (2.22) is in place, but with O replaced
by Oc . In particular, F,, converges weakly to F as n — oo in deficiency.

Let us rephrase our results in terms of the GARCH experiments, with the
volatility processes fully observed in both continuous and discrete time. In
contrast to the situation in Theorem 2.3 it follows from Proposition 2.1 that
the continuous-time experiments induced by (M)COGARCH are mutually
equivalent in deficiency. Depending on the parametrisation, (M)COGARCH
occurs also as the limit in deficiency of discrete-time GARCH, in particu-
lar, this is the case for the parametrisation in Proposition 2.2. In contrast
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14 B. BUCHMANN & G. MULLER

to Theorem 2.3, for a large class of parameter sets O, all of these discrete-

time experiments, i.e. gh’n,HS;))(@), gh,n,HﬁKW(@)’ gh,n,H,(LM)(@)’ are asymp-

totically equivalent to (M)COGARCH &,(©) and &,(©), in deficiency, as
n — oo, for instance, this happens if © C [0,00)* does not contain an open
neighbourhood of ©,. Since the set O, is of lower dimension than [0, o00)? it
is, thus, justified to say that the randomly thinned GARCH is generically
equivalent to COGARCH in deficiency, as n — oo.

3. Conclusion. As was shown in Maller et al. [I4] and Kallsen and
Vesenmayer [9], for a suitable parametrisations the GARCH model con-
verges to the COGARCH model in probability and in distribution, respec-
tively. These papers are dealing with a general Lévy process as driving
process of the COGARCH. In this paper we study an important special
case in Le Cam’s framework of statistical experiments, namely, we assume
that the driving process of COGARCH is a compound Poisson process and
the innovations of GARCH are randomly thinned. Then GARCH converges
generically to COGARCH, even in deficiency, provided that the volatility
processes are observed in full. Otherwise, GARCH might still have a limiting
experiment, but this will usually not be equivalent to COGARCH in defi-
ciency. In Le Cam’s framework Wang [21] and Brown et al. [5] investigated
GARCH and Nelson’s diffusion limit. They deal with aggregated Gaussian
innovations. It would be interesting to extend the analysis to more general
Lévy processes, rather than Brownian motion and compound Poisson pro-
cesses. However, this needs substantial investigations on the approximation
and randomisations of Lévy processes themselves and seems far out of reach
at the present stage of research. In any case, we believe that our analysis
offers a first important step into this direction.

4. Proofs.

4.1. Proof of Theorem 2.1. For n € N define a point measure Ny, on
[0,1] x R by

n
(4.1) Nip = 12,40 €k/n, 2.0 MEN.
k=1

Using Ni, we pass from discrete to continuous time. For n € N define
&1y = {D1, D1, (La(G1n) boejo,o0)t); Where, for all 0 < ¢ < 1, n € N and
0 = (ho, B,, A) € [0,00)%, (G1.n, h1) is the unique pathwise solution of the
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THINNED GARCH 15

following system of integral equations (¢ € [0, 1]):

(4.2) Cin(t) = / WY2(s=) 2 Nyo(ds, dz) |
[0,t]xR
hl,n(t) = ho+ ﬁ—ahl,n(s—) ds
[0,¢]
+A th(s—)z2 Nin(ds,dz).
[0,t] xR

Fix 0 = (ho, 3,a,A) € [0,00)* with a # 0. By solving the linear ode for hy ,,
in (4.2) observe that

43) () = 2 [1—eelt=O/m] 4 el=tei/nl gy (’f—l> ,
o n

for (k—1)/n <t <k/n,1 <k <nand n € N. It, thus, follows from (2.11)
and (4.3) that, for all n € N,

Phe = hoa(0).

hin (i—) = Bu(0) + i, <knl—) [an(0) + M (0) Z2 5 1] 2< k<.

hin(1/n—) = hee ®/™+

In view of (2.3) and the identities in the last display, we, thus, have hy (k)
hin ((E+1)/n)—) for all n € N, 0<k <n—1 and 6 = (hg, 3,a, ) € [0,0)
with @ > 0. A similar argument is applicable to (2.12) and 6 = (ho, 3,0, A) €
[0, 00)%. Tt, thus, follows from (2.3) and (4.2) that

'S

Lo((Grn(k/n))1<k<n) = Lo((Gn(k))1<k<n), n €N, 0€[0,00).

Note that G1,, is constant on [(k—1)/n,k/n), 1 <k <mn and n € N. Hence
é’n’ O is equivalent to £, in deficiency for all n € N by (A.2) and the
monotonicity theorem for Markov kernels [cf. [20], Lemma 1.4.2(i)].

Next we randomize the deterministic time grid. Therefore let (Uy)ren be
an iid sequence of random variables independent of the vector Z,,, where Uy,

is uniformly distributed on [0, 1]. Set
(4.4) Vo = (k=1)4+Uyg)/n, 1<k<n

and define a point process N» , by

n
(4.5) Now = 12,440 €V Zs) s MEN.
k=1
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16 B. BUCHMANN & G. MULLER

Let T be as in (2.6). Forn € Nlet £, = (D1, D1, (Lo(G2,n))ge[0,50)4 ), Where,
forall 0 <t <1,n € Nand 0 = (hg,3,a,\) € [0,00)%, (Gan,h2yn) is the
pathwise unique solution of the following system of integral equations:

(4.6) Gonlt) = / 12 (s=)z Nou(ds, dz) |
[0,¢]xR 7
hgm(t) = ho+ 0] 06— Ozhgm(s—) dTNQ,n (3)
+ A hon(s—)2* Noyu(ds,dz) .
[0,t] xR

To proceed we need the following lemma [cf. Subsection 4.2 for a proof].

LEMMA 4.1. Let N be a Poisson measure with intensity measure v£ & Q
and Ny as in (4.5). If (2.2) holds then lim,_. [|[L(N2,) — L(N)| = 0.

Let N be a Poisson measure with intensity measure 7/® Q). It follows from
(2.5) and (4.6) that there exists a family of deterministic Markov kernels
Kp : My x Dy — [0,1], indexed by 6 € [0,00)?, such that both L4(Ga,) =
KyL(N3,,) and Lo(G) = KgL(N) for all n € N and 6 € O. Since we assumed
(2.2) the assertion of Lemma 4.1 is in place, we, thus, get from (A.4) and

the monotonicity theorem for Markov kernels (cf. [20], Lemma 1.4.2(i)) that
as n — 0o,
AE&,) < o 1£6(G) = Lo(Gon)ll < IL(N) = L(Na,n)|| = 0.
€[0,00

Consequently, £ ,, converges (strongly) to £ in deficiency as n — oo. Recall
that &, m, is equivalent to £, in deficiency for all n € N. To complete the
proof of the theorem it, thus, suffices to show that £, is equivalent to £5,.

Therefore let My be the space of all nonnegative point measures on [0, 1]
with finite support. We equip this space with the o-algebra Mg generated
by the point evaluations [cf. Reiss (1993), [20], pages 5-6]. Let My ; C My
be the subset of point measures o € My such there exist m € N and 0=
to<ti <...<ty, <1 with o = Y ' e, . For 0 € My, we define mappings
Tio,T24 :[0,1] — [0,00) and T3 5,74 : [0,1] x R — [0,00) X R as follows:
if o € Mo\Mjp 1 then for all ¢ € [0,1] and z € R, we set T ,(t) = To,(t) =t
and T3 ,(t,x) = Tus(t,z) = (t,z). Otherwise, if o € My ; then there exist
m e Nand 0=tg<t;<...<tp <1 with o =3} &, and we set

t—t, k
Tis(t) = ———+ — te |tp_1,t 1<k<
170'() m(tk—tk_1)+m7 [k 1 k)? y >m,
t—1m
Tio(t) = ——™ 1 et 1]

m(tm — tmfl)
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THINNED GARCH 17

In this case, define Ty, : [0,1] x R — [0,1] X R by Ty = (T (t), z). Then
Tio :[0,tm] — [0,1] and Ty, : [0,t,] x R — [0,1] x R are bijections and
we let To, : [0,1] — [0,¢p,] and T3, : [0,1] x R — [0,%,] X R to be their
corresponding inverses.

Let n € N. Recall (4.4) and set

Min = Y vy, 16, (k/n)—Con((k1)/n)£0
k=1

My, = Z E([tn]+1)/n 1Gz,n(t)—Gz,n(t—)¢0-
0<t<1

For n € N and 7 = 1, 2, it follows from the transformation theorem that

Tite,m;,,

Gin o Tt () = [ (ha 0 Tag,, ) 3(s=) 2 Ny 0 (ds, d2)
' [0,t]xR ’ ’

hinoTin ., (t) = hot [ }5—a(hi,nOTz’,Mi,n)(S—)de’,Mi,n(S)
0.t

Tyvo s
0 A G o T )5 2 N s, )

for all t € [0,1] and 6 = (hg, 8, @,7) € [0,00)%.

Let 0 = (ho, 3,a,7) € [0,00)*. If hg==0 then it follows from (4.2) and
(4.6) and (4.7) that h;p = hinoTiag,, =0, = 1,2, a.s., and, thus,

Ly(Gin) = Lo(GinoTinm,,)) = €0, neN,i=12.

Otherwise, if hg+ 8 > 0 then it follows from (4.2) and (4.6) that h; ,(t) > 0
for all ¢ € (0,1] a.s., 4 = 1,2. In this case we have M ,,=Na,, Mo, =Ni,,

T T,
NLZMI’” — N, and Ny, """ =N, 1 and, thus, we get from (4.7) that both

Lo(G1n) = Lo(GonoTong,) and Lo(Gon) = Lo(GipnoTi,))-

for n € N. In other words, for all n € N there are Markov kernels Ko, :
Dy xDy — [0,1] and K33, : D1 XDy — [0, 1], not depending on 8 € [0, 00)*,
such that K 2,L9(Gapn) = Lo(G1,n) and Ko7 ,Lo(G15) = Lo(Ga,p) for all
0 € [0,00)*. Hence £, is equivalent to &£, in deficiency by (A.2) for all
n € N. This completes the proof of the theorem. O

4.2. Proof of Lemma 4.1. Suppose that (2.2) is satisfied for n € N, p,, €
(0,1) and v € (0,00). Let By, 1,..., By, be independent Bernoulli variables
with parameter p,. Suppose that (Uy, Zk)ren is an iid sequence of random
vectors with independent components where Uy is uniformly distributed
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18 B. BUCHMANN & G. MULLER

on (0,1) and L(Zy) = Q. Suppose that By, 1,..., By, and (Ug, Zy)ken are
independent. Observe that

L(N2,n) =L (Z Bn,ke(Vn,mzk)) ’

k=1

with V,, , = (k—=1+Uy)/n for allm € Nand 1 <k < n.
Let N, be a Poisson measure on [0, 1]®R with intensity measure np,{® Q
and define

Nox(B) :N<Bﬂ ((I‘Hk] xR)) ., BeB(0,1] xR).

n n

Then Nn,l, ..,]\Afn,n are independent Poisson point processes where, for all
n €N, 1<k <n, N, has intensity measure

k—1 k
npull © Q] <Bﬂ ((nn} X R)) . BeB(0,1] xR).
By the monotonicity theorem of Markov kernels (cf. [20], Lemma 1.4.2(i)),

observe that, for all n € N,

(4.8)  [IL(Non) — LN <

QL (Busci.n) - QL (Vo)
k=1 k=1

Denote the Hellinger’s distance between two probability measures P; and P
by H(P1, P»). This gives us the following upper bound [cf. [20], Section 1.3,
Equation (1.23) and Section 1.3, Equation (1.25)]:

n

(4.9) ’@E (Bn kE (Vi Zk) ) éﬁ ( )
< <® L ( k;€(Vk,Zk)> aé L (Nnk))

IN

1/2
(Z H2 nké‘(vk,zk)) L (Nnk))> '

Fix n € Nand 1 < k < n. Let (Vi, Zk,;) be an iid sequence of random
vectors with £(Vi1, Zk1) = L(Vi) ® @, | € N. Suppose that (Vj, Zy,) are
independent of B,, ; and 7, ; where 7, is a Poisson variable with parameter
pn. Then we have the following identities:

Bn,k Tn,k
E (Bn,kg(vk,Zk)) = ‘C (Z 5(Vk,l,Zk,l)> 9 ‘C(N’Vl,k‘) = L (Z e(Vk’l,Zk’l)> *

=1 =1
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THINNED GARCH 19

By Lemma 1.4.2(ii) in [20], for n € N and 1 < k < n, we must have
(4.10) H (£ (B eozn)) £ (Nok)) < H(L(Bog), £(7ug) -

As H(L(Bpn), L(Tax)) < 3Y2p,, [cf. [20], Theorem 1.3.1(ii)], it follows from
(4.8)—(4.10), and (2.2) that

(4.11) limsup | £(N,) — L(N,)| < limsup(3np2)/2 = 0.
n—oo n—oo
In view of a well-known upper bound of the laws of a Poisson point mea-

sures in terms of the corresponding intensity measures [cf. [20], Section 3.2,
Equation (3.8)], it follows from (2.2) and ||[{ ® Q| =1 that

(4.12) [L(NR) = LN < 3lnpn =2 QI| < 3np—A] =0, n— oco.
By means of (4.11) and (4.12), this completes the proof of the lemma. O

4.3. Proof of Theorem 2.2. Recall that Le Cam’s distance is a pseudo-
metric. In view of (A.4) and Theorem 2.1, it, thus, suffices to show (2.15).
Therefore we need some notations: for n € N let Z,, = (Z, 1)1<k<n be a
random vector with a distribution as in (2.1). Let N,, be as in (4.1) and set
|Nnll = Nn([0,1] x R), n € N. Let © be as in the assertion of the theorem.
Suppose that Hy ,, = Hy, = (ho, 1.0, B1,ns 10, A1n) 1 © — [0, o0)? satisfies the
assumptions of the theorem. Further, let Ha, = (ho2n, 02, @20, A2pn) =
e - [0,00)* be defined by the identities in (2.11)—(2.12).

For § € © and i = 1,2, let us define X ,, = (X; ,(k))1<k<n by

(413)  Xpu(k) = hi2(k=1)Zuy,  Xia(0) =0,
hi,n(k) = ﬁz,n(e) + hz,n(k_l) [az,n(e) + )\z,n(e) Z7217 ] )

hin(0) = hoin(0), neN, 1<k<n.
Let

k
(4.14) Mn,k = {J=<01)1<l<k€Nk : Zalgn}, 1<k<n,neN.
=1

By employing the conventions 0° = 1 and > )", = 0 for m <k, we set

oa—1

(4.15) Ninaio(®) = Bin(0) D [ain(0)]™,
m=0
ni,n,Z,l,cr(e) = [ai,n(e)]nga

Ninste(0) = Xin(0) [ein(0)]77.
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20 B. BUCHMANN & G. MULLER

for o = (07)1<i<k € Mp i, 1<k<n, 0<1<k—-1,i=1,2,and n € N.
Also, we define recursively functions from R* — R by setting

o1—2
(416) gi,n,O,a,G = hO,i,n(a) ai,n(e)al_l +ﬁz,n(0) Z O‘ZLTL(G)’
m=0
Ginioo®) = Nin1to®) +0in2100) Gini1.00y) +Ninsie0) yi,

for y € RF, o = (o1)1<i<k € My, 1<k<n,0<I<k—-1,i=1,2and n € N.
Let n € Nand 1 <k <mn. On {||N,|| = k} we consider the following
stopping times

0=0, 7pn=min{rve {n,_1+1,...,n}:2,, #0}, 1<m<k.

Using these stopping times let AT = ((A7y,)1<m<k) € My, be the random
vector defined componentwise by A7, = 7y, — Tt for 1<m<k.

Let i =1,2,n €N, 1<k<n and 6 € ©. On {||N,|| = 0} we set Y;,, =0.
Otherwise, let

(4.17) Yin = Yin(Oh<i<inv, = Xin(m))1<i<| N, -

In the notations of (4.15) and (4.16), Y;,, satisfies the following recursion
on {[|Np|| = k}:

(418) Yiu() = g/21~1) Zngm. Yin(0) =0, 1<I<k,

gz,n<l) = ni,n,l,l,AT(e) + gi,n(l_ 1) MNin,2,l, AT (9)
+imaiar®) gin(-1) Z5 -, 1<I<k-1,
9in(0) = Ginoare-

Recall (4.14). For all n € N, 1<k <n and 0 = (07)1<i<k € My let
(4.19) Apg = {HNnH — kA7 = 0}.

For future purposes we collect some useful inequalities into the next lemma.

LEMMA 4.2.  Suppose that (O, (H,)nen) satisfies the assumption of The-
orem 2.2. Let S € (0,00) and suppose that Q([—S,S]) = 1.

Then there ezists C' = C(S,0) € (1,00) and ny = no(S,0) € N such that
the following three inequalities are in place

IA
|Q

(4.20) 191,1,0,0,6 — G2,.,0,0,6]

(421) gi,n,l,aﬂ(y) > !

)

Q3
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. . C
(4.22) Egllg1n100Y10) = 20000 Y1)l | Anpo] < —.
foralln>ng, 1<k<n, 0<I<k—-1,0€ My, i=1,2,0€0,yc R* and
i=1,2.

Proof of Lemma 4.2. Let (O, (Hy)nen be as in in Theorem 2.2. Note that
(O, (Hipn)nen) = (O, (Hp)nen) satisfies the assumption in Theorem 2.2.
Also, recall that (0, (Han)nen) = (0, (HS )nen) is defined in (2.11)~(2.11).
In particular, observe that a; ,,(6) — 1 uniformly for all § = (hg, 3,a,\) € ©
as n — 00, i = 1,2 and, thus, there is a n; = n1(©) € N satisfying

6_1

2
for all n > nqy, i =1,2 and 6 = (hg, 3, a, \) € O.

It follows from our assumptions on (O, (H,),cn) that there exist ng =
no(©) > n; and C1 = C1(0) € (1,00) such that

(4.23) < [ain(8)]" = exp(nlog[n + n(a;n(d)—1)] —nlogn) < 2e,

R _ i+ 671 h in 0
Gintao(®) = hoin(@)oin(0)) T Emm ot 2 5((()))
671 ’
(4.24) > inf _hy > C[',
4 (ho,8,0,0)€0
and
hoin(0
(4.25) max{hom(e), Bim(0), [in(0)]", =2 ( )} < 0y,
aijn(Q)
max {|ho,1,n(0) —ho2.n(0)], [61,n(0)—B2n(0)],
Cq

‘al,n(e)_aln(e)‘? ‘)‘an)_)\ln(@)‘} < —,

for all n > ng, 1<k<n, 0<I<k—10 = (01)1<i<k € My, i =1,2,0 € 0O
and y € R¥.
Recall (4.15) and (4.16). It follows from (4.25) that we have

(4.26) max {1 n2.0(0), Ninzie®)} < Ci,
max {ni,n,l,l,a(e) 5 gi,n,O,Uﬁ} < (k+1) C112 5
C2?m
max {[[a1,,(0)]" — [a1a(0)]"]} < 11 ,

) 26203 k
e (1500 (0) ~ g1 O)] ¢ =123} < O

. ) (4e2CF)F
101,n,00.0 — 921,000 < Y
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22 B. BUCHMANN & G. MULLER

for all n > ng, 1<k<n, 0<I <k—1, 0 = (0)1<i<k € My, i = 1,2, m € Ny
and 6§ € ©.

Recall (4.18). Let S > 1 such that Q([—95,5]) = 1 and set Cy = Ca(S,0) =
e2(1 + S)2C¢ and C3 = C3(S,0) = S2Cs. It follows from an induction and
the inequalities in (4.26) that

Ee[gi,n(l)|An,k,a] < Cl2(k+1) + 012(1+S2)E9[gi,n(l_1)|An,k,a]
l

(4.27) < (k+1) Y (1+82)m et < of
m=0

and, thus,

(4.28) EolY2,()|Ano] < CF,

for all n > ng, 1<k <n, 0<I<k—-1, 0 = (07)1<i<k € Mpy, ¢ = 1,2 and
0 €0.

Finally, let C = C(S,0) = 12¢3C3C3. By an induction it follows from
(4.26)—(4.28) that

= E@ [|gl,n7l,a,9(yi,n) - g2,n7l,a,9(yvl,n)|‘An,k,o}

3
< O Immyga(0) = n2m.i(0)]
j=1
+ E@ |:|g1,n,l—1,a,9(yi,n) - QQ,n,l—l,a,@ (}/1,71) | ‘An,k70:|
< i1n0,00 — G2m000] + CF YD IMnga(0) = m2mji(0)] < -
1=1 j=1

for all n > ng, 1<k<n, 0<I<k—10 = (07)1<i<k € My and 0 € ©. This
completes the proof in view of (4.24) and (4.26). O

We provide an upper bound for conditional laws and their total variation
norm in the next lemma.

LEMMA 4.3. Suppose that QQ admits a Lebesque density f where f is
globally Lipschitz and has a compact support {f > 0}.

If (©,(Hyp)nen) satisfies the assumptions of the Theorem 2.2 then there
exist ng = no(f,©) € N and C = C(f,0) € (0,00) such that

Ck
< —

= )
n

(429) ‘ EG (}/i,n|An,k,U) - £0 (YZ,n|An,k,a)

forall® € ©, n>ng, 1<k<n and o € M,.
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Proof of Lemma /.3. By assumption we have f(x) = 0 for all |x| > S and
some S > 0. Hence there are ng = ng(f,0) € N and C1 = C1(f,60) € (1,00)
such that, for C replaced by C, the assertion of Lemma 4.2 is in place.
Let n > ng, i =1,2,0 € ©,1<k<n and 0 € M, ;. Recall (4.16). In
view of (4.21), U, 4 : R* — RF is a well-defined C*°-diffeomorphism, where
“Iji,n,a,a - (wi,n,l,aﬁ)lglgk : RF — R* is defined by
Yi

(4.30) bimtooy) = G
gz n,-,0, G(y)

for y = (y1,...,yx) € RF and 1 <1 < k. For all n > ng, 6 € ©, n > no,
1<k<n and o € M, j, we define

Hfjp;”’l""’y)), yeRF, i=1,2.
=1 gznllaOy

finkoo(y

It follows from (4.16) and (4.18) and (4.30) that f; . 400 is a density of the
probability measure Ly (Ym]AnkJ) with respect to the Lebesgue measure
(%% on B(RF). In particular, we must have

(4.31) || Lo(Yin|Anpo) — Ee(YQnIAnko)H
= 2/ ’flnkUH f2nko‘9( )|dy7

forall 0 € ©,n > ng, 1<k<n and o € M, .
Suppose that C¢ € (0,00) is a global Lipschitz constant of f. By means
of simple substitutes, for all ¢ > 0 and w, v > ¢, observe

/’fx/” . ‘”"’/“’)’dx < %(S2Cf+1) v —w|.

Consequently, for all € > 0, we find a k; = k1(f,€) € (1,00) such that

2/‘1’93/1) ) x/w)\

dr < ki(e)lv —w|, v,w>e.

In view of (4.21), there, thus, exists k2 = ka(f, ©) € (1, 00) such that

~1/2
Flu/ay, e fw/ ngn,l,l,a,e(y)
(4.32) 2 dy;

~1/2 T1/2
91 n,l-1,0,0 y) g2,n,l71,0',0(y))

< 52|g1,n,l—1,a,9(y) - gQ,n,l—l,a,Q(y” y
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24 B. BUCHMANN & G. MULLER

foralln > mng, 1<k<n, 1 <1<k o€ Mg,y € RF and 0 € ©. By
integrating over yi, we get from (4.32) that

(4.33) 2/ | Finko6(¥) = Frnkoo()| dy

f V1n1,0,0 R
/R o i/ v ;) |G91,0.k1,00(Y) — G2nk1.00(Y)] dy

=1 glnllaﬂy

IA

k—1

1 H L CIEPI(N)) I F(V2n100)) J
Rb-1 12 . 172 Y,
=1 Y91n,1- 10€(y =1 Y921 1oe(y)

for all n > ng, 1<k<n, o € M, and 0 € O. It follows from (4.22) that

k—
(4.34) /R . 11 M 191.nk1,06(Y)) = G2nk1,00())| dy

. . Cct
Eol|ltinpa0Yin) — g2,n,k—1,9(Y1,n)|‘An,k,a} < ?1

for all n > ng, 1<k<n, o€ M, and 0 € O, .
Let C' = ery Cy. By an induction we, thus, get from (4.20) and (4.33)—
(4.34) that

Ck
Hﬁe (Yl,n|An,k,0') - EG(Yé,n‘An,k,U)H < 7 )

uniformly for all n > ng, 1<k<n, 0 € M, and 6 € ©. This completes the
proof of the lemma. O

Let f be a Lebesgue density of () and © be as in Theorem 2.2. We denote
the positive part of a function g : R — R by ¢g™. Let C& be the space of
infinitely often continuously differentiable functions g : R — R with compact
support {g > 0}. As C is dense in L' we find a sequence of g,, € cg,
m € N, such that [ |gm, — f|dl — 0 as m — oo. It is immediate that both,
[ gt — fld¢ — 0 and [ g}, d¢ — 1 as m — oo. Without loss of generality, we
may, thus, assume that [ g d¢ > 0 for all m € N. Then f,, := g,/ [ g}dl
defines a sequence of globally Lipschitz continuous probability densities with
a compact support {g,, > 0} such that [ |f, — f|d¢ — 0.

For m € N let Zy(lm) = (Zf:z))lgkgn be a random vector with distribution

L(Z)B) = (1=pa)z0(B) +u [ fud)™"
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with B € B(R"), m,n € N, 1 < k < n. If we replace Z, j by ZSZ) in (4.13)
then we get yet another family of GARCH models XZ-(ZL) = (Xi(fg)(k))lgkgn,
say, indexed by € ©,i=1,2 and m, n € N.

It follows from the monotonicity theorem for Markov kernels and a well-

known upper bound for product measures [cf. [20], Lemma 1.4.2(i) & page
23] that, for all i = 1,2,

sup [|Lo(Xin) = Lo(X) < 1£(Za) = £(Z5™))]
0€B©g

(4.35) < nH.C(Zm)—E(Z(m) —"p” / o — flde.

As fp, is globally Lipschitz with a compact support { f,, > 0} for all m € Ny
the assumptions of Lemma 4.3 are in place. For all m € N there, thus, exist
nm € N and C,,, = C(fm,0) € (0,00) such that, for all n > n,,, we get by
conditioning and the monotonicity theorem for Markov kernels that

(4.36) sup [|£o(X\™)) — Lo(x§| < = [Clanu]
6ce ’

3

for Ny, as defined in (4.1). Recall (4.13). By combining (4.35) and (4.36) we
get from the triangular inequality that

2
SuPHﬁe(Gn) —/Je(G%O))H < np, /|fm — flde+ = E{Cmqu ,
0cO n

for all m € N and n > n,,. As (2.2) is in place, we have lim,_,o ECIMI

eMCm=1) and, thus,

lim sup sup Hﬁg(Gn) — Ly(G H <A hmsup/ | frn — fldl =0,
n—oo e m—00
giving (2.15). This completes the proof of Theorem 2.2. O

4.4. Proof of Theorem 2.3. We need some preparations. Let Z = (Z,,)nen
and U = (Up)nen be independent sequences of iid random variables such
that Z; and U; are standard normal and uniformly distributed on (0, 1),
respectively. For d € N, we denote the order statistics of 0,Uy,...,Uy by
0=:Ugo < Ug1 < ..<Uiq [d €N]. For each v > 0 let v = v(y) be a
Poisson random variable with parameter v > 0, independent of Z and U.
[We suppress the dependence of « in our notations in the sequel.]
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26 B. BUCHMANN & G. MULLER

In both (2.4) and (2.5), N admits a representation N = > /_; E(UyisZi)>
since N is a Poisson measure with the intensity v/ ® Q. On {v = 0} let
AU, = AG, = AG, = 0, whereas, on {v > 0}, we set

AU, = (Uvr—Uypa)i<k<v,
AG, = (GWUyk)—GUyr—))1<k<r
AG, = (GUuk) = GUpk—))1<k<w -

Let So = RO = {0} and R = J32{d} x Sy x R? where, for d € N, S, equals
the set of all w = (wy,...,wg) € (0,1)% such that 2?21 w; < 1. We endow
Sy and R with the Borel trace field B(Sy) [d > 0] and the o-algebra B,
respectively, where B is the set of all B C R such that BN ({d} x Sqx R%) €
0, {d}} @ B(Ss) ® B(RY) for all d € N.

Since we assumed that © C (0,00) x [0,00)3, and since G and G jump
always at the same time as N does, all arrival times are observed in full
and, thus, &, ¢(0) and @@(9) are equivalent to F, and ]?,y in deficiency,
respectively, in view of (A.2), where, for all v > 0, we set

]:’y = (@a ga (ﬁg(l/, AUIMAGV))GEG)) 5 ﬁ’y = (@a ga (EG(V7 AUWA@V))OGQ)'

Let @wp = 0 and, for d > 0, set Wy = (1/d,...,1/d) € R Recall that © C
(0,00) x [0,00)% and pick d € Ny, 6 = (ho, 8,0, \) € O, w = (w,...,wq) €
SqaU{wgq}. We define a diffeomorphism W, ¢ R? — R? as follows: if d = 0
then let V4,9 = 0, otherwise, if d > 0 then let

1/2
Vawo(z) = (hd,/w,b‘,k(z) Zk)
where, for 2 < k < d, recursively, we define

(3T hapi(2) = D(1mem ) e k(1 AR y) haosoa(2).

hawo,1(2) = hawes = g(l—e_m”l) +e “hy,

eneq z=(z1,...,2q) €RY,

provided « > 0, and, otherwise, if & = 0 then we set

(4.38) hd,@,w,k(z) = pPwg+ hd,@,w,k—l(z)(l + Azlz—l) )
hapwi(z) = hawe1 = Pwi+ho.

With f = dQ/dx being the Lebesgue density of a standard normal distribu-
tion we set

7{¢9L9mw(z)::
z 1—z
L (azn, @100, @) (g, @155k, )  do,
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THINNED GARCH 27

for all 01,0 € ©,0<z<1, w € SyU {4}

Finally, we recall that the Hellinger transformations of two experiments
are the same, provided they are equivalent in deficiency. We have already
shown that the assumption, that &£, o(©) is equivalent to EA%Q(@) for all
v > 0, is identical to the assumption, that ¥, is equivalent to ]?7 for all
~v > 0. By solving the linear odes in (2.4) and (2.5), we, thus, arrive at the
following identity:

Z 7 (Z) _ io: fydei’y / H (Z) diw
d91,92,wd = d' Sd d,01,62,w €®d(5’d) )

for all 01,05 € ©, 0<z< 1. In the last display the functions are analytical
in ~; hence, we must have

dw
(4.39) Ha o, .600,5,(%) / T 01620 €®d(5d>

for all d € N, 01,0, € ©, 0 < z < 1. Now we return to the proof of the
theorem:

(i) and (ii) For ¢ = 1,2 let 6; = (ho;, fi,,A) € ©. For 0 < z <1 let
g. : (0,00) — R be defined by g.(h) := h*/2/(1—z+hz)"/?, h > 0. Let
Hy, g, : [0,1] — (0,00) be defined by Hp, g,(w) = hi,u0,,1(1)/1w0,.1(1).
Observe that Hi g, g, w(2) = 92(Hg, p,(w)) for all 0 <z <1 and 0 <w <1
since we assumed that ) is the standard normal law. Further, g, is strictly
increasing on (0, 1] and strictly decreasing on [1,00); also,

d —awB1ho2 — B2ho 1
—H, = awr—- *he T4
dw 01,02 (w) e hiw,9271(1) )

Firstly, suppose that 31 = (B2 and hg1 < hop2. Then Hp, g, is strictly in-
creasing with Hp, 9,(1) < 1 contradicting (4.39) for d = 1. If 31 = (B2 and
hoi > hoz2, then Hp, g, is strictly decreasing with Hp, g,(1) > 1, again a
contradiction to (4.39). Secondly, if ho1 = ho2 and B2 < i (without loss
of generality) then Hy, g, is strictly decreasing with Hy, ¢,(0) = 1, again
contradicting (4.39). This completes the proof of (i) and (ii).

(iii) can be shown analogously to (i). O

0<w<l1.

4.5. Proofs of the results in Subsection 2.4.

4.5.1. Proof of Proposition 2.1. For f € Dy[0,1] we write Af = f(t) —
f(t—),0 <t <1, with the convention A f(0) = 0. With the usual convention
inf() = oo, define T(f) = inf{t € [0,1] : Afi(t) # 0} A1 for all f =
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28 B. BUCHMANN & G. MULLER

(f1, f2) € Ds. Let S be the set of all functions f € Dy with T'(f) € (0,1).
Let D C Ds[0,1] be the set all functions f = (f1, f2) such that the right-
hand derivatives fi(0+) and f5'(0+) exist in R. Further, let Df C SN Dg
be the set of all functions f = (f1, f2) such that the right-hand derivatives
[5(T(f)+) and f5/(T(f)+) exist in R.

Let f € Dy with T'=T(f). If f € Dy, and f5(0+) # 0 then we set

B (3002 RO 00| (£00)] 1ARD))
X = (1£0), o) 500 GRER)

If f € Dyp and f3(0+) =0 and f3(T+) # 0 then we set

(f3(T+))* = fo(T) f3(T+)

% = (10 BI0) SO,

f5(T+) U (TH) T (AA(T))?
If f € Dypand f'(0+) = f3(T+) = 0 and Afz(T) # 0 then we set
_ 1ARLM)
X(f) - <|f2(0)|70707 (Afl(T))2> :

If f € Djp and f'(0+) = f5(T+) = 0 and Afy(T) = 0 then we set X(f) =
(1f2(0)],00,00,0). If f € DF\S and f5(0+) # 0 then define
,oo).

(f3(0+))% = f2(0) f5 (0+)
f3(0+)
For the remaining cases we set X (f) = (| f2(0)], 00, 00,00). Then X : Dy —
[0, 00]* is a Do-B([0, 0o]*)-measurable mapping. Since Q({0}) = 0 it follows
from (2.4) that £ ((G,h)) = Qg for all § € [0,00)* and, thus, §(Ey, F) =
0 by (A.2), where F is the experiment as defined in the assertion of the
proposition.

Next we show that 6(F, &) = 0. To this end we define £ = (&1,...,&3) :
[0, 00]* — [0, 00)3 as follows: let w = (w1, ...,ws) € [0,00]*. If (wy,...,w3) €
[0,00)3 then we set £(w) = (wi,ws,ws); if wi € [0,00) and either wy = oo or
w3 = oo then we set {(w) = (w1,0,0); otherwise, we set &(w) = 0.

In the notations of the Introduction we define W : [0,00)% x My — Do
where, for 0 <t < 1, w = (w1,ws,w3) € [0,00)% and o € My, (fi(t), f2(t)) =
Ulw, o](t) is defined to be the unique solution of the system of the following

2 (0+)
f2(0+)

X() = (1200,

)
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integral equations
@) 0 = [ Bs)molds da,da).
[0,t] xR2
fot) = w1+/[0t}(w2—w3f2(3—))d3

+ fa(s—)23 o(ds,dz1, dzs) ,
[0,t]xRx (0,00)

Clearly, ¥ is (B(]0,00)3) ® Mz)/Ds measurable and, thus, defines a deter-
ministic Markov kernel K3 : ([0,00)3 x My) x Dy — [0, 1].

Let v be the zero measure on B([0, 1] x R?). For A > 0 let M), be a Poisson
measure on [0,1] x R? with the intensity measure v¢ ® £(Z, \'/2Z), where
L(Z) =@ and « > 0 is the intensity parameter of N in (2.4). Consider the
Markov kernel K7 : [0, 00]* x (B([0,00)3) ® M3) — [0, 1] defined by

Ey Wq = 00
K w1, w2, ws,wW4), - = £ ® 0 )
1[(w1, wa, w3, wy), -] £(w) {E(MMIMM#VO), wq <00.

Observe that KoK1Qp = Lo(G, h) for all § € [0,00)* in view of (2.4). Hence
(F,&,) =0 by (A.2).

To summarize, we have shown that &, is equivalent to F in deficiency. By
the similar arguments one can show that A(F,&,) = 0. O

4.5.2. Proof of Proposition 2.2. (i) Let H, = m [0,00)* — [0, 00)*
be as defined in (2.11)—(2.12) and define H,, : [0,00)% — M := {(x1, 22, 73) €
[0,00)% x (0,1] : 21 > 22} by

gn(h07ﬂ7a) = (ho,n<h07/87a70)7ﬂn(h07ﬂ7a70)7an(h’07lgaaa0)) )

ho, 3, € [0,00). Then H, : [0,00)3 — M x [0,00) and H,, : [0,00)3 — M
are both bijections with corresponding inverse functions H,, ! : M x [0, 00) —
[0, co)t and H, ' : M — [0,00)?, respectively. Define H, : R?* - [0,00) and
H, R* — [0,00)* by Hy(z1,22,73) = H, *(Jx1] V |72], |22, |23] A 1) and
H, (21,72, 23,74) = H, Y(|x1] V |z2|, |22|, |23] A 1, |24]) fOr 271,20, 23,24 € R
with z3 # 0.

In the sequel we write x = (z(k))o<k<n for a generical element of R™. Fix
n > 5. Let My, C [R™]? be the set of all (z,y) such that both y(0) # y(1)
and y(1) # y(2) are in place. By employing the convention inf () = oo define

T, : [R™)2 — {1,...,n+1} by
To(z,y) = inf{l<k<n: z(k) #z(k—1)} A1 (z,y) € [R™]?.
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Let S, be the set of all (z,y) € [R™]? with 3 < T(z,y) < n—2 such
that «(T) = «(T'+1) = (T +2). Consider the subset Mz, C S, of all
(z,y) € [R™)2 such that both y(T) # y(T+1) and y(T+1) # y(T+2) are
satisfied.

For all n > 5 we define a mapping X,, : [R™1]?2 — [0, 00]* as follows: fix
(z,y) € [R™]? and set T = T,,(z,y). If (z,y) € S N My, then set

i (oo Y2 802) y(2)—y()
Xalen) = B0 S e
ZCo BT RS L RN
)02 () —y(O)]fe(T)—a(T-DP

If (z,y) € Mr,\Mp,, then set

Xn(:n,y
7. (40 y(T+1)2—y(T)y(T+2) y(T+2)—y(T+1)
" y(T+1)—y(T) Toy(T+1)—y(T)
y(7T) y(T+1)* —y(My(T+2) + y(T-1)[y(T+2) y(T+1)]>
[2(T)—2(T-1)]> [y(T+1) —y(D)][=(T) —2(T-1)]?
If (x,y) € Sp\(Mon U Mry,) and y(T) # y(T—1)

(1) —y(T'-1)| )
" (2(T)—2(T-1))2 )
If (z,y) € Sp\(Mon U Mry) and y(T) = y(T' —1) then set X, (z,y) =
(Jy(0)], 00, 00, 0). If (z,y) € My,\Sy and T = n+1 then set

(= y(1)2—y(0)y(2) y(2)—y(1) -
X, (w.9) = (i 10), y(D)—y(0) ’y(l)—ym)]’ )

Otherwise, set X, (z,y) = (Jy(0)], 00, 00, 00).

Recall that both G, = (G k)o<k<n and hy, = (hpn i )o<k<n are defined by
(2.3) via (2.11)—~(2.12). For n > 5 the mapping X,, : [R™1]?) — [0,00]* is
well-defined and B([R™1]2)/B(]0, co]*)-measurable. Recall that Q({0}) =0
and, thus,

(o) = (5000,

q17n€(h07ﬁ7a7oo) + q2,7’l o
+ (1_(]1,71_QQ,n)g(hO’n(G),oo,oo,oo) ) 0 ¢ O,
(1_qQ,n) € (hg,00,00,00) + q2n€0, 0e€0O.,
Ly (G hn) = ho>0, A>0,
(1_(12,%) € (ho,00,00,00) + 42n€ (hg,00,00,0) 1 0 €O,
ho>0, A=0,
€(0,00,00,00) 1 0 €O, hg=0,
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for all n > 5, 8 = (ho, 3, a,\) € [0,00)%, where we set ¢1, = (1-p,)" and
q2.n = (1_pn)2[1 —Pn _pn(l_pn)][l_(l_pn)nizly

On the other hand, define a mapping &, = (14, ..,81n) : [0,00]* —
[0,00)* as follows: let w = (wy,...,ws) € [0,00]% If w € [0,00)* then set
& (w) = Hy(w). If w € [0,00)3 x {0} then set &,(w) = (Hp(w1,ws,ws),0).
If w € [0,00) x ({o0} x [0,00] U[0,00] x {o0}) x [0,00) then set &,(w) =
(w1,0,1,wy). If w € [0,00) x ({oo} x [0,00] U [0,00] x {o0}) x {o0} then
set &y (w) = (w1,0,1,0). Otherwise, set £(w) = 0. Define a Markov kernel
K15 1 (0,00 x B([0,00)? x [R"]?) — [0, 1] by

Kinlw, -] = €ep1(w),ena(w), nsw))

® €0, wyq = 00,
L(Zn )k (€a(W) Z2 )kl (Znp )k #0), wa<oo,

for w = (w1, wa,ws,ws) € [0,00]%, where Z,, = (Z,, k)i is the random vector
with the distribution as specified by (2.1).

Also, let Ky, @ [0,00)% x [R"]? x B([R™™]?) — [0, 1] be the Markov ker-
nel defined by the deterministic mapping (&1, &2, &3, 21, 22) — (z,y) where,
recursively, we set (0) = 0 and y(0) = & and, for 1 < k < mn,

w(k) = 2(k=1) +y" P (k=1 z1(k),  y(k) =& +y(k-1)(& + 2(k)).

For n > 5 let F,, = ([0,00]%, B([0, 00]Y), (L™ (G, hn))oe[o,00))- By construc-
tion we have §(&p, ,, Fn) = 0 by means of (A.2). For all n > 5, observe that

5(-7:7” gh,n)

IN

sup ||£9(Gn, hn) - KQ,nKl,n[’g(n (G?’Lv hn)”
0€[0,00)3

< ’1 —dqin — Q2,n’ + ’1 - (1 _pn)n - qQ,TL’ ,

and, thus, &, is strongly asymptotically equivalent to F,, as n — oo, by
means of (A.2) and (2.2). By (A.4), F,, converges strongly to the experiment
F in the assertion of Proposition 2.1, completing the proof of (i).

(ii) This follows from the same arguments as in (i). O

4.5.3. Proof of Proposition 2.3. (i) Define X, X, : [0,00]* — [0, 00]*
as follows: if w = (w1, ...,wy) € [0,00)% x {co} such that wjws = wy then
set X(w) = (w1, 00,00,00); otherwise, set X (w) = w. f w = (wq,...,wy) €
[0,00)3x {0} such that win(1—e™*3/™) = wy then set X, (w) = (w1, 00, 00, 00);
otherwise, set X, (w) =w, n € N.

By definition, the deficiency is nondecreasing in the parameter set with
respect to set-inclusions. Further, we have @gf = @y and @g(” = Qg for
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all n € N and, thus, by (A.2), that §(F(©),F(©)) < §(F,F) = 0 and
§(F(©), Fn(©)) < 86(F,Fn) = 0 for all n € N, completing the proof of (i).
(ii) Firstly, assume that O satisfies (2.22) for all z > 0. Without gener-
ality we may assume that © C [0,00)* is a finite set [cf. Theorem 51.4 in
[19]]. Define Qg to be the set of all w = (wq,wa,ws,wy) € (0,00) x {o0}? x
{0,000} such that (w1, 5,a,A) € (ON @e)\(:)e for some (3, a, ) € [0,00)3.
If w= (w1,w2,ws,ws) € Qo then it follows from (2.22) that the corre-
sponding pair (8, a) = (B(w1),a(w1)) € [0,00)? is uniquely determined by
wi. Hence we may define a mapping Y : [0,00]* — [0,00]* as follows: if
w = (w1,w2,ws,wyq) € Qg then we set Y(w) = (w1, B(w1), @(w1),ws); other-
wise, if w € [0,00]*\Qe then we set Y (w) = w. As both © and, thus, Qg
are finite sets the mapping Y is B([0, cc0]*)/B([0, oc]*)-measurable. In view
of (2.22), note that Q} = Qg for all 6 € © and, thus, §(F(0), F(©)) = 0 by
(A.2).

Secondly assume that (2.22) is violated. Then there exist hg > 0 and
01 = (ho, 81,2, A1) € ©N O, NOF and O = (ho, B2, a2, A2) € © N O, such
that (ﬁlaal) # (ﬁQaOQ)'

Consider ©¢ = {61,602} and the decision space D = {(f1,a1), (02, a2)},
endowed with the discrete topology. For 6 = (hg,3,a,\) € © consider
(continuous and bounded) loss functions Wy : D — R, where, for x =
(z1,...,24) € [0,00]*, we set Wy(z) =1 — 1{(3,a)} (2, 73). Further, we de-
fine a Markov kernel 5 : [0, 00]* x B(D) — [0, 1], where, for = € [0, 00]* and
B € B(D), we set

5. B) = | C@ran(B), i€ (0,00) x {Bi} x {ar} x[0,00),
7 6([32,&2)(3), otherwise.

Then we have [ Wy, (2)p(w,dz)Qg,(dw) = 0 for i = 1,2. On the other
hand, any Markov kernel p : [0,00]* x B(D) — [0,1] is of form p(w, B) =
P(Ww)es,,a1)(B) + (1= p(w))€(sy,a,)(B) where p : [0, oo]* — [0,1] is Borel and
w € [0,00]* and B € B(D). It is easy to see that for such a Markov kernel p
there exists a Markov kernel p : [0, 00]* x B(D) — [0,1] such that, both

/ng(x)p(w,dx) Qp, (dw) > e (1 — p(hy,00,00,00)), and
/WgQ(:U)p(w,dac) Qp,(dw) > e Tp(hg, 00, 00,00).

In view of (A.1) we, thus, have §(F(0), F(0)) > 6(F(6q), F(Oq)) > e~7/2,
which completes the proof of (ii).

(iii) This follows by the same arguments as in (ii). O
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APPENDIX

We collect necessary facts regarding Le Cam’s distance in deficiency.
The reader is referred to Le Cam [10] and Le Cam & Young [l1] and
Strasser’s monograph [19] for unexplained notations not encountered in
this section. Let © be a nonempty set and (E,.A) be a measurable space
and (Py)peo be a family of probability measures on A. Then the triplet
E=(FE, A, (Py)oco) is called a (statistical) experiment. Consider two exper-
iments & = (E;, Ai, (Pig)oco), ¢ = 1,2, indexed by ©. A decision problem
is a triple (©, D, W) where D is a topological space and W = (Wy)pep is a
loss function Wy : D — R, 6 € ©. Let ||[Wyl|loo = supgep |Wo(d)|. Also, let
€ > 0. Then & is called e-deficient with respect to &, shortly & D¢ &, iff
for all decision problems (0, D, W), with W being continuous and bounded,
and all By € B(&;, D) there exists 51 € B(E1, D) such that

Br1(Wy, Prg) < Bo(Wo, Pag) + €||Wlso » 0eo,

where B(&;, D) (i=1, 2) is the space of generalized decision functions [cf. [19],
Definition 42.2]. The deficiency of £ with respect to & is the number

(A.l) 5(51,52) = inf{e >0 : 51 De 82}

The relation & D, & is interpreted in the following sense: we have £ D, &

if £ is more informative than £ uniformly over all decision problems with

continuous and bounded loss functions up to some error €. Two experiments

&1 and & are called equivalent in deficiency iff £ Dy 2 and & Dg &1.
Recall that [cf. [19], Lemma 55.4 & Remark 55.6(2)]

(A.2) 0(&1,&) = infsup ||Prg— KP g,
K gco

with an infimum now taken over all Markov kernels K : Ey x & — [0, 1].
Le Cam’s distance between & and & is a pseudometric on the space of

all experiments indexed by © [cf. [19], Corollary 59.6], defined by setting,
(A.3) A(&1,&) = max{d(&1,E2),0(E2,E1)}-

If (E1, A1) = (E2, Ag), then we have [cf. [19], Corollary 59.6]:

(A.4) A(&1,&) < 228 |P1o— Papll -

Clearly, if £ and & are two experiments indexed by the same © then &
is equivalent to & in deficiency if and only if A(&1,&) = 0. Let &, &,,
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Fn, n € N, be experiments, all indexed by ©. Then we say that &, con-
verges (strongly) in deficiency, or, &, and F,, are (strongly) asymptotically
equivalent in deficiency iff A(E,,£) — 0 and A(&E,, Fp,) — 0 as n — oo.

For () # ©9 C © we employ the notation £(0g) = (E, A, (Py)g.e,) for
corresponding subexperiments of & = (E, A, (Py)sco). We refer to weak
convergence and weak asymptotically equivalence in deficiency iff, for all
nonempty and finite ©g C O, the corresponding subexperiments converges
strongly and are strongly asymptotically equivalent in deficiency, respec-
tively.
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