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Giv en a sample from a comp ound P oisson distribution, w e consider estimation of

the corresp onding rate parameter and base distribution. This has applications

in insurance mathematics and queueing theory . W e prop ose a plug-in t yp e

estimator that is based on a suitable in v ersion of the comp ounding op eration.

Asymptotic results for this estimator are obtained via a lo cal analysis of the

decomp ounding functional.
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1. In tro duction. The statistical problem to b e discussed in this pap er is mo-

tiv ated b y applications from insurance mathematics and queueing theory . In the

standard mo del of risk theory , see e.g. Beard, P en tik• ainen and P ersonen (1984)

or Grandell (1991), claims of random size X

1

; X

2

; X

3

; : : : arriv e at random times

T

1

; T

1

+ T

2

; T

1

+ T

2

+ T

3

; : : : . The random v ariables X

1

; X

2

; X

3

; : : : ; T

1

; T

2

; T

3

; : : : are

assumed to b e indep enden t, the X

k

, k 2 N , ha v e distribution P and the in terarriv al

times T

k

, k 2 N , are exp onen tially distributed with parameter � . In particular,

the claim arriv al times are giv en b y the p oin ts of a P oisson pro cess with constan t

in tensit y � . F or all t � 0,

S

t

:=

X

k : T

1

+ ::: + T

k

� t

X

k

(1)

is the total claim amoun t up to and including time t . Similarly , in a queueing

con text as discussed e.g. in Asm ussen (1987), if customers arriv e at a service p oin t

in bulks of size X

1

; X

2

; : : : at the time p oin ts of a P oisson pro cess then (1) giv es

the total n um b er of customers that arriv e in the time in terv al (0 ; t ].

The assumptions imply that the distribution Q of S

1

can b e written as a con v o-

lution series,

Q = 	( �; P ) with 	( �; P ) := e

� �

1

X

k =0

�

k

k !

P

?k

; (2)

Q is the comp ound P oisson distribution with rate � and base (or claim size or bulk

size) distribution P . (Unfortunately , P oisson distributions with a random param-

eter, i.e. mixed P oisson distributions, are often called comp ound in the literature.)

1



Assume no w that w e observ e the pro cess S = ( S

t

)

t � 0

at equally spaced time

p oin ts h; 2 h , 3 h; : : : ; nh . After rescaling if necessary w e ma y tak e h to b e equal

to 1. Then the incremen ts

Y

k

:= S

k

� S

k � 1

; k = 1 ; : : : ; n;

of the pro cess are indep enden t and ha v e distribution Q . Is it p ossible to `reco v er'

P (and � ) from suc h a sample of Q -observ ations? This only mak es sense if P ( X

i

=

0) = 0 as otherwise the function ( �; P ) 7! Q is not one-to-one and an iden ti�abilit y

problem arises, so w e will assume this throughout the pap er.

The `direct' problem, from P to Q , has b een considered b y Pitts (1994a), who

used the plug-in estimator deriv ed from (2),

Q

n

:= 	( �; P

n

) = e

� �

1

X

k =0

�

k

k !

P

?k

n

; (3)

where P

n

denotes the empirical distribution function asso ciated with a sample of

size n from P . The rate � w as assumed to b e kno wn. Regarding P 7! Q = 	( �; P )

as a nonlinear op erator (functional) on a suitable function space one can then

use the lo cal analytic prop erties of the functional, suc h as con tin uit y and di�er-

en tiabilit y , to deduce statistical prop erties of Q

n

, suc h as consistency , asymptotic

normalit y and asymptotic v alidit y of b o otstrap con�dence regions, from the corre-

sp onding prop erties of P

n

. A similar approac h w as used in Gr • ub el and Pitts (1993)

and P olitis and Pitts (2000) for nonparametric estimation in renew al theory , in

Pitts (1994b) for G/G/1 queues and in Gr • ub el and Pitts (2000) for nonparametric

estimation of p erp etuities.

In the con text of the `in v erse' problem, from Q to P , suc h a plug-in approac h

seems not to b e feasible, at least on �rst sigh t. Comp ounding transforms a probabil-

it y distribution in to a probabilit y distribution. Comp ounding can therefore easily

b e applied to empirical distributions whereas in the other direction, `decomp ound-

ing' so to sp eak, w e do not ha v e an analogue of (2) in this strict sense. Indeed, as

a rule empirical distributions are not in the range of the comp ounding functional

P 7! Q . Nev ertheless, reasonable (in the sense of b eing algorithmically feasible

and accessible to asymptotic analysis) plug-in estimators can b e constructed if

w e are prepared to mak e some sacri�ces. In the discrete situation, b y whic h w e

mean that P ( N ) = 1, w e can pro ceed in a relativ ely straigh tforw ard manner as 	

turns out to b e lo cally in v ertible if its domain is extended to general summable

sequences. The discrete case is of course the one that is of primary in terest in

queueing applications. In the general case, whic h is the natural frame for appli-

cations in risk theory , w e face the di�cult y that, roughly sp eaking, the statistical

and the algebraic-top ological asp ects of the problem do not matc h as w ell as in the

discrete case where the estimates on the Q -side con v erge in total v ariation norm,

a norm that relates w ell to con v olution. In the general case the empirical distri-

bution asso ciated with the Q -sample will only con v erge in a w eak er norm, suc h

as the suprem um distance of the resp ectiv e distribution functions, and the corre-

sp onding asymptotic normalit y result will lead to a limit pro cess whose paths are

no longer of b ounded v ariation. The concession w e mak e in this situation consists

in switc hing to a relativ ely w eak norm; ho w ev er, w e still ha v e uniform con v ergence

o v er b ounded in terv als for our general plug-in estimator.
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The pap er is organized as follo ws. Section 2 con tains the main results, �rst for

the discrete case and then for the general case. Our results are stronger for the

discrete case. W e restrict ourselv es to asymptotic normalit y whic h, as indicated

ab o v e, follo ws from a di�eren tiabilit y prop ert y of a suitably c hosen in v erse map.

W e do not discuss consistency as it is similarly related to the w eak er prop ert y of

con tin uit y . The asymptotic normalit y results can b e used in the discrete case to

obtain asymptotically correct con�dence in terv als for individual claim size proba-

bilities b y studen tization, but in order to obtain con�dence regions for the whole

probabilit y mass function or distribution function w e w ould need the quan tiles of

the distribution of some functional of an in�nite-dimensional Gaussian pro cess.

Bo otstrap con�dence regions are the practical alternativ e and the di�eren tiabilit y

prop erties that w e establish in the course of our pro ofs of asymptotic normalit y can

also b e exploited to pro v e the asymptotic v alidit y of b o otstrap con�dence regions.

The details of this argumen t ha v e b een carried out in Gr • ub el and Pitts (1993, 2000)

and will not b e rep eated here.

Section 3 discusses algorithmic asp ects and giv es some illustrativ e n umerical

examples. Pro ofs are collected in Sections 4 and 5. The last section con tains

some remarks on p ossible extensions and other asp ects of our results. A di�eren t

approac h to decomp ounding, based on lik eliho o d ideas, will b e treated in a separate

pap er.

2. Main results. W e �rst consider the discrete case, with P and Q related

b y (2) and P ( N ) = 1, whic h ob viously implies Q ( N

0

) = 1. Let p = ( p

i

)

i 2 N

0

and

q = ( q

i

)

i 2 N

0

with p

i

:= P ( f i g ), q

i

:= Q ( f i g ) b e the resp ectiv e probabilit y mass

functions. The comp ound mass function can b e obtained recursiv ely from the rate

and the mass function of the base distribution b y

q

0

= e

� �

; q

i

=

�

i

i

X

j =1

j p

j

q

i � j

for all i 2 N : (4)

F orm ulas of this t yp e arise quite generally in the con text of discrete in�nite divisi-

bilit y , see e.g. Johnson, Kotz and Kemp (1992), p.352. In insurance mathematics,

(4) is kno wn as P anjer recursion. The recursion can easily b e in v erted to giv e

� = � log q

0

; p

i

= �

q

i

q

0

log q

0

�

1

iq

0

i � 1

X

j =1

j p

j

q

i � j

for all i 2 N : (5)

No w assume that Y

1

; : : : ; Y

n

are indep enden t with common distribution Q . The

asso ciated empirical probabilit y mass function q

n

= ( q

n;i

)

i 2 N

0

is giv en b y

q

n;i

:=

1

n

#

�

1 � m � n : Y

m

= i

	

:

W e risk an am biguit y in order to k eep the notation compact: q with a single index

i or j refers to the comp onen ts of q , q with index n to the empirical probabilit y

mass function. As in the step from (2) to (3) w e de�ne the plug-in estimators �

n

and p

n

= ( p

n;i

)

i 2 N

0

for � and p b y �

n

= � log q

n; 0

,

p

n;i

= �

q

n;i

q

n; 0

log q

n; 0

�

1

iq

n; 0

i � 1

X

j =1

j p

n;j

q

n;i � j

for all i 2 N
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and p

n; 0

= 0. Degenerate cases suc h as q

n; 0

= 0 need separate consideration. W e

handle this together with a similar asp ect relating to p

n

: W e are in terested in sta-

tistical prop erties suc h as consistency and asymptotic normalit y , whic h b oth refer

to a top ology on some space for the estimates. W eak con v ergence for distributions

on N

0

is equiv alen t to con v ergence in total v ariation norm b y Sc he� � e's theorem,

whic h leads us to consider the space

`

1

:=

n

a 2 R

N

0

:

1

X

i =0

j a

i

j < 1

o

of absolutely summable sequences of real n um b ers together with the norm

k a k

1

:=

1

X

i =0

j a

i

j :

W e write �

k

= ( �

k i

)

i 2 N

0

for the elemen t of `

1

that has �

k k

= 1 and all other

en tries equal to 0. Ob viously , q

n

is a random elemen t of `

1

but a priori there is

no guaran tee that P anjer in v ersion sta ys inside this space, i.e. w e migh t w ell ha v e

p

n

=2 `

1

. In Section 4 w e will sho w that

lim

n !1

P

�

q

n; 0

= 0 or p

n

=2 `

1

�

= 0 :

Hence, if w e simply put �

n

= 1 and p

n

= �

1

if q

n; 0

= 0 or p

n

=2 `

1

then w e can regard

our estimates as elemen ts of the space R � `

1

. In our �rst result, w eak con v ergence

refers to the pro duct top ology on this space that is generated b y euclidean distance

on the �rst and b y k � k

1

on the second factor. The condition on p is discussed in

Section 4 b elo w.

Theorem 1 Assume that

P

1

i =1

p

1 = 2

i

< 1 and let ( r

i

)

i 2 N

0

b e de�ne d r e cursively

by

r

0

:=

1

q

0

; r

i

:= �

1

q

0

i

X

j =1

q

j

r

i � j

for al l i 2 N : (6)

Then

�

p

n ( �

n

� � ) ;

p

n ( p

n

� p )

�

c onver ges in distribution to a c entr e d Gaussian

r andom element

�

� ; ( Z

i

)

i 2 N

0

�

of R � `

1

as n ! 1 with Z

0

� 0 and c ovarianc e

structur e

E �

2

= r

0

� 1 ;

E � Z

i

=

1

�

�

p

i

� r

i

� p

i

r

0

) for al l i 2 N ;

E Z

i

Z

j

=

1

�

2

�

p

i

r

j

+ p

j

r

i

+ p

i

p

j

r

0

� p

i

p

j

+

i

X

l =0

r

l

r

l + j � i

q

i � l

�

for al l i; j 2 N with j � i � 1 :

(7)
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W e no w turn to the general case. F or simplicit y w e assume that � is kno wn. As in

the discrete case w e ha v e P and Q related b y (2) and Y

1

; : : : ; Y

n

indep enden t with

distribution Q . Let F and G b e the distribution functions of P and Q resp ectiv ely;

G

n

with

G

n

( x ) :=

1

n

n

X

m =1

1

[0 ;x ]

( Y

m

) for all x � 0

is the empirical distribution function asso ciated with Y

1

; : : : ; Y

n

. (Here and in the

follo wing 1

A

denotes the indicator function of the set A .) These functions are

elemen ts of the space D = D ([0 ; 1 )) of functions h : [0 ; 1 ) ! R that are righ t-

con tin uous and ha v e left-sided limits, w e also require that lim

x !1

f ( x ) exists for

elemen ts of this space. F or an y suc h function h w e write h

�

for the function

x 7! h ( x ) � h (0). If h is the distribution function of some probabilit y measure then

the transition from h to h

�

corresp onds to the remo v al of the atom at zero of this

measure. F or example, G

�

n

( x ) is the fraction of strictly p ositiv e Y -v alues that are

less than or equal to x . W e no w de�ne an estimator F

n

for F b y

F

n

( x ) :=

1

X

k =1

( � 1)

k +1

e

�k

�k

�

G

�

n

)

?k

( x ) for all x � 0 : (8)

Of course, ` ? ' con tin ues to denote con v olution whic h, ho w ev er, is no w de�ned only

on a subset of D � D (details are giv en in Section 5). Note that the absolute v alues

of the co e�cien ts in this series increase at an exp onen tial rate, so it is not clear a

priori that this de�nition mak es sense|indeed, this will b e part of our next result.

It follo ws from Lemma 7 b elo w and from the argumen ts giv en at the b eginning of

Section 4 that this new estimator is `bac kw ards compatible' to the earlier estimator

for the discrete case.

W e need one more de�nition. F or an y � 2 R let D ( � ) b e the space of all functions

f with the prop ert y that x 7! e

� � x

f ( x ) is an elemen t of D . On D w e consider the

suprem um norm

k f k

1

:= sup

x � 0

�

�

f ( x )

�

�

for all f 2 D ;

whic h mak es D a Banac h space. Similarly , when equipp ed with

k f k

1 ;�

:= sup

x � 0

e

� � x

�

�

f ( x )

�

�

for all f 2 D ( � ) ;

D ( � ) b ecomes a Banac h space. In our second main result w eak con v ergence refers

to these spaces, where the � -�eld is the one generated b y the op en balls in the

resp ectiv e norm.

Theorem 2 L et � > 0 b e such that

R

e

� � x

F ( dx ) < (log 2) =� . Then

p

n ( F

n

� F )

c onver ges in distribution as n ! 1 with r esp e ct to

�

D ( � ) ; k � k

1 ;�

�

to a c entr e d

Gaussian pr o c ess Z with c ovarianc e structur e

E Z

s

Z

t

=

Z Z

G

�

�

( s � u ) ^ ( t � v )

�

H ( du ) H ( dv ) � e

� 2 �

H

�

( s ) H

�

( t )

for al l s; t � 0 , with H given by

H ( x ) :=

1

�

1

X

k =1

( � 1)

k +1

e

�k

( G

�

)

? ( k � 1)

( x ) :

5



3. Algorithmic asp ects and n umerical examples. The (in-)famous v on

Bortk ewitsc h data (see e.g. Quine and Seneta (1987)) giv e the n um b er of deaths

caused b y horse kic ks in the Prussian arm y , for v arious corps and y ears. The v alues

0 to 4 w ere observ ed 109, 65, 22, 3 and 1 time(s) resp ectiv ely . The in terpretation

of a p ossibly comp ound rather than simple P oisson distribution as horses killing

more than one soldier in one go is somewhat far fetc hed, but it seems in teresting

to see our pro cedures at w ork with a real data set.

Plugging the q -v alues in to the in v erse P anjer recursion w e obtain the estimates

�

n

= 0 : 6069 ; p

n; 1

= 0 : 9825 ; p

n; 2

= 0 : 0396 ; p

n; 3

= � 0 : 0365 ; p

n; 4

= 0 : 0207 ;

all rounded to four decimal places. Note the o ccurrence of a negativ e v alue. The-

orem 1 can b e used to obtain asymptotically correct con�dence in terv als for the

individual estimators, using plug-in estimates (again) for the unkno wn asymptotic

co v ariances. Estimates for r can b e obtained from the q -estimates via (6), and (7)

leads to the estimate

� Z

1

Z

2

Z

3

Z

4

� 0 : 8349

Z

1

0 : 4531 1 : 0926

Z

2

� 0 : 5193 � 1 : 5048 2 : 2433

Z

3

0 : 0468 0 : 4860 � 0 : 9019 0 : 5674

Z

4

0 : 0456 � 0 : 0591 0 : 1467 � 0 : 1707 0 : 1171

for the asymptotic co v ariance matrix. With n = 200 w e obtain the v alues 0 : 0739,

0 : 1060, 0 : 0533 and 0 : 0242 for the standard errors of the individual estimates, again

rounded to four decimal places. The estimates for the mass function p are therefore

all within one standard deviation of p = �

1

, whic h corresp onds to an ordinary

P oisson distribution. Hence, on the basis of these calculations there is no reason

to assume that horses run amok.

W e no w consider a non-discrete example with sim ulated data. The righ t-hand

plot in Figure 1 displa ys the estimates obtained for t w o samples of size 1000 from

a comp ound P oisson distribution with rate 2, the left-hand plot sho ws the empiri-

cal distribution functions for the comp ound data. The claim size distribution is a

mixture of the exp onen tial distribution with parameter 1 and the distribution con-

cen trated at the single v alue 1, with mixing co e�cien ts 2/3 and 1/3 resp ectiv ely;

the corresp onding distribution function is displa y ed as a dotted line. T o obtain the

estimates n umerically w e discretized the data and then applied the in v erse P anjer

recursion giv en in (5). The argumen ts giv en in Section 5 for the di�eren tiabil-

it y of the decomp ounding functional can easily b e adapted to obtain a v ersion of

con tin uit y that justi�es this appro ximation, hence the c hoice of the discretization

parameter is not a ma jor issue here. W e men tion in passing that using P anjer

recursion instead of transform metho ds a v oids problems that ma y arise with the

latter if the F ourier transform of the q -sequence winds ab out 0; see Em brec h ts,

Gr • ub el and Pitts (1993), Gr • ub el and Hermesmeier (1999) and the references giv en

there for FFT based calculation of comp ound distributions and Buc hmann (2001)

for the homotop y problem. Using recursion rather than transform metho ds also

mak es it p ossible to calculate a �nite initial segmen t of the distribution functions

of in terest.
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Figure 1: Tw o estima tes f or the tot al and the

individual claim size distribution ( n = 1000, � = 2)

While the t w o comp ound empirical distribution functions are relativ ely close to eac h

other, this is not the case for the t w o estimates of the base distribution function.

Figure 2 sho ws that increasing the sample size impro v es the estimate, but that

increasing the rate leads to a deterioration.
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Figure 2: Estima tes f or the individual claim size distribution

(left: n = 10000, � = 2, righ t: n = 10000, � = 5)

W e notice that the estimates for the base distribution are not distribution functions

as they are, as a rule, not increasing; see Section 6.3 for p ossible mo di�cations. The

estimates capture the jump at 1. Also, the precision seems to decrease for increasing

x -v alues, in accordance with our results.

7



4. Pro of of Theorem 1. In the discrete case the basic con v olution inequalit y

k a ? b k

1

� k a k

1

k b k

1

for all a; b 2 `

1

can b e used to transfer the familiar p o w er series calculus to `

1

. In particular,

exp( a ) :=

1

X

k =0

1

k !

a

?k

is w ell-de�ned on the whole of `

1

and writing

^a ( z ) :=

1

X

i =0

a

i

z

i

; � 1 < z < 1 ;

for the generating function asso ciated with a = ( a

i

)

i 2 N

0

2 `

1

w e ha v e

^

b ( z ) = exp

�

^a ( z )

�

for b := exp ( a )

(it should alw a ys b e clear from the con text whic h space the exp onen tial function

refers to). This implies

d

dz

^

b ( z ) =

�

d

dz

^a ( z )

�

^

b ( z ) ;

whic h up on comparing co e�cien ts leads to

b

0

= exp( a

0

) ; ib

i

=

i

X

j =1

j a

j

b

i � j

for all i 2 N :

This sho ws that P anjer recursion can b e regarded as an algorithm that implemen ts

the exp onen tial function on `

1

(in fact, on ev en larger spaces).

W e require t w o more prop erties of the exp onen tial function on `

1

, b oth are easily

v eri�ed with the help of generating functions. First,

exp( a + b ) = exp( a ) ? exp( b ) for all a; b 2 `

1

;

second, using the fact that w e deal with real v ector spaces throughout,

exp( a ) = exp( b ) ) a = b for all a; b 2 `

1

:

As a �rst application of these rules w e obtain that q = exp

�

� ( p � �

0

)

�

has a

con v olution in v erse giv en b y q

? ( � 1)

= exp

�

� � ( p � �

0

)

�

. Comparing co e�cien ts in

q

? ( � 1)

? q = �

0

sho ws that q

? ( � 1)

= r with r as in the statemen t of Theorem 1; in

particular, r 2 `

1

. Let �; p; q and �

n

; p

n

; q

n

b e as in Section 2.
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Lemma 3 If k q

n

� q k

1

< k r k

� 1

1

then

( �

n

� � ) �

0

+ �p � �

n

p

n

=

1

X

k =1

1

k

�

r ? ( q � q

n

)

�

?k

:

Pr oof: The series

a

n

:=

1

X

k =1

1

k

�

r ? ( q � q

n

)

�

?k

con v erges in `

1

b ecause of







r ? ( q � q

n

)







1

� k r k

1

k q

n

� q k

1

< 1 :

W e kno w that

� log(1 � z ) =

1

X

k =1

1

k

z

k

; � 1 < z < 1 ;

whic h results in

exp

�

� ^a

n

( z )

�

= ^r ( z ) ^q

n

( z ) :

This means that w e ha v e found an elemen t b

n

:= � ( p � �

0

) � a

n

of `

1

suc h that q

n

=

exp( b

n

). As explained ab o v e, the comp onen ts of q

n

can b e obtained recursiv ely from

those of b

n

. In v erting the recursion, using the fact that the exp onen tial function is

one-to-one on `

1

and using the de�nition of �

n

and p

n

in Section 2 w e �nally see

that

a

n

= � ( p � �

0

) � �

n

( p

n

� �

0

)

whic h implies the statemen t of the lemma. �

Our next auxiliary result can b e regarded as a di�eren tiabilit y prop ert y of a

function closely related to discrete decomp ounding. Con v ergence refers to k � k

1

.

Pr oposition 4 If

p

n ( q

n

� q ) ! a as n ! 1 for some a 2 `

1

then

p

n ( � � �

n

) �

0

+

p

n ( �

n

p

n

� �p ) ! r ? a:

Pr oof: As the condition implies q

n

! q w e ma y assume b ecause of Lemma 3

that

( �

n

� � ) �

0

+ �p � �

n

p

n

=

1

X

k =1

1

k

�

r ? ( q � q

n

)

�

?k

:

This in turn implies

p

n ( � � �

n

) �

0

+

p

n ( �

n

p

n

� �p ) = r ?

�

p

n ( q

n

� q )

�

+ b

n

with

b

n

:= �

p

n

1

X

k =2

1

k

�

r ? ( q � q

n

)

�

?k

:

As con v olution is con tin uous w e obtain the limit r ? a for the �rst term in the

decomp osition, hence it remains to sho w that b

n

tends to 0 in `

1

. This ho w ev er is

ob vious from

k b

n

k �







p

n ( q � q

n

)







1

k r k

1

1

X

k =1

1

k + 1

�

k r k

1

k q � q

n

k

1

�

k

and k q

n

� q k

1

! 0. �

9



On �rst sigh t it seems that this prop osition is of little use as w e do not ha v e

p oin t wise con v ergence of the random quan tities

p

n ( q

n

� q ), where q

n

denotes the

empirical mass function asso ciated with a sample of size n from q . What w e do

ha v e is the follo wing consequence of the Boriso v-Durst theorem, see e.g. Dudley

(1999), Theorem 7.3.1.

Pr oposition 5 If

P

1

i =0

q

1 = 2

i

< 1 then

p

n ( q

n

� q ) c onver ges in distribution to

a c entr e d Gaussian pr o c ess V = ( V

i

)

i 2 N

0

with c ovarianc e

co v ( V

i

; V

j

) = �

ij

q

i

� q

i

q

j

for al l i; j 2 N

0

:

F urther, if

p

n ( q

n

� q ) c onver ges in distribution then

P

1

i =0

q

1 = 2

i

< 1 .

T o see that

P

1

i =0

q

1 = 2

i

< 1 follo ws from the condition

P

1

i =1

p

1 = 2

i

< 1 in Theo-

rem 1 w e note that the function � ,

� ( a ) :=

1

X

i =0

j a

i

j

1 = 2

;

has the prop erties

� ( a + b ) � � ( a ) + � ( b ) ; � ( �a ) � j � j

1 = 2

� ( a ) ; � ( a ? b ) � � ( a ) � ( b ) :

Using these and monotone con v ergence w e obtain

1

X

i =0

q

1 = 2

i

�

1

X

k =0

�

e

� �

�

k

k !

�

1 = 2

�

1

X

i =1

p

1 = 2

i

�

k

;

whic h giv es the desired implication. In fact, the t w o conditions are equiv alen t,

the other direction b eing immediate from q

i

� �e

� �

p

i

, hence

P

1

i =1

p

1 = 2

i

< 1 is a

necessary condition in Theorem 1.

The Sk oroho d represen tation theorem pro vides the connection b et w een the dis-

tributional result in Prop osition 5 and the p oin t wise statemen t in Prop osition 4:

W e can construct a probabilit y space (


0

; A

0

; P

0

) carrying random sequences V

0

,

q

0

n

, n 2 N , suc h that L ( V

0

) = L ( V ), L ( q

0

n

) = L ( q

n

) for all n 2 N , and

lim

n !1

p

n

�

q

0

n

� q

�

( !

0

) = V

0

( !

0

) for all !

0

2 


0

(w e write L ( X ) for the distribution of the random quan tit y X ). Within this con-

struction w e can use Prop osition 4 to obtain

p

n

�

( � � �

0

n

) �

0

+ ( �

0

n

p

0

n

� �p )

�

( !

0

) ! r ? V

0

( !

0

) for all !

0

2 


0

;

where ( �

0

n

; p

0

n

) dep ends on q

0

n

exactly as ( �

n

; p

n

) dep ends on q

n

, that is, via (5).

Switc hing bac k to the original quan tities and using the distributional equalities

built in to the construction w e obtain

p

n ( � � �

n

) �

0

+

p

n ( �

n

p

n

� �p ) ! W in distribution ;

10



with W := r ? V , V as in Prop osition 5. (This is one of the standard metho ds

for pro ving w eak con v ergence, kno wn as the in�nite-dimensional delta metho d; see

Gr • ub el and Pitts (1993,2000), Pitts (1994a,b), P olitis and Pitts (2000) and the

references giv en in these pap ers for a similar treatmen t of estimation problems in

other areas.) The distributional con v ergence implies �

n

! � in probabilit y . Using

this and

p

n ( p

ni

� p

i

) =

1

�

n

�

p

n ( �

n

p

ni

� �p

i

) + p

i

p

n ( � � �

n

)

�

together with some standard rules for w eak con v ergence w e obtain

�

p

n ( �

n

� � ) ;

p

n ( p

ni

� p

i

)

�

! ( � ; Z ) in distribution ;

with � := � W

0

, Z

0

� 0 and

Z

i

:=

1

�

�

W

i

+ p

i

W

0

�

for all i 2 N :

The steps transforming V in to Z are b ounded linear op erators on `

1

, hence Z is a

cen tred Gaussian pro cess. It remains to calculate the co v ariance structure. W e do

this for the in termediate pro cess W ; the form ulas for � and Z then follo w easily

from the ab o v e de�nitions of these quan tities in terms of W .

Using r ? q = �

0

w e obtain

E W

2

0

= E ( r

0

V

0

)

2

= r

2

0

E V

2

0

= r

2

0

q

0

� r

2

0

q

2

0

= r

0

� 1 ;

and similarly , for i � 1,

E W

0

W

i

= E r

0

V

0

i

X

j =0

r

j

V

i � j

= r

0

i

X

j =0

r

j

( q

0

�

0 ;i � j

� q

0

q

i � j

)

= r

0

r

i

q

0

� r

0

q

0

( r ? q )

i

= r

i

:

The same argumen ts lead to

E W

i

W

j

=

i

X

l =0

r

l

r

l + j � i

q

i � l

for j � i � 1 :

5. Pro of of Theorem 2. W e put D ( 1 ) :=

S

� > 0

D ( � ). Let D

m

( 1 ) � D ( 1 )

b e the subset of those functions that ha v e �nite v ariation on all in terv als [0 ; x ],

x > 0. W e will use capital letters F ; G; H for elemen ts of D

m

( 1 ). Equiv alen tly ,

D

m

( 1 ) can b e considered as the space of signed measures � (hence the index `m')

with the b ound

j � j

�

[0 ; x ]

�

= O

�

e

� x

�

as x ! 1

11



for some � = � ( � ) < 1 on the increase of the total v ariation, the connection

b eing pro vided b y H ( x ) = � ([0 ; x ]). These measures in turn can b e c haracterized

b y the condition that the measure �

�

with � -densit y x 7! e

� � x

is a �nite signed

measure on the Borel subsets of the non-negativ e halfline for some � < 1 . (Our

argumen ts here and b elo w use exp onen tial tilting in a somewhat implicit manner.)

The measure asso ciated with a function H 2 D

m

( 1 ) is non-negativ e if and only if

H is (w eakly) increasing, let D

+

m

( 1 ) denote the corresp onding subset of D

m

( 1 ).

W e write D

m

, D

m

( � ) and D

+

m

, D

+

m

( � ) for the in tersection of D , D ( � ) with D

m

( 1 )

and D

+

m

( 1 ) resp ectiv ely .

Elemen ts of D

m

( 1 ) are c haracterized b y their Laplace transform,

~

H ( � ) =

Z

e

� � x

H ( dx ) for all � > � ( � ) :

If H 2 D ( � ) then the in tegral is �nite for all � > � . Con v ergence with resp ect

to k � k

1 ;�

of a sequence ( H

n

)

n 2 N

in D

+

m

( � ) to some H 2 D

+

m

( � ) implies v ague

con v ergence of the corresp onding tilted measures, whic h in turn implies

~

H

n

( � ) !

~

H ( � ) as n ! 1 for � > � . An alternativ e and more direct argumen t for this

fact can b e based on

~

H ( � ) = �

R

1

0

e

� � y

H ( y ) dy , � > 0, whic h follo ws from an

in tegration b y parts.

Lo w er case letters f ; g ; h denote generic elemen ts of D ( 1 ) that migh t ha v e in�-

nite total v ariation on �nite in terv als. F or the con v olution pro duct to b e de�ned

w e need some v ariation condition for at least one of the factors; this is discussed

in some detail in Gr • ub el and Pitts (1993). The situation here is simpler as w e deal

with the `one-sided' case only , i.e. all measures are concen trated on [0 ; 1 ), so w e

can simply write

g ? H ( x ) =

Z

g ( x � y ) H ( dy ) for all x � 0 ;

whic h should b e self-explanatory in view of the notational con v en tions in tro duced

ab o v e. Tw o useful prop erties of con v olution are collected in the follo wing lemma.

Lemma 6 (a) If H ; H

n

2 D

+

m

ar e such that lim

n !1

k H

n

� H k

1

= 0 , then

lim

n !1

k g ? ( H

n

� H ) k

1

= 0 for al l g 2 D :

(b) If H 2 D

+

m

( 1 ) then k g ? H k

1 ;�

� k g k

1 ;�

~

H ( � ) for al l � > 0 .

Pr oof: (a) The statemen t is easily c hec k ed for g = 1

[0 ;a )

, 0 < a � 1 , and

then immediately generalizes to functions g

0

that can b e written as �nite linear

com binations of suc h indicator functions. It is not di�cult to sho w that the latter

class is dense in D (see also Billingsley (1968), p.110), hence the assertion follo ws

from

k g ? ( H

n

� H ) k

1

� k g

0

? ( H

n

� H ) k

1

+ k g � g

0

k

1

�

H

n

( 1 ) + H ( 1 )

�

;

together with a standard � - � -argumen t.
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(b)

k g ? H k

1 ;�

= sup

x � 0

e

� � x

�

�

�

Z

[0 ;x ]

g ( x � y ) H ( dy )

�

�

�

� sup

x � 0

Z

[0 ;x ]

�

�

e

� � ( x � y )

g ( x � y )

�

�

e

� � y

H ( dy )

� k g k

1 ;�

Z

e

� � y

H ( dy ) :

�

The follo wing auxiliary result tak es o v er the role of Lemma 3 in the discrete case.

Note that w e again use the fact that our transforms are real-v alued.

Lemma 7 If G is a distribution function with

f

G

�

( � ) < e

� �

then the series

�( G ) :=

1

X

k =1

( � 1)

k +1

e

�k

�k

( G

�

)

?k

c onver ges in D ( � ) . F urther, �( G ) = F if G = 	( �; F ) .

Pr oof: Using Lemma 6 (b) together with the ob vious inequalit y

k f k

1 ;�

� k f k

1

for all f 2 D

w e obtain

k H

?k

k

1 ;�

�

~

H ( � )

k � 1

for all k 2 N ;

if H is the distribution function for some (sub-)probabilit y . This implies the con-

v ergence of the series.

The series can ob viously b e written as the di�erence of t w o increasing functions

and is therefore an elemen t of D

m

( 1 ). The asso ciated Laplace transform is

g

�( G ) ( � ) =

1

X

k =1

( � 1)

k +1

e

�k

�k

f

G

�

( � )

k

=

1

�

log

�

1 + e

�

f

G

�

( � )

�

; � > � ;

hence the �nal statemen t of the lemma follo ws on using

exp

�

�

~

F ( � ) � �

�

=

~

G ( � ) ;

f

G

�

( � ) =

~

G ( � ) � e

� �

for all � > 0 ;

and the iden ti�abilit y of elemen ts of D

m

( 1 ) b y their Laplace transforms. �

F or all H 2 D

+

m

( 1 ) w e ha v e

f

H

�

( � ) ! 0 as � ! 1 b y dominated con v ergence,

hence the condition on G in Lemma 7 and the follo wing prop osition, whic h serv es

as the analogue of Prop osition 4 in the discrete case, is satis�ed if � is c hosen large

enough.
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Pr oposition 8 L et G , G

n

( n 2 N ) b e elements of D

+

m

with G (0) = 0 and

G

n

(0) = 0 for al l n 2 N . If

p

n ( G

n

� G ) ! h as n ! 1

with r esp e ct to k � k

1

for some h 2 D and if � is such that

~

G ( � ) < e

� �

then

p

n

�

�( G

n

) � �( G )

�

! h ? H as n ! 1

with r esp e ct to k � k

1 ;�

, with H :=

1

�

P

1

k =1

( � 1)

k +1

e

�k

G

? ( k � 1)

.

Pr oof: W e ha v e

G

?k

n

� G

?k

= ( G

n

� G ) ? H

n;k

with H

n;k

:=

k � 1

X

j =0

G

?j

n

? G

? ( k � 1 � j )

;

whic h leads to the basic decomp osition

p

n

�

�( G

n

) � �( G )

�

� h ? H = A ( N ; n ) + B ( N ; n ) + C ( N ; n ) � D ( N )

with

A ( N ; n ) :=

1

�

1

X

k = N +1

( � 1)

k +1

e

�k

k

p

n ( G

n

� G ) ? H

n;k

;

B ( N ; n ) :=

1

�

N

X

k =1

( � 1)

k +1

e

�k

k

�

p

n ( G

n

� G ) � h

�

? H

n;k

;

C ( N ; n ) :=

1

�

N

X

k =2

( � 1)

k +1

e

�k

k

�

h ? H

n;k

� k h ? G

? ( k � 1)

�

;

D ( N ) :=

1

�

1

X

k = N +1

( � 1)

k +1

e

�k

h ? G

? ( k � 1)

;

v alid for all n; N 2 N (b ecause of H

n; 1

= G

? 0

= 1

[0 ; 1 )

it is enough to start with

k = 2 in the third term). F or a giv en � > 0 w e need an n

0

2 N suc h that for all

n � n

0

the sum of the norm of the four terms is less than � , where w e ma y c ho ose

an appropriate N .

Using Lemma 6 (b) as in the pro of of Lemma 7 w e obtain

k A ( N ; n ) k

1 ;�

�

1

�

k

p

n ( G

n

� G ) k

1

1

X

k = N +1

e

�k

k

~

H

n;k

( � ) :

Let � < 1 b e suc h that

~

G ( � ) < � e

� �

. Since

~

G

n

( � ) !

~

G ( � ) as n ! 1 w e can �nd

an n

1

< 1 suc h that

~

G

n

( � ) � � e

� �

for all n � n

1

. But then

~

H

n;k

( � ) =

k � 1

X

j =0

~

G

n

( � )

j

~

G ( � )

k � 1 � j

� k �

k � 1

e

� � ( k � 1)
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so that

lim

N !1

sup

n � n

1

1

X

k = N +1

k

� 1

e

�k

~

H

n;k

( � ) = 0 :

Con v ergence of

p

n ( G

n

� G ) implies that the sequence is b ounded, hence w e obtain

lim

N !1

sup

n � n

1

k A ( N ; n ) k

1 ;�

= 0 :

The same argumen ts w ork with the fourth term, resulting in

lim

N !1

k D ( N ) k

1 ;�

= 0 :

The n um b er of terms in B ( N ; n ) and C ( N ; n ) is �nite for an y giv en N , hence it

is enough to sho w that these con v erge to 0 individually as n ! 1 . F or those

in B ( N ; n ) this follo ws from the assumptions of the theorem, the b oundedness of

~

H

n;k

( � ), n 2 N , and Lemma 6 (b). In order to deal with the terms in C ( N ; n ) w e

�rst note that, for k � 2,

H

n;k

� k G

? ( k � 1)

=

k � 1

X

j =0

�

G

?j

n

? G

? ( k � 1 � j )

� G

? ( k � 1)

�

=

k � 1

X

j =1

�

G

?j

n

? G

? ( k � 1 � j )

� G

? ( k � 1)

�

=

k � 1

X

j =1

�

G

?j

n

� G

?j

�

? G

? ( k � 1 � j )

= ( G

n

� G ) ?

k � 1

X

j =1

H

n;j

? G

? ( k � 1 � j )

:

T ogether with Lemma 6 (b) this yields

k h ? ( H

n;k

� k G

? ( k � 1)

) k

1 ;�

� k h ? ( G

n

� G ) k

1

k � 1

X

j =1

~

H

n;j

( � )

~

G ( � )

k � 1 � j

� k h ? ( G

n

� G ) k

1

k ( k � 1)

2

�

k � 2

e

� � ( k � 2)

with � and n as in the b ounds for A ( N ; n ). Lemma 6 (a) yields k h ? ( G

n

� G ) k

1

! 0

as n ! 1 . Hence w e ha v e

lim

n !1

k B ( N ; n ) k

1 ;�

= lim

n !1

k C ( N ; n ) k

1 ;�

= 0

for an y �xed �nite N 2 N .

A routine argumen t no w completes the pro of: Giv en � > 0, w e can �nd in tegers

n

1

and N suc h that k A ( N ; n ) k

1 ;�

+ k D ( N ) k

1 ;�

< �= 2 for all n � n

1

. F or this N

w e can �nd an n

2

suc h that k B ( N ; n ) k

1 ;�

+ k C ( N ; n ) k

1 ;�

< �= 2 for all n � n

2

.

This sho ws that the sum of the norm of the four terms in the decomp osition is less

than � for all n � n

0

:= max f n

1

; n

2

g . �
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F or the pro of of Theorem 2 w e no w pro ceed as in the discrete case, with the

function spaces D , D ( � ) replacing the sequence spaces that w e used in Section 4.

Con v ergence in distribution in these function spaces is a tec hnically m uc h more

complicated issue: F or details w e refer the reader to one of the excellen t re-

searc h monographs and textb o oks on this sub ject, suc h as Dudley (1999), P ol-

lard (1984), Shorac k and W ellner (1986) and v an der V aart and W ellner (1996);

Billingsley (1968) is the classic in this area.

The analogue of Prop osition 5 is the empirical cen tral limit theorem, see e.g.

p.97 in P ollard (1984). In the presen t setting this theorem states that

p

n ( G

n

� G )

con v erges in distribution to a rescaled Bro wnian bridge B � G , whic h is a cen tred

Gaussian pro cess with co v ariance function giv en b y

co v

�

( B � G )( s ) ; ( B � G )( t )

�

= E B ( G ( s )) B ( G ( t )) = G ( s ^ t ) � G ( s ) G ( t )

for all s; t � 0. As h 7! h

�

is a measurable and con tin uous linear op erator on D

this implies that

p

n ( G

�

n

� G

�

) con v erges in distribution to V := ( B � G )

�

, whic h

is again a cen tred Gaussian pro cess. A straigh tforw ard calculation sho ws that the

co v ariance structure of V is giv en b y

co v

�

V ( s ) ; V ( t )

�

= G

�

( s ^ t ) � G

�

( s ) G

�

( t )

for all s; t � 0. The distribution of the limit pro cess is concen trated on the set of

those functions in D that ha v e their discon tin uities at the jumps of G

�

, a sepa-

rable subspace of D . W e ma y therefore apply the Sk oroho d represen tation in the

form giv en on p.71 in P ollard (1984). In complete analogy with the discrete case

discussed in Section 4, no w with Prop osition 8 instead of Prop osition 4, this leads

to the con v ergence in distribution in D ( � ) of

p

n ( F

n

� F ) =

p

n

�

�( G

�

n

) � �( G

�

)

�

to Z := V ? H , with H as in the statemen t of the theorem. Again, Z arises from V

b y a deterministic linear transformation and therefore is again a cen tred Gaussian

pro cess. Its co v ariance structure is giv en b y

co v

�

Z ( s ) ; Z ( t )

�

= E V ? H ( s ) V ? H ( t )

=

Z

[0 ;s ]

Z

[0 ;t ]

E V ( s � u ) V ( t � r ) H ( du ) H ( dr )

=

Z

[0 ;s ]

Z

[0 ;t ]

�

G

�

(( s � u ) ^ ( t � r )) � G

�

( s � u ) G

�

( t � r )

�

H ( du ) H ( dr )

=

Z

[0 ;s ]

Z

[0 ;t ]

G

�

(( s � u ) ^ ( t � r )) H ( du ) H ( dr ) � G

�

? H ( s ) G

�

? H ( t ) :

T ogether with

H

�

=

1

�

1

X

k =2

( � 1)

k +1

e

�k

( G

�

)

? ( k � 1)

= �

e

�

�

1

X

k =1

( � 1)

k +1

e

�k

( G

�

)

?k

= � e

�

G

�

? H

this completes the pro of.
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6. Commen ts. In 6.1 w e discuss the connection to other sto c hastic pro cesses,

6.2 explains a testing application. Tw o v arian ts of the plug-in estimator are brie
y

considered in 6.3. The �nal subsection con tains some concluding remarks.

6.1 In the previous sections w e ha v e seen our basic problem as an inference

problem of the classical t yp e, where the observ ations are a sample from a �xed

distribution with a sp eci�c structure. W e brie
y p oin t out that the ab o v e can also

b e seen as an inference problem for sto c hastic pro cesses; in fact, w e ha v e already

men tioned in the in tro duction that the sample t ypically arises from observing some

comp ound P oisson pro cess S = ( S

t

)

t � 0

at equally spaced time in terv als. The

pro cess S can also b e regarded as a mark ed p oin t pro cess, these and their statistics

are treated in Karr (1986). This em b edding of the decomp ounding problem also

p oin ts to w ards sev eral generalizations of our basic setup. Some of these are of

theoretical in terest and ha v e considerable p oten tial for applications, e.g. pro cesses

with non-constan t rate suc h as doubly sto c hastic or Co x pro cesses. Among these,

P oisson pro cesses with a Mark o v mo dulated in tensit y ha v e receiv ed considerable

in terest o v er the y ears, see e.g. Asm ussen (1989). On o v erview of the literature on

the statistical analysis of queueing systems is giv en in Bhat et al. (1997).

6.2 F or P oisson distributions, i.e. with the base distribution concen trated at the

single v alue 1, the asymptotic co v ariance structure of the plug-in estimator giv en

in Theorem 1 can b e further ev aluated, resulting in

E �

2

= e

�

� 1 ; E � Z

1

= �

� 1

(1 + �e

�

� e

�

) ;

E Z

2

1

= �

� 2

�

�

2

e

�

� �e

�

+ e

�

� 1

�

;

E � Z

i

= � �

� 1

r

i

; E Z

1

Z

i

= �

� 2

r

i

(1 � i � � ) for i � 2 ;

E Z

i

Z

j

= �

� 2

( � 1)

j

r

i

m

i;j

for 1 � i � j;

with

r

i

= e

�

( � � )

i

i !

; m

i;j

=

i

X

l =0

�

i

l

�

�

l + j � i

( l + j � i )!

for 1 � i � j:

This displa ys the limit distribution as a function of the rate parameter � and can

b e used to obtain asymptotically correct critical regions of tests for P oissonit y , if

� is estimated b y e.g. the mean of the data. It w ould b e in teresting to compare

the p o w er of the resulting test with the p o w er of other tests of P oissonit y prop osed

in the literature, see e.g. Klar (1999) and the references giv en there, esp ecially for

comp ound P oisson alternativ es.

6.3 It is immediate from (3) (or, more probabilistically , from the in terpretation

of comp ound distributions as random sums) that q

i

> 0 for all i in the additiv e

semigroup generated b y the supp ort of p . As a consequence probabilit y mass

functions asso ciated with comp ound distribution cannot ha v e b ounded supp ort,

whic h means that the empirical mass function q

n

cannot b e the mass function of a

comp ound P oisson distribution. In particular, ev en if the P anjer in v ersion applied

to q

n

yields an elemen t of `

1

with high probabilit y if n is large, this sequence

will alw a ys ha v e negativ e en tries. Therefore, the plug-in estimator needs some

mo di�cation in order for the estimates to b e probabilit y distributions. In the

discrete case a straigh tforw ard remedy is to simply replace the negativ e en tries b y
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0 and then to normalize to k eep the sum of the en tries to b e equal to 1. This c hanges

the plug-in estimate p

n

in to �( p

n

), sa y . It is easy to see that � is con tin uous at

p , whic h means that consistency is not lost b y applying �. Ho w ev er, a similarly

straigh tforw ard transfer of asymptotic normalit y b y a delta metho d argumen t is not

p ossible as � is not di�eren tiable at p . A closer analysis, carried out in Buc hmann

(2001), sho ws that w e still ha v e con v ergence in distribution of

p

n

�

�( p

n

) � p

�

, but

that the limit is no longer Gaussian.

A second mo di�cation of the plug-in estimator is motiv ated b y the observ ation

that the sample y

1

; : : : ; y

n

from the comp ound distribution cannot p ossibly con tain

an y information ab out the base probabilities p

k

with k � z

n

:= max f y

1

; : : : ; y

n

g .

It therefore seems natural to stop the P anjer in v ersion at z

n

, as w e ha v e done in

the horse kic k example in Section 3. It is sho wn in Buc hmann (2001) that this

mo di�cation do es not c hange the distributional asymptotics.

In the con tin uous case w e ha v e the similar phenomenon that the plug-in estimator

for the distribution function of the individual claims is itself not a distribution

function (see the righ t-hand plot in Figure 1, and Figure 2). W e could asso ciate

with an y F that de�nes a signed measure distribution functions F

(1)

, F

(2)

via

F

(1)

( x ) = inf

�

F ( y ) _ 0 : y � x

	

; F

(2)

( x ) = sup

�

F ( y ) ^ 1 : y � x

	

;

but at presen t w e do not kno w the e�ect of these mo di�cations on the asymptotic

distribution of the estimators.

6.4 The theorems in Section 2 sho w that the decomp ounding problem can b e

solv ed on the usual n

� 1 = 2

-lev el, a fact that w e con tin ue to �nd sligh tly surprising.

A t least in the general case w e w ere initially regarding the problem as `ill-p osed',

with the corresp onding consequences suc h as a rate lo w er than n

� 1 = 2

for the esti-

mates. Of course, the classi�cation of a problem as ill-p osed or in v erse etc. dep ends

on the c hoice of top ologies, so our results ma y b e rephrased as sa ying that there are

statistically meaningful c hoices for the latter where decomp ounding can b e consid-

ered to b e a p erfectly regular problem. Ho w ev er, n umerical exp erimen ts suc h as

giv en in Section 3 remind us of the fact that a go o d rate is not a guaran tee for high

precision: Comparing the left-hand and the righ t-hand plot in Figure 1 sho ws that

the `constan t in fron t of the rate' ma y b e rather high. This e�ect b ecomes more

pronounced with increasing rate � . Indeed, w e kno w from the cen tral limit theo-

rem for random sums that the precise form of the individual claim size distribution

b ecomes irrelev an t as � ! 1 and that only the �rst t w o momen ts surviv e.

Ac kno wledgemen ts. W e w ould lik e to thank b oth referees and Editor Jon

A. W ellner for their commen ts on the �rst v ersion of this pap er, in particular for

dra wing our atten tion to sev eral references that w e had o v erlo ok ed.
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