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ABSTRACT. This paper studies large dam models where the difference between
lower and upper levels L is assumed to be large. Passage across the levels
leads to damage, and the damage costs of crossing the lower or upper level are
proportional to the large parameter L. Input stream of water is described by
compound Poisson process, and the water cost depends upon current level of
water in the dam. The aim of the paper is to choose the parameters of output
stream (specifically defined in the paper) minimizing the long-run expenses.
The particular problem, where input stream is Poisson and water costs are
not taken into account has been studied in [Abramov, J. Appl. Prob., 44
(2007), 249-258]. The present paper partially answers the question How does
the structure of water costs affect the optimal solution? In particular the case

of linear costs is studied.
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1. INTRODUCTION

A large dam is defined by the parameters L'°"®" and L"PP®'| which are, re-
spectively, the lower and upper levels of the dam. If the current level is be-
tween these bounds, the dam is assumed to be in a normal state. The difference
L = L"PPer — [lower jg Jarge, and this is the reason for calling the dam large. This
property enables us to use asymptotic analysis as L — oo and solve easier different
problems of optimal control than we would were the dam not large.

Let L, denote the water level at time ¢t. If L'°V°" < L, < L!°%°' then the state
of the dam is called normal. Passage across lower or upper level leads to damage.
The costs per time unit of this damage is J; = j1 L for lower level and, respectively,
Jo = jo L for upper level, where j; and js are given real constants. The water inflow
is described by the compound Poisson process. Namely, the probability generative
function of input amount of water (which is assumed to be an integer-valued random

variable) in an interval ¢ is given by

(1.1) fi(z) = exp {—/\t (1 - Zrizi> } ,

where 7; is the probability that at a specified moment of Poisson arrival the amount
of water will increase by 4 units. In practice this means that the arrival of water
is registered at random instants t1, o, ...; the times between consecutive instants
are mutually independent and exponentially distributed with parameter A, and
quantities of water (number of water units) of input flow are specified as a quantity
i with probability 7; (r1 + 72 + ... = 1). Clearly that this assumption is more
applicable to real world problems than the assumption of [4] that the arrival of water
units is registered by counter at random instants ¢, to, ..., and the times between
consecutive instants are mutually independent and exponentially distributed with
parameter A. For example, the assumption made in the present paper enables
us to approach a continuous dam model, assuming that the water levels L; take
the discrete values {jA}, where j is a positive integer and step A is a positive
small real constant. In the paper, however, the water levels L; are assumed to be
integer-valued.

The outflow of water is state-dependent as follows. If the level of water is between

L'°%" and LUYPPT| then an interval between departures of units of water (inverse
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output flow) has the probability distribution function Bj(x). If level of water
exceeds L"PP®T then an inverse output flow has the probability distribution function
Bs(z). The probability distribution function By (z) is assumed to obey the condition
fooo xdBy(z) < 1. If the level of water is L'°¥ exactly, then output of water is
frozen, and it resumes again as soon as the level of water exceeds the level LW,
(The exact mathematical formulation of the problem taking into account some
specific details is given below.)

Let cr, denote the cost of water at level L;. The sequence c¢; is assumed to be

positive and non-increasing. The problem of the present paper is to choose the

parameter fooo xdBj(x) of the dam in the normal state minimizing the objective

function
Lupper
(1.2) J=pii+pdat Y. g,
7;:Llower_;’_l
where
(13) P = t1i>r20 Pr{Lt — LlOwer}j
(1.4) p2 = tlirgo Pr{L, > L"PPe},
(1.5) i = lim Pr{L; = Liower 44}, i=1,2,..., L.

Usually the level L% is identified with an empty queue (i.e. L°"*" := 0 and
Lveeer .= [) and the dam model is the following queueing system with service
depending on queue-length. If immediately before a service beginning the queue-
length exceeds the level L, then the customer is served by the probability distri-
bution function Bs(x). Otherwise, the service time distribution is Bi(z). The
value p; is the stationary probability of empty system, the value ps is the station-
ary probability that a customer is served by probability distribution Ba(z), and
g, 1 =1,2,..., L, are the stationary probabilities of the queue-length process, so
p1+ p2 + Ele gi = 1. (For the described queueing system, the right-hand side
limits in relations ([3))-(LH) do exist.)

In our study, the parameter L increases unboundedly, and we deal with the series
of queueing systems. The parameters above, such as p1, p2, J1, J1 as well as other
parameters are functions of L. The argument L will be often omitted in these

functions.
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Similarly to [4], it is assumed that the input parameter A, the probabilities 71,
ra,...and probability distribution function Bs(z) are given, while the appropriate
probability function Bj(z) should be chosen from the specified parametric family of
functions Bj(x,C). (Actually, we deal with the family of probability distributions
Bi(x) depending on two parameters § and L in series, i.e. Bi(z,d,L). Then the
parametric family of distributions Bj(z,C) is described in the limiting scheme as
0L — C, so the parameter C' belongs to the family of possible limits of L as § — 0
and L — oo.

The outflow rate, should be chosen such that to minimize the objective function
of ([2)) with respect to the parameter C, which results in choice of the correspond-
ing probability distribution function B;(z,C) of that family.

More particular problems have been studied in [4] and [5] (see also [7]). The
simplest model with Poisson input stream and the objective function having the
form J = p1Jy + p2Jo (i.e. the water costs are not taken into account), has been
studied in [4]. In was shown in [4] that the solution to the control problem is

unique and has one of the following three forms. Denote ps = A [~ zdBz(z) and

= p(C) = )\fooo xdBi(x,C). In the case j1 = ja 1ﬁ2p2 the optimal solution is

p1 = 1. In the case j1 > jo 1f"’p the optimal solution has the form p; = 1+ 4,

2
where 0(L) is a small positive parameter, and 6(L)L — C as L — oco. In the case

P2
1—p2

71 < J2 , the optimal strategy has the form p; = 1 — 4, and §(L)L — C as
L — o0o. The parameter C' is a unique solution of a specific minimization problem
precisely formulated in [4]. It has been also shown in [4] that the solution to the
control problem is insensitive to the type of probability distributions Bj(z) and
Bsy(z). Specifically, it is expressed via the first moment of By(z) and the first two
moments of By (x). The aforementioned cases fall into the category of heavy traffic
analysis in queueing theory. There are many papers related to this subject. For
some recent references, we mention the papers of Whitt [23], [24] and books of Chen
and Yao [8] and Whitt [22], where a reader can find many other references.

A more general model, taking into account the water costs has been reported
in unpublished manuscript [5]. The results of [4] and [5] have also been discussed

(without detailed proofs) in review paper [7], where the problem of the present

paper has been formulated as future research problem.
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Similarly to [4], we use the notation py; = A [° 2'dBy(z), | = 2,3. The exis-
tence of a moment of the order corresponding to p;; will be specially assumed in
formulations of statements corresponding to case studies.

Compared to the earlier studies, the solution of the problems in the present paper
requires a much deepen and delicate analysis. For example, asymptotic methods
of [4] do not longer work, and one should use more delicate techniques instead.
Essential difficulty of the control problem in the present formulation is to prove a
uniqueness of the optimal solution, while in the case of the particular problem of
[4], the uniqueness of the solution followed automatically from the explicit repre-
sentations of the functionals obtained there.

It is assumed in the present paper that ¢; is a not increasing sequence. If the cost
sequence ¢; were an arbitrary bounded sequence, then a richer class of possible cases
could be studied. However, in the case of arbitrary cost sequence, the solution need
not be unique, and arbitrary costs ¢;, say increasing in i, seem not to be useful
and, therefore, are not considered here. Note, that a not increasing sequence ¢;
depends on L in series. This means that as L changes (increasing to infinity) we
have different not increasing sequences (see example in Section [M). Taking ¢; and
cy, fixed for all L, then for all L we have not increasing bounded sequences c¢;.

More realistic models arising in practice assume that the probability distribu-
tion function B (z) should also depend on 4, i.e have representation B ;(z). The
model of the present paper, where Bj(z) is the same for all ¢, under appropriate
additional information can approximate those more general models. Namely, one
can suppose the stationary service time distribution Bj(x) has the representation
Bi(x) = EL: ¢iB1,i(z) (¢, i = 1,2,..., L are the state probabilities), and the so-
lution to lt:hle control problem for Bj(x) enables us to find then the approximate
solutions to the control problem for By ;(z), i =1,2,..., L by using the Bayes rule.
For example, the simplest model can be of the form B;(x) = aBj(z) + bB7*(z),
where a := ¢; and Bj(z) := By () for i = 1,2,..., L% < L, and, respectively,
b:=¢q; and B}*(z) := Byi(x) fori=L%+1, LY +2,..., L.

Similarly to the solution of the control problem in [4], the solution of the present
problem with extended criteria (I2]) is related to the same class of solutions as in

[4]. That is, it must be either p; = 1 or one of two limits of p; = 1+4, py = 1 -4 for
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positive small vanishing § as L increases indefinitely, and L§ — C. The reason for
this is, that the penalties upon reaching upper or lower level are of order O(L) (i.e.
they increase to infinity as L — oo with proportion to L), while the water costs are
assumed to be bounded as L tends to infinity, and although the water costs affect
the solution of the control problem, this influence remains in the framework of the

same class of solutions mentioned above.
The following questions are of special interest here.
1. What is the structure of an optimal solution? Is an optimal solution unique?

The answer on these questions is the main result of the paper. These questions
are answered by Theorem We prove that a solution to the control problem
does exist uniquely, however there are some additional mild assumptions related
to the class of probability distributions {Bj(x)}. The proof of the existence and
uniqueness of a solution is based on special techniques of Mathematical Analysis.
Specifically, we use the known techniques of majorization inequalities [10], [11] in
order to prove the monotonicity of specified functions. This property of monotonic-
ity together with standard theorems of the theory of analytic functions is then used

to prove a uniqueness of a solution.

2. Under what relation between ji, ja, p2, ¢; (and maybe other parameters of

the model) the optimal strategy is p; = 17

For the simplest model studied in [4], the condition for p; = 1 is j; = ja 72 e
This result has a simple intuitive explanation and is a consequence of the well-
known property of the stream of lost calls during a busy period of M/GI/1/n
queues, under the assumption that the expected interarrival and service times are
equal (see Abramov [I] as well as Righter [I3] or Wolff [27]). For the same model,

taking into account the structure of water costs generally changes this condition

for the aforementioned optimal solution p; = 1. Specifically, the optimal solution

p1 = 1 is achieved under the condition j; < js , and the equality in this

P2
1—p2
relation holds if and only if the water costs are the same at all levels of water. This
result only partially answers the question. More exact answers can be obtained
in particular cases, and one of them is the case of linearly decreasing costs as the

level of water increases (for brevity, this case is called linear costs). In the case

of linear costs we derive more exact and useful representations, which enable us
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to calculate numerically the relation between j; and jo to have finally the optimal
solution p; = 1. The relevant numerical results are provided for special values of
the parameters of the model.

The rest of the paper is organized as follows. In Section [2] the main ideas and
methods of asymptotic analysis are given. In Section 2], the basic methods related
to state dependent queueing system with ordinary Poisson input that have been
used in [4] are recalled. In Section 22] some extensions of these methods for
the state dependent queueing system with compound Poisson input are explained.
Specifically, a method of constructing linear representations between characteristics
of the system given in a busy period is explained.

In Section[3] the asymptotic behavior of the stationary probabilities is studied. In
Section[3.J]known Tauberian theorems that used in asymptotic analysis in the paper
are recalled. In Section[3.2] exact formulae for the stationary probabilities p; and ps
are derived. On the basis of these exact formulae, in Sections3.3]and B.4 asymptotic
theorems for the stationary probabilities p; and ps have been established.

Section [4]is devoted to asymptotic analysis of the stationary probabilities qr,_;,
1 =1,2,.... InSectiond.Tlthe explicit representation for the stationary probabilities
q; is derived. On the basis of that explicit representation and Tauberian theorems,
in following Sections [£2] and 4] asymptotic theorems for these stationary
probabilities are established in the cases p1 = 1, p1 = 1+ d and pp =1 -9
correspondingly, where positive ¢ is assumed to vanish such that L — C as L — oc.

In Section [B] the objective function given in is studied. In following Sections
Edl and 0.3 asymptotics theorems for this objective function are established in
the aforementioned cases p1 =1, p1 =1+ 6§ and p; = 1 — § correspondingly.

In Section [G] a solution to the control problem is discussed. A theorem on
existence and uniqueness of a solution is proved.

In Section[7] the case of linear costs is studied and relevant numerical results are

given.

2. METHODOLOGY OF ANALYSIS

In this section we describe general ideas that are used in the present paper. We

start from the simplest models with Poisson input, and then we explain how these



OPTIMAL CONTROL OF A LARGE DAM 9

ideas are developed for more complicated models where input process is compound

Poisson.

2.1. State dependent queueing system with Poisson input and its char-
acteristics. In this section we consider the simplest model in which arrival flow is
Poisson with parameter A\. Let T, denote the length of a busy period of this system,
and let Tél), T£2) denote the cumulative times spent for service of customers arrived
during that busy period with probability distribution functions By(z) and Ba(x)
correspondingly. For k = 1,2, the expectations of service times will be denoted
t = fooo xdBy(z), and py = Hik Let vp, V(Ll) and 1/22) denote correspondingly
the number of served customers during a busy period, and the numbers of those
customers served with probability distribution functions By (z) and Bz (x). The ran-
dom variable TL(l) coincides in distribution with a busy period of the M/GI/1/L
queueing system (L is the number of waiting places not including the place in
server). The elementary explanation of this fact is based on a property of level
crossings and the property of the lack of memory of exponential distribution (e.g.
[]), so the analytic representation for ETS) is the same as this for the expected
busy period of the M/GI/1/L queueing system. The recurrence relation for the
Laplace-Stieltjes transform and consequently that for the expected busy period of

the M/GI/1/L queueing system has been derived by Tomko [2I]. So, for ETS) the

following recurrence relation is satisfied:

(1) - (1) (Az)’
2.1 ET'Y = E ET'Y. / Az dB
(2.1) L v L—i+1 ) € ] 1(2),

where ETél) = i (The random variable Ti(l) is defined similarly to that of Tél)

for the system only having difference in the state parameter i.)

Using the obvious system of equations:

(2.2) ET, = ET"+ET?,

(2.3) Evy, = EV(Ll)—i-El/f),

and Wald’s equations (see [9], p.384)

(2.4) er® - LlgW,
H1

(2.5) BT® — 1O

H2
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one can express the quantities KT, Evy, ET£2), Eyg) and EV(L2) all via ETL(l) as
the linear functions. Indeed, taking into account that the number of arrivals during
a busy cycle coincides with the total number of customers served during a busy
period we have AETy, 4+ 1 = Evy, which together with [Z2))-([23) yields the linear
representations required.

For example,

1 1 1-
Ev?) = —— . Ppp®,
IL—p2 w1 1—po
and
1 —
ET£2) _ P2 _ P2 P1 ETS).

A(L = p2) A 1—po
As a result, the stationary probabilities p; and ps both are expressed via El/g) as

follows:

_ 1—p2

B 1 — po)ErY’
+ (p1 — p2)Evy,

p1

_ patpa(pr — DEvy)

Lt p2)EvY)
(see Section 2 of [4] for further details). It is interesting to note that the coefficients
in linear representation all are insensitive to the probability distribution functions
Bi(z) and Ba(z) and are only expressed via parameters such as pq, g2 and .

Next, the representation for ETS)

given by (21) falls into the category of con-
volution type recurrence relations. Asymptotic results as L — oo of the recurrence
relations of this type are well-known (see [20], p.22, [I2] as well as recent paper
[7). So, asymptotic results can be established for all required characteristics of

this queueing system. A more detailed information about this type of recurrence

relations and its further applications will be given in Section Bl

2.2. State dependent queueing system with compound Poisson input and
its characteristics. Certain characteristics associated with busy periods of the
queueing system MX/GI/1/L have been studied by Rosenlund [14]. Developing
the results by Tomko [2I], Rosenlund [14] has derived the recurrence relations for
the joint Laplace-Stieltjes and z-transform of two-dimensional distributions of a
generalized busy period and the number of customers served during that period.
In turn, both of these approaches [2I] and [I4] are based on well-known Takéacs’

method (see [18] or [19]).
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For further analysis [I4] used matrix-analytic techniques of complex analysis.
This type of analysis is very hard and seems cannot be easily adapted for the
purposes of the present paper, where a more general model than that from a paper
[14] is studied.

In this section we explain how the method of Section 2.]] can be extended, and
how the characteristics of the system can be expressed via the similar convolution
type recurrence relations.

Notice first, that the linear representations similar to those derived for the state
dependent queueing system with ordinary Poisson input are satisfied for the present
system as well. Indeed, equations ([Z2))-(23) all hold in the case of the present

queueing system. The only difference is that the relation between ETy, and Evy, is
(2.6) MEGET,, + E¢ = Evy,

where ¢ denotes a batch size. (It has the distribution Pr{¢c = i} = r;.) This
leads to a slight change of linear representations mentioned in Section 21 The
main difficulty of the immediate extension of the earlier results related to the case
or ordinary Poisson arrivals is that the recurrence relation for ETL(l) (or for the
corresponding quantity El/g)) is not longer satisfied to the recurrence relation of
convolution type as (2), and asymptotic analysis becomes very hard. So, we
should use another type of analysis, which is explained below.

For this system, let Tj, 7 =1,2,..., L, denote the time interval starting from the
moment when there are L — 5 + 1 customers in the system until the moment when
there remain L — j customers for the first time since its beginning. Similarly to the

notation used in Section 2.1 let us introduce the random variables Tj(l), f@), vj,

J
7D,

.7 =1,2,..., L, which have the same meaning as before. Specifically, TL

is the length a busy period starting from a single customer (1-busy period); vy, is
the number of customers served during a 1-busy period, and so on.
With the aid of the aforementioned Takdcs’ method [18], [19], one can derive the

recurrence relation similar to that of (21)). Namely,

dBl (,T),

z=0

L 0o i
~=(1) _ (1) 1d"f.(2)
(2.7) ET! —ZZOETL_Z. " /O T
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where Efél) = i, and the function f,(z) is given by ([I)). So, the only difference
between (2.1 and (2.7) is in their integrands, and in particular case 1y = 1, r; = 0,
i > 2 we clearly arrive at the same expressions. The explicit results associated with
recurrence relation (2.7) will be given later in the paper. Apparently, the similar
system of equations as (2.1 - (23] are satisfied for the characteristics of the state
dependent queueing system M~ /GI/1. Namely,

(2.8) ET, = ETY+ET?,
(2.9) Ev, = Eo{"+EA?,
(2.10) EFV = Lps®,
H1
- 1
(2.11) ET? = —Ei?.
2

) hold for characteristics of these

Therefore, the same linear representations via ETS
systems, where by p; and ps one now should mean the expected numbers of arrived
customers per service time having the probability distribution function B (z) and,
respectively, Ba(x).

Let us now consider the length of a busy period T; and associated random
variables Tél), Tf), vy, V(Ll) and Vf). Let ¢; denote a size of batch that starts a
busy period. (An integer random variable ¢; has the distribution Pr{¢c =i} = r;.)
Then 77, can be represented

G1A(L+1) _ s1—(L+1) ~
(2.12) To= Y Troin+ Y. T
i=1 i=1

where 1-busy periods TL—z‘+1, 1 =1,2,..., L are mutually independent;

TVO denotes a special 1-busy period that starts from a service time having the
probability distribution function Bj(z) and all other service times are mutually
independent and identically distributed having the probability distribution Bs(z),
and the distributions of interarrival times and batch sizes are the same as in the

original state dependent queueing system;

Tvoyi, i = 1,2,..., is a sequence of independent and identically distributed 1-
busy periods of the M* /G/1 queueing system, the service times of which all are

independent and identically distributed random variables having the probability
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distribution function Bs(z), and the distributions of interarrival times and batch

sizes are the same as in the original state dependent queueing system;
a A'b denotes min{a, b};

in the case where ¢; — (L + 1) < 0, the empty sum in (2I2) is assumed to be

Zero.

In turn, the representation for Tél) is as follows:

SiA(L+1)
1 F(1
(2.13) Té )= E T£2i+17
i=1

where Tél) denotes a single service time having the probability distribution function
B (z).

Under the assumption that the batch size ¢; is bounded by L (i.e. instead of
¢1 the other random variable ¢; A L is considered), the linear representations hold
in the special sense which is explained below. That representation will be called
semi-linear.

Write ETVL =a+ bETél), where a and b are specified constants. Then, by the
total probability formula,

L i
EB{T|lg AL} =Y Pr{aAL=i}Y BT ji1

i=1 j=1

L 1
=S Pr{aAL=i}> (a+bETY,,,)
(2.14) i=1 j=1

L L i
= aZiPr{gl ANL=1i}+ bZPr{Q AL =i} ZET£121+1
i=1 j=1

=1

= aE(q; A L) + bEE{T M|, A L}.

This representation is semi-linear in the sense that only for all J > L
EE{T)|s1 A L} = aE(y A L) + bEE{T "], A L}.

Apparently the type of semi-linear representation similar to that of (ZI4]) is satisfied
for other characteristics such as EE{vp|¢1 AL}, EE{T£2) [stALY, EE{I/S) |siAL} and
EE{Vg) [si AL} all via EE{TF) |s1 AL}. The specific coefficients of these semi-linear

representations will be derived in the next section.
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In the limiting scheme, as L — oo, we obviously have lim;,_,o Pr{¢i AL =i} =
Pr{¢; = i}, as well as limy, oo EE{T|s1 A L} = ET}, and similarly for the other
aforementioned characteristics (where by limit we mean finite or infinite limit).
So asymptotic behavior of probabilities p; and ps as L — oo can be established
similarly to that in [4]. Asymptotic analysis of these probabilities as well as a more

delicate analysis of stationary probabilities ¢; is given in the next sections.

3. ASYMPTOTIC THEOREMS FOR THE STATIONARY PROBABILITIES P1 AND Do

In this section, the explicit expressions are derived for the stationary probabil-
ities, and their asymptotic behavior is studied. These results will be used in our

further findings of the optimal solution.

3.1. Preliminaries. Recurrence relations ([2I) and ([27) that have presented in
Section 2] and, respectively, in Section are special cases of the general convo-

lution type recurrence relation

(3.1) Qn=> Qnjlj
j=0
with fo >0, f; > 0forall j > 1, and fo+ fi+... =1, and Qo # 0. The detailed

theory of these recurrence relations can be found in Takdcs [20]. For the generating
function Q(2) = 3272, Q;27, [2| <1 we have

(3.2) Q) = ﬁ(:g()i_)

where F(2) = 372 f;2/.
Asymptotic behavior of @, as n — oo has been studied by Takdes [20] and
Postnikov [12]. Recall the theorems that we need in this paper.

d" F(z)
dzm

Denote 7y, = lim,11

Lemma 3.1. (Takdcs [20], p.22-23). Ify1 <1 then

: Qo
3.3 lim @, =
( ) n—oo Q 1-— Y1
If 1 =1 and 72 < o0, then
li Qn 2QO
im < = =<0
n—oo N, Y2

If 1 > 1, then

34 i (0 5 ) = 1o
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where § is the least in absolute value root of the functional equation z = F(z).

Lemma 3.2. (Postnikov [[12], Sect.25). Letyy =1, 72 < o0 and fo+ f1 < 1.

Then, as n — oo,

(3.5) Quir — Qn = 220 1 (1),
Y2

3.2. Exact formulae for p; and ps. In this section we derive exact represen-
tations for p; and po that expressed via El/g). We also obtain some preliminary
asymptotic representations that easily follow from explicit results and then will be
used in the sequel.

We first start from the linear representations for Eﬁ(LQ) in terms Eﬂg), which will

be substantially used later. Namely, we have the following lemma.

Lemma 3.3. For Eﬂf) for any L > 1 the following representation

(3.6) B = 5 _1p2 - 1:2;13;;1)

is satisfied, where p1 = % and py = % <1, and Eﬁ(Ll) is given by
SNy [T L)

3.7) Evp’ = ;EVLZ'JA/O 1 4 Z,OdBl(I)’

Erl =1.

Proof. Taking into account that the number of arrivals during 1-busy cycle (1-busy
period plus idle period) coincides with the number of customers served during the

same 1-busy period, according to Wald’s identity we have:
-1 -
A <ETL + X) — AET; 4+ 1= Ei, = BV + Eo?).
This equality together with (2:8)-(211)) yields the desired statement of the lemma,
where B7) in turn follows from (27) and ZI0I). O

The next step is to derive representations for EE{IJS) [stAL} and EE{V(LQ) [stAL}.

We have the following lemma.

Lemma 3.4. For EE{I/§2)|§1 A L} we have

BE(q AL 1-
(3.8) EE{/\?|q AL} = @AL) _1=pm EE{v\" | A L},
L —p2 1—p2
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where
L i
BE(v [a ALY =Y Pr{a AL=1d}Y En. .,
and El/g)]ﬂ, ji=1,2,...,L, are given by (B10).
Proof. Following the same arguments as in (2.14]), one can write
EE{v\?|c; A L} = aE(s; A L) + bEE{\"|; A L}

for specified constants a and b for which the linear representation Eﬁ(Lz) = a—l—bEﬁg)
is satisfied. Therefore, the statement of Lemma [3.4] follows immediately from that

of Lemma [3.3] O

The following lemma yields exact estimates for the difference Eué EE{V 7 )|<1 A

L}.
Lemma 3.5. We have the following estimate:
(3.9) EV(Ll) - EE{I/g)kl AL}y =Pr{¢ > L},

Proof. Similarly to (ZI3]) we have

S1A(L+1)
1 ~(1
)= Y Bl
i=1
where 1/2 )l+1’ 1=1,2,..., L are mutually independent, and V(() )= 1. Therefore,
L+1
(3.10) v = Z Pr{c A (L +1) =i} ZEVL i

In turn, the representation for EE{VL1)|§1 AL} is

L i
(3.11) B la ALy =3 Prian L =i} 3 E7LY
Subtracting 1)) from (BI0) we obtain:

Ev\Y —EE{vV | AL} =Pr{q; = L} ZEV Y4 pPr{g > L} ZENO

—Pr{q > L} Z Ev

j=1
= PI‘{§1 > L}

Relation ([B.9) is proved. O
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From Lemma we have the following important corollary.

Corollary 3.6. As L — oo,

(3.12) EvlY) — EE{u\"|q A L} = o(1),
and
(3.13) Ev? —EE{\?|¢ A L} = o(1).

Proof. Asymptotic relation [3I2) follows immediately from [3). In order to show

](\?) via EV](\}). From relation

BI3) let us first derive a linear representation of Ev
[28) and equations (Z2))-(25]) in Section 2], which also hold true in the case of
the present queueing system with batch arrivals, we obtain:

E 1-—
S P1 Ey(l)

2)
(3.14) Ev? = W,

T 1l-p2 1-p2
On the other hand, for EE{U£2)|§1 A L} representation (3.8) holds. Therefore,
comparing the terms of ([BI4]) and [B.8]) and taking into account (BI2) we easily
arrive at asymptotic relation ([B.I3). Lemma is proved. O

The following lemma presents exact formulae for the stationary probabilities pq

and po in terms of Eu(Ll).

Lemma 3.7. We have:

1—po)E
(315) P1 = ( PZ) < )’
E¢ + (p1 — p2)Evy,
and
E ~ )ELY
(3.16) , = p2Es + p2(p1 ) vy

E¢ + (p1 — P2)EV(LI)
Proof. Using renewal arguments (e.g. [15]) and relation (26, we have:

1
X E
(317) pP1 = 1 = 1 3
ETY + BT + 3 Evi! + Ev}?
and
BT £,
(3.18) P2 = L =2

1 1 2)"
BT+ BT 4 Evy!) + Evy
Now, substituting (BI4) for the right sides of B.IT) and (3.I8) we obtain rela-
tions (BI8) and (BI6) of this lemma. O
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3.3. Asymptotic theorems for p; and p; under usual assumptions. The
main result of Section is Lemma [B.7] where the stationary probabilities p; and
pe are expressed explicitly via Eu(Ll). The aim of this section is to obtain state-
ments on asymptotic behavior of p; and ps as L — oo under different assumptions
on p; such as p; < 1, p1 = 1 and p; > 1. That is, the aim is to obtain the ana-
logue of asymptotic Theorem 3.1 of [4]. To this end, we will derive an asymptotic
representation for EE{V(Ll)|§1 AL} as L — oo.

7" as L — oo. For this purpose

~(1)

Let us first study asymptotic behavior of Ev}
derive the representation for the generating function Z Ev; u’. Using represen-

7=0
tation (B1), we have (see relation ([B2])):

1) ~(1 *1 difw(z)
- ZEV wl = Zua;E Do | 35 am@
U(z)
CU(z) -2’
where

U(z) = expR —Ax | 1— riz dBs(
(3.20) ) /0 P{ ( Z >} g

Bi(A — AR(2)).

(Bi(s) denotes the Laplace-Stieltjes transform of By(z) (R(s) > 0), and R(z) =
S izt |2| < 1.) Therefore, from (3.20) and ([B.19) we obtain:
i=1

$pofhzs - B0 ARLE)

(3.21) _ 4
Bi(A = AR(z)) —

According to Lemmas [3.1] and B:2] the asymptotic behavior of El/g), as L — oo, is

given by the following statements.
Lemma 3.8. If p1 <1, then

1
(3.22) lim Eu( )=~
L—o0 1-— P1

If p1 = 1, and additionally p12 < oo and Es? < oo, then

2
3.23 EvtY — Bl = 1).
( ) vy -1 (p12_1)E§+E§2 ()
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If p1 > 1, then

- 1 1
(3.24) lim |EptY — - — = :
L—oo L1+ AB{(A = AR(@)R'(9)]] 1—p

where ¢ is the root of the functional equation z = El(/\ — )\ﬁ(z)) that is least in

absolute value.

Proof. Asymptotic relations [3:22]) and [B:24)) follow by application of those (B:3)
and (4] respectively of Lemma [B11

In order to prove asymptotic relation (323 one should apply the Tauberian
theorem of Postnikov (Lemma B.2)). Then asymptotic relation (3:23) will follow
from (B3) if we prove that the Tauberian condition fy 4+ fi < 1 of Lemma B2 is
satisfied. (For the proofs of similar statements see [2], [3] and [7].) In the case of

the present model, we must prove that for some Ay > 0 the equality
(3.25) / e M%(1 4 A\or1z)dBy (z) = 1
0

is not the case. Without loss of generality r; in ([B.23) can be set to be equal to 1,

since
/ engz(l + AoTlx)dBl({E) S/ efkoz(l + )\Ox)dBl({E)
0 0

Thus, we should prove the inequality
/ e (1 4+ \z)dBy (z) < 1.
0

Indeed, [; e **(1+Az)dB1(z) is an analytic function in A, and therefore, according
to the theorem on the maximum module of an analytic function, equality (3.25)
where 71 = 1 must hold for all A\g > 0. This means that (3.25]) is valid if and only
if
/OO e’A“z(/\O,—'I)idBl(x) =0
0 1!

for all i > 2 and Ao > 0. In this case the Laplace-Stieltjes transform By (A\) must
be a linear function in A, i.e. El(/\) = dg + di\, dy and d; are some constants.
However, since |Bj(A)| < 1, we have dy = 1 and d; = 0. This is a trivial case
where Bj(z) is concentrated in point 0, and therefore it is not a probability dis-
tribution function having a positive mean. Thus (328 is not the case, and the

aforementioned Tauberian conditions are satisfied. The lemma is proved. O
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With the aid of Lemma [B.8 one can easily obtain the statements on asymptotic
behavior of Eyg), EE{VS) |s AL} and, consequently, p; and p2. The theorem below

characterizes asymptotic behavior of the probabilities p; and ps as L — oo.

Theorem 3.9. If p; < 1, then

(3.26) Lli_I};opl(L) = 1-p,
(3.27) lim po(L) = 0.

If p1 = 1, and additionally p1 2 < oo and E¢* < oo, then

(p1,2 — 1)Es + E¢?

(3.28) Jim Lpy(L) = ; ,

(3.29) Jim Ipa(L) = - fzm (P12 — 1)2E§ + Egzl

If p1 > 1, then

(30)  tm 20 _ Q=)L ABIO - MR R ()0~ p)Bs
L=eo ¢ (p1 = p2)[1 = R()]

a1 Jim () - 20D

where @ is defined in the formulation of Lemmal38.

Proof. Let us first find asymptotic representation for EE{V(Ll)|§1 AL} as L — oo.
According to Lemma [3.8 and explicit representation ([B.I1]) we obtain as follows.
If p1 < 1, then

L
lim EE{v\"|c; AL} = lim > iPr{c AL =i}
L—oo 1-— p1 L—oo 4
(3.32) i=1
1—p1
If p1 =1, and p1,2 < 0o and E¢? < 00, then
EE{vV|c; A L} 2 L
lim L = lim iPr{Gg AL=1i
L—oo L (pLQ — 1)E§ + E§2 L—»OOE {C] }

(3.33)
2E¢

(p12 — 1)E¢ + E¢2’
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If p1 > 1, then

i EE{v"|c; A L} 1
1im = = = =
L—oo ol 1+ AB/ (A= AR(¢))R ()
L i—1
X LlEI;OZPr{gl ANL = i}ngj
=1 7=0
1
(3.34) = —~ —
[1+AB1(A = AR(p)) R (p)](1 — )
L

x LHE;OZ;Pr{q AL =i}(1—)

1 —Aﬁ(w)A ,
[1+4AB{(A = AR(9)) R (9))(1 — )

Therefore, taking into account these limiting relations [B32), 333) and (334)
by virtue of [BI2)) (Corollary B]) and explicit representations (3.15) and (314)
(Lemma [37)) for p; and po, we finally arrive at the statements of the theorem. The

theorem is proved. (I

3.4. Asymptotic theorems for p; and p; under special heavy load condi-
tions. In this section we establish asymptotic theorems for p; and ps under heavy
load assumptions where (i) p1 = 146 or (ii) p1 = 1—46, and ¢ is a vanishing positive
parameter as L — co. The theorems presented in this section are analogues of the
theorems [4] given in Section 4 of that paper. The conditions are special, because
these heavy load conditions include change of the parameter p; as L increases to
infinity and § vanishes, but the other load parameter p; remains unchanged when

the parameters L and § are changed.

In case (i) we have the following two theorems.

Theorem 3.10. Assume that pr =1+, 0 >0 and that L§ — C >0 asd — 0

and L — oo. Assume that py 3(L) is a bounded sequence, assume that E¢® < oo
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and that the limit Llim p1,2(L) = p12 exists. Then,
— 00

(3.35) P = 2(; 1+ o(1)],
o ((ﬁu —DEs + Ec2) !
2C
0poexp | —=
(336) ps = <(pl,2 - 1)E§ + E§2> [1 + 0(1)]

(1—p2) {GXP <(5172 - 12)(/];)< + E<2> - 1}

Proof. Note first, that under assumptions of the theorem there is the following

expansion for :

20
(P1,2 — 1)Es + E¢2

This expansion is similar to that given originally in the book of Subhankulov [16],

(3.37) p=1- + O(6%).

p.362, and its proof is provided as follows. Write the equation ¢ = B; (A — AR(¢))
and expand the right-hand side by Taylor’s formula reckoning that ¢ = 1— z, where

z is small enough, when ¢ is small. We obtain:

(P12 — D)Es + (1 + 6)Ec?)2>

(3.38) l—z=1-(1+6)z+ 5 +0(2%).
From (338) we arrive at the equation

p1.2 — 1)Ec + Eg?
(3.39) 524 P2 = VECHES 5 iy — o,

2

> that leads to the

The positive solution of equation 39) is z = m

expansion given by (3.37).
As well, by virtue of (B.37) we also obtain:

(3.40) 1+ AB)(A = AR())R' () = 6 + O(5?),

and in addition, according to the I’'Hospitale rule

~

lim 1- R(u) — Ec.
uTl 1—u
Hence
1-R
(3.41) L= R g4 o(1)
l—¢
Substituting B37), (3:40) and B41) into (B:34]) we obtain
e p( 20 ) 1
- _
p1.2 — 1)E¢ + E¢?2
(3.42) EE{/\"[c AL} = (P12 = LB + B Ec[1 + o(1)].

4]
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Hence, relations (8:35) and (B:36) of the theorem follow by virtue of BI2]) (Corol-

lary B:6) and explicit representations B.I5) and (B16) (Lemma B) for p; and
D2. O

Theorem 3.11. Under the conditions of Theorem [3.10 assume that C = 0. Then,

(P12 — 1)Es + E¢?

(3.43) Jim Lpi(L) = 5 :
. p2 (P12 — 1)Ec + E¢?
44 lim Lpy(L) = ’ .
(3.44) Am Lp (L) 1= 2

Proof. The statement of the theorem follows by expanding the main terms of as-

ymptotic relations [B35]) and B36]) for small C. O

In case (ii) we have the following two theorems.

Theorem 3.12. Assume that pr =1—46, 6 > 0 and that L6 - C >0 asd — 0
and L — oo. Assume that p13(L) is a bounded function, assume that E¢3 < oo

and that the limit Llim p1,2(L) = p1 2 exists. Then,
—00

(3.45) p = Gexp ((’71’2 - 12)? i E<2> [+ o(1)],
(P12 — 1)Es + E¢?
dps2 |exp ’ -1
(346) = & — ) Luo(l)].

Proof. The explicit representation for the generating function for EZJ(.l) is given by
B21). Since the sequence {Eﬁ;l)} is increasing, then the asymptotic behavior of
Eu(Ll) as L — oo under the assumptions p1 = 1 — 9, Ld — C as L — oo can be
found according to a Tauberian theorem of Hardy and Littlewood (see e.g. [12],
[16], [17], [25], and [20], p.203). Namely, according to that theorem, the behavior
of Eﬂg) as L — oo and 6 — 0 such that 6L — C > 0 can be found from the

asymptotic expansion of

Bi(A = AR(2))

(3.47) U250 a0
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as z T 1. Similarly to the evaluation given in the proof of Theorem 4.3 [4], we have:

Bi(A—AR(2))

(1-2)= =
Bi(A=AR(z)) — 2
= 1—-=2
a 12— 1)E Eq?
1—z=p(1-2)+ (P12 )2§+p1 (1 -2)2 +0((1 - 2)%)
_ 1
B p1,2 — 1)Ec + E¢?
(3.48) 54 P12 )2 1+ o((1 - 2)?)
_ 1
B p1,2 — 1)E¢ + E¢?
5{”([)12 2)5” i (1—2)]4—0((1—2)2)
: [1-+o(1)]
= o(1)].
(P12 — 1)Es + E¢?
d exp % (1-2)
Therefore, assuming that z = £-=1 — 1 as L — oo, from (3.48) we arrive at the
following estimate:
= 2
(3.49) ER) = % exp <— (P12 12)(1? B > [1+o(1)].

Comparing (3:24)) with [B.34)) and taking into account (B4I]), which holds true

in the case of this theorem as well, we obtain:

~ 2
%exp (— (P2 12)5§+E§ ) [1+0(1)].

Hence, relations (8:45) and (B:46) of the theorem follow by virtue of BI2) (Corol-

lary B:6) and explicit representations B.I5) and (B16) (Lemma B) for p; and
D2. 0

(3.50) BE{#7\"|c; AL} =

Theorem 3.13. Under the conditions of Theorem [31Z assume that C = 0. Then
we have BA3) and (BA4).

Proof. The proof of the theorem follows by expanding the main terms of the as-

ymptotic relations [3.45]) and ([B.46]) for small C'. O

4. ASYMPTOTIC THEOREMS FOR THE STATIONARY PROBABILITIES qi

The aim of this section is asymptotic analysis of the stationary probabilities ¢;,
i1=1,2,...,Las L — oco. The challenge is to first obtain the explicit representation

for ¢; in terms of EvV

., and then to study the asymptotic behavior of ¢; as L — oo
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on the basis of the known asymptotic results for Eyi(l) as L — oco. The asymptotic
results are obtained in the following three cases: p1 =1, p1 =146 and p;1 =1 -1,

where ¢ is a positive small value.

4.1. Explicit representation for the stationary probabilities ¢;. The aim of

this section is to prove the following statement.
Lemma 4.1. Fori=1,2,...,L we have
(4.1) ¢i = p1P1 (EVi(l) - El/i(i) ) .

Proof. Using renewal arguments (e.g. [15]), relation (2.6]) and Wald’s identities:

Er = 2Ly, 192, L
1 AEC Vl ) Z ) ? ) b
we have:
erM —er", B - ESY
(4.2) g =— T = p— 5 =l i=1,2,...,L.
ETL + X VL

Then, taking into account that Evy = El/g) + El/f) and applying the linear repre-
sentation for Eyg) given by (BI4), from (L2) we obtain:
1—
= —P=p) - (Euf” —Eufi>1), i=12,...
E¢ + (p1 — p2)Evp,
Hence, representation (A1) follows from BI5) (Lemma B7), and Lemma AT is

L.

proved. (I

4.2. Asymptotic analysis of the stationary probabilities ¢;: The case p; =
1. Let us study asymptotic behavior of the stationary probabilities g;. We start
from the following modified version of (B23) (Lemma B.8]):

2
4.3 Ex) _gp)
(4.3) Vi~ VrpZj—1 (1.2 — 1)Ec + E¢2 to

(1),

which is assumed to be satisfied under the conditions pi2 < oo and E¢? < oo.

Under the same conditions, similarly to [8:33]) we obtain:

2
EE{v" |a AL} —EE{v\" . | ja AL} =
{vp-jla AL} iZalan L} (p1,2 — 1)Eg + Eq?
L
(4.4) x Y iPr{cy AL =i} +o(1)
i=1
2E¢

1).
(p1,2 — 1)Es + E¢? Foll)
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Hence, according to (812) (Corollary B6) and (4] we have the estimate

(1) 2E¢
. = +o0 1).
L=i=1 " (p12 — 1)Ec + E¢?2 S

Asymptotic relations (L5, (B:28)) together with explicit relation (£1]) of Lemma
[Tl 1eads to the following theorem.

(4.5) Ev)

j—EV

Theorem 4.2. In the case p1 = 1 under the additional conditions p12 < oo and

Es? < oo for any j > 0 we have
(4.6) LIEI;O Lqr—; =1.

Note, that the asymptotic relation given by (6] does not express via E¢ and,

therefore, it is the same as for the queueing system with ordinary Poisson arrivals.

4.3. Asymptotic analysis of the stationary probabilities ¢;: The case p; =
1446, 6 > 0. In the case p1 = 144, & > 0 the asymptotic behavior of ¢; is specified
by the following theorem.

Theorem 4.3. Assume that p1 =1+6, 6 >0, and Lo — C >0 as § — 0 and
L — oco. Assume that p1 3(L) is a bounded sequence, assume that E¢® < oo and

there exists p1.2 = Llim p1,2(L). Then, for any j >0
— 00

. ( 2C >
X —
P (P12 — 1)Eg + Eg?

=i = ) ( 2C >
<p [ — _
(4.7) P (p1,2 — 1)Ec + E¢?

) <1 25 )J 25 + o)
— o= = o .
(P12 — 1)Ec+Ec? ) (p1,2 — 1)Eg + E¢?

Proof. Expanding ([3.24) for large L, we have:

- J 1
(4.8) Epy" . =  — +o(1).
L1+ ABI (A = AR(9))R/(p)]  1—m

In turn, from (@8] for large L we obtain:

_ J
(4.9) Ev) B0 = A(/l e o(1).
PF[1+ ABI(A = AR(9)) R ()]

From (4.9), similarly to (8:34), we further have:

EE{v{" | AL} —EE{v{",_ | AL}

(- }?(@)(1 —A<p)<pj
[1+ABI(A = AR(9)) R (p)](1 — )

+o(1),
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and, according to [I2) (Corollary B.6l),

(- 1%(@2)(1 —Aso)soj
[14+AB{ (A= AR(0)) R (9)](1 — )

Next, under the conditions of the theorem, asymptotic expansions (837) ([B.40)

1
(4.10)  Ev{V

1
= Euélj

o(1).

-1 =

and ([B41)) hold. Taking into consideration these expansions we arrive at the fol-

lowing asymptotic relations for j =0,1,...:

(1) o 2C
EVL,J- — El/ijf1 = exp <(ﬁl - 1)E§ T E<2>

« (1- 2 ’ 2 [+ o(1)]
(P12 —1)Es+Ec2/) (p12—1)Ec+ Eg? oAbl

Now, taking into account asymptotic relation (B38) of Theorem B0l and the ex-

plicit formula given by (£ (Lemma [L1]) we arrive at the statement of the theo-

rem. O

4.4. Asymptotic analysis of the stationary probabilities ¢;: The case p; =
1—9, 0 > 0. In the case p;1 =146, § > 0, the study is more delicate and based
on special analysis. The additional assumption of this case is that the class of
probability distribution functions {B;(z)} and Pr{¢ =4} are given such that there

exists a unique root 7 > 1 of the equation
(4.11) 2= B1 (A — AR(2)),

and there exists the first derivative B} (A — AR(7)).

Under the assumption that p; < 1 the unique root of (£II]) is not necessar-
ily exists. Such type of condition has been considered by Willmot [26] to obtain
the asymptotic behavior for high queue-level probabilities in stationary M/GI/1
queues. Denote the stationary probabilities in the M/GI/1 queueing system by
¢[M/GI/1],i=0,1,.... It was shown in [26] that

_ . (A=p)d-1) o1V 85 1 o o
(4.12) QZ[M/GI/”_Ti[1+,\]§i(,\_)\7)][1+ (1)] as ,

where B, (s) denotes the Laplace-Stieltjes transform of the service time distribution
in the M/G/1 queueing system, and T denotes a root of the equation z = By (A—Az)

greater than 1, which is assumed to be unique. On the other hand, according to
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the Pollaczek-Khintchine formula (e.g. Takacs [19], p.242), ¢;[M/GI/1] can be

represented explicitly

(4.13) GIM/GI/1] = (1—py) (Euf” - Eu(l)l) i=1,2,...,

77—

where the random variable 1/(1) in this formula is associated with the number of

served customers during a busy period of the state dependent M/G/1 queueing
system, where the value of the system parameter, where the service is changed, is
i (see Section [ZT]). Representation (£I3)) can be easily checked, since in that case
(4.14) i EvVzd = —EE(A —22)

= 1A=Az)—2
and multiplication of the right-hand side of [@I4]) by (1 — p1)(1 — z) leads to the
well-known Pollaczek-Khintchine formula. Then, from @I2]) and @I3]) there is

the asymptotic proportion for large L and any j > O:

O _ 0
B TP iy o)

(4.15)
EV(Ll) — Eu(Llll

In the case of batch arrivals the results are similar. One can prove that the same
proportion as ([£IH) holds in this case as well, where 7 in the case of batch arrivals
denotes a unique real root of the equation of ([@TIT]), which is greater than 1. (Recall
that our convention was that there is a unique real solution of ({11l greater than
1.) Indeed, the arguments of [26] are elementary extended for the queueing system
with batch arrivals. The simplest way to extend these results straightforwardly is
to consider the stationary queueing system with batch Poisson arrivals, in which
the first batch in each busy period is equal to 1. Denote this system by M1 /G/1.

For this specific system, similarly to (@I2]) we obtain:

asLX _ (1-p)A-1) o) a8 6 o0
(416) @M /Gf/ll—Ti[l+>\]§1(A_A§(T))§,(T)][1+ (1)] as ,

where ¢;[M“X/GI/1], i = 0,1,..., denotes the stationary probabilities in this

system. Then, taking into account (B:2I]), similarly to ([@.I3]) one can write
(4.17) GIMYX/GI/1 = (1— py) (Eaf” - Ez@l) Li=1,2,....

From (EI0) and ([{I7) we obtain

vt —EsV.
(4.18) 5 =" [ +o1)].
Ev,’ —Ev;’,
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From ([AI8) and the results of Sections and (see (322), B32) and BI12))

we also have the estimate

Eu(Lll‘ — El/g_) 1 )
(4.19) (i) (1)] =771+ 0(1)],
Ev,’ —Ev; 2,

which coincides with (Z15).

Now we formulate and prove a theorem on asymptotic behavior of the stationary
probabilities ¢; in the case p; = 1 — 4, 6 > 0. The special assumption in this
theorem is that the class of probability distributions {Bj(z)} is defined according
to the above convention. More precisely, in the case py = 1 -4, § > 0, and
vanishing § as L — oo this means that there exists €9 > 0 (small enough) such that
for all 0 < € < €, the above family of probability distribution functions By ()
(depending now on the parameter €) satisfies the following properties. Let Elﬁe(s)
denote the Laplace-Stieltjes transform of Bj .(x). We assume that any f?l)e(s) is

an analytic function in a small neighborhood of zero, and
(4.20) B (s) < co.

Property ([@.20) is required for the existence of the probabilities ¢;. Relation (£.16))
contains the term E{ (A — )\ﬁ(T)), and this term must be finite. In addition, the
term R'(r) < oo must be finite as well, that is, the additional to (@20) associated
assumption is that

~

(4.21) R(1+¢€) <0

for any € of the defined neighborhood. Choice of small parameter € is continuously

connected with that choice of the parameter § (or L) in the theorem below.

Theorem 4.4. Assume that the class of probability distribution functions {Bi(x)}
and the probabilities r1, ro, ... are defined according to the conventions made and
respectively satisfy [E20) and @E21), p1 =1-0,6 >0, and L§ - C >0, asd — 0

and L — oco. Assume that p13 = p13(L) is a bounded sequence, E¢® < oo, and
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there exists p12 = Llim p1,2(L). Then,
— 00

o 1
- = . ( 2C ) :
<p [ — _
(4.22) P\ Gra - DEc+ B2
26 25 J
- 1+ — 1+o0(1
x (p1,2 — 1)Ec + E¢? < (P12 — 1)Es + E§2> [1+o(1)]

for any j > 0.

Proof. Under the assumptions of this theorem let us first derive the following as-

ymptotic expansion:

20
4.23 =1+ — 0(6%).
( ) g + (P12 — 1)Ec + Eg2 +00)

Asymptotic expansion ([£23) is similar to that of (8:37), and its proof is also similar.

Namely, taking into account that the equation z = B (A — )\ﬁ(z)) has a unique
solution in the set (1,00), and this solution approaches 1 as ¢ vanishes. Therefore,
by the Taylor expansion of this equation around the point z = 1, we have:

(p1,2 — 1)Es + E¢? .2

(4.24) l+z=1—(1408)z+ ;

+0(2%).

From ([@24)) we arrive at exactly the same equation as (8:39) and obtain exactly

the same positive solution, which is z = i . So, representation (23] is

2
p1,2—1)Ec+Eg?
proved.

Next, from [{@I9), (@23) and explicit formula [@I]) we obtain

(4.25) qL—j = qr (1+ — 20 )J[l—l—o(l)].

(P12 — 1)Ec + Eg?
25 L
1+ — -1
( (P12 — D)Es + E€2> 1

_ (P2 —1Ec +E¢® [exp ( 20
26 (51)2 — 1)E§ + E¢?

Taking into consideration

Iil ( 26 )j _ (5172 — 1)E§ + E§2

1+ —=
(P12 — 1)Eg + Eg? 20

Jj=0

) -1 o,

L
from the normalization condition p; +p2 + > ¢; = 1 and the fact that both p; and
i=1
p2 have the order O(4), we obtain:

26 1
(4.26)  qL= G TETET - ( G ) - [1+o(1)).
(P12 — 1)Ec + Eg2

The desired statement of the theorem follows from (.26]). O
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5. OBJECTIVE FUNCTION

In this section we study asymptotic properties of the objective function defined
by relation (I2)), which includes the costs ¢;. The particular model does not taking
into account the water costs ¢; has been studied in [4], and Theorem 5.1 of [4]
describes the structure of optimal solution under that particular setting.

Apparently, the cases where p; > 1 or p; < 1 do not lead to the optimal solu-
tion. According to Theorem in these cases the objective function J increases
unboundedly as L — oo because one of the limiting probabilities p; or ps is strictly
positive (for details see [4]). On the other hand, the case p; = 1 is not necessary
optimal. Therefore, as in [4], the optimal solution can be achieved in one of the
cases as (i) p1 = 1; (i) pr =1+0,d >0and 6 — 0 as L — oo; (iii) p1 =1 — 4,

60>0and d — 0 as L — oco. All of these cases are studied below.

5.1. The case p; = 1. In this section we prove the following result.

Proposition 5.1. In the case p1 = 1, under the additional conditions pi 2 < 00

and E¢? < 0o we have:

.  (p12—1)Es+E¢? pio—DEc+E
(5.1)  Tim J(L) = P2 DB RS o pr (P12 DECHES |
L—oo 2 1_p2 2

where
L
¢ = lim — g Ci.
L—oo L —
1=

Proof. The first two terms in the right-hand side of (&1I) follow from asymptotic
relations (3:28)) and ([B:29) (Theorem [39). The last term ¢* of the right-hand side

of (&1) follows from (L) (Theorem A2)), since

O

5.2. The case p=1+09, § > 0. In the case p =144, § > 0 we have the following

statement.



32 VYACHESLAV M. ABRAMOV

Proposition 5.2. Under the assumptions of Theorem[].3 denote the objective func-

tion J by J'PPT. We have the following representation:

(5.2)
o < 2C >
X =
upper . 1 . P2 exp (P12 — 1)Ec + Eg?
J =C|n 50 + J2 50
ex = -1 1- ex — -1
’ <(p1=2 — DE¢+ E§2) (1=p2) ( P ((P1,2 —1)Ec+ E§2> )
+ cupper7
where
. < 2C >
X =
cupper _ 2C ) P (p1,2 — 1)Es + E¢?
(P2 — 1)Es + E? ( 2C >
, o _ B
o3 P\ Gro - DEs 1 Ee?
1 A 2C
x lim — Cp (1 - —= ,
Lo L F ( (p1,2E¢ + Eg? — Eg)L)
. L-1 _
and Cr(z) = Y cr—j27 is a backward generating cost function.
7=0

Proof. The representation for the term

. < 2C >
xp (=
1 , PP (p1,2 — 1)Es + E¢?

e e I T e By
X — — — X — —
P (p1,2 — 1)Ec + E¢? P2 P (p1,2 — 1)Es + E¢2

of the right-hand side of ([&.2]) follows from (B35) and 330) (Theorem BI0). This

term is similar to that (5.2) in [4]. The new term, which takes into account the

C

water costs, is ¢"PP®*. Taking into account representation (£1), for this term we

obtain:
L—1

c"PPY = lim E qrL—jCr—;
L—oo 4
Jj=0

2C
— lim Lichfj . o ((51,2 —1)Es + E<2>
L—oo s exp ( _ 20 ) 1
(P12 — 1)E¢ + Eg2

« (1 20L >J 20L
(p12Es+E¢?2 —Eq)L ) (p1,2Es + E¢? — Eq)L’

and, because of Llim 0L = C, representation (5.3) follows. O
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5.3. The case p=1—14, 6 > 0. In the case p =1—4, § > 0 we have the following

statement.

Proposition 5.3. Under the assumptions of Theoreml[{.4] denote the objective func-

tion J by Jwer. We have the following representation

(5.4)
lower __ . (51,2 - 1)E§ + E§2 . P2 (5112 - 1)E§ + E§2 _
J —C[jlexp( 5C +j21—p2 exp 50 1
+ clower
where
lower 2C 1
c == .

(P1,2 — 1)Eg + E¢? exp ( 20 > .

(5.5) (p1,2 — 1)Ec + E¢?
1 4 2C
lim — 1
X fim 7 Cr ( t Grals + B2 = Eg)L> ’
~ L=1 .
and C(z) = > ep—j77 is a backward generating cost function.
j=0

Proof. The representation for the term

- (p1.2 — 1)Eq + E¢? P2 (1,2 — DEs + E¢?
C{jﬁxp( 50 +]21 s exp 50 1

of the right-hand side of ([&.4]) follows from ([B.4H) and (340) (Theorem BI2). This

term is similar to that (5.3) in [4]. The new term, which takes into account the

lower

water costs, is ¢ . Taking into account representation ([{.22)), for this term we

obtain:
L-1
lower :
c = lim _iCL—
L—>OOZQL JCL J
7=0
L—1 1
= 1 .
fm e ()
exp ( —

j=0 —
p1,2 — 1)E¢ + E¢2

« (1 + 20L >] 20L
(p1,2Es + E¢2 —Eq)L ) (p1,2Es + E¢? — Eq)L’

and, because of Llim 0L = C, representation (5.0 follows. O
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6. A SOLUTION TO THE CONTROL PROBLEM AND ITS PROPERTIES

In this section we discuss the solution to the control problem and study its
properties. The functionals J"PPe* and J'°"" are correspondingly given by (5.2)
and (54), and the last terms in these functionals are correspondingly given by (B3]

and (B5). For our further analysis we need in other representations for these last

terms.
Denote
L—-1 20 )J
cr—i|1——=
(6.1) ¥(C) = lim 2 < (P12 + Be? — Eq)L
' Y ey L-1 ) 20 j
Jgo (  (P12Bc +E2 — E<)L>
and
L—1 20 )J
cr—i |1+ —=
(6.2) (C) = lim o N < (P1,2B + Ee? — E)L
' M) = B T : 20 P
+ —=
J;o ( (P1,2E¢ + E¢? — E<)L>

Since {¢;} is a bounded sequence, then the limits of (61 and (62) do exist.
The relations between c*PPe* and v)(C) and, respectively, between c!°V¢* and 1(C)

are given in the lemma below.

Lemma 6.1. We have:

(6.3) PP = 4(0),
and
(6.4) clower — n(C).

Proof. From (G.1)) and ([€2) we correspondingly have the representations:

L—1
1 2C ’
lim — —il1—-—=
o T Jz_: L < (P1,2E¢ + E¢2 — EC)L)

1= 20 J
=v(C) Jim —+ > (1 " (Pr2Bs + E2 — Eg)L> :
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and
L-1
1 2C /

lim — I R

1 T jgo L= ( (p1,2E¢ + E¢2 — Ec)L)
(6.6) . .

1= 2C I
=n(C) lim — 14+ — .
77( )L_>oo L J;O ( (pLQEC + E¢2 — E()L)

The desired results follow by direct transformations of the corresponding right-hand

sides of (G0 and (G.0).
Indeed, for the right-hand side of (GH) we obtain:

1 L-1 20 J
C) lim — 1—-—
w(©) fim 7 JZ_:O < (P1,2Bs + Ec2 — Ec)L)

_ 2C >:| (51)2 — 1)E§ + E§2
(5112 — 1)E§ + E§2 2C '

=9(C) [1 — exp (

On the other hand, from ([B.3]) we have:

20 (p1,2 — 1)Es + E¢?
upper |1 _ _ )
‘ [ P < (P12 — 1)Es + E<2)] 2C
(6.8)

L—1
1 20 !
= 1. — —q 1 - — .
1o T jz:% L ( (p1,2E¢ + E¢? — Ec)L>

Hence, from (63), [67) and (68) we obtain (6I]). The proof of ([64]) is completely
analogous and uses the representations of (5.5) and (G.6]). O

The next lemma establishes the main properties of functions ¥(C) and n(C).

Lemma 6.2. The function ¥(C) is a not increasing function, and its mazimum
is ¥(0) = ¢*. The function n(C) is a not decreasing function, and its minimum is

L
n(0) = ¢*. (Recall that ¢* =limp .o + > ¢; is defined in Proposition [5.1l.)
i=1

Proof. Let us first prove that ¥(0) = ¢* is a maximum of ¥(C'). For this purpose
we use the following well-known inequality (e.g. Hardy, Littlewood and Polya [10]
or Marschall and Olkin [I1]). Let {a,} and {b,} be arbitrary sequences, one of

them is increasing and another decreasing. Then for any finite sum we have

l
(6.9) > anb, < %Zaann.
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Applying inequality (6X9) to finite sums of the left-hand side of (@3] and passing

to limit as L — oo, we have

i 1 Z (1 2C >3
m — Cr,—4 — =
L—oo [, 4 L=j (pLQEC + E¢2 — E()L

=0
L1 L1
1 1 2C J
. < li — _+ i — 11— —
(6.10) = L Z CL—j L Z ( (p1,2E¢c + Eg2 — Eg)L)

=0 =0

1 L-1 20 J
¥(0) fim 7 ;O < (PraBs + B2 — Ec)L)

Then, comparing ([6.5) with (GI0) enables us to conclude,

Y(0) = c* > 4(0),

i.e. (0) = ¢* is the maximum value of ¢ (C).

Prove now, that 1 (C) is a not increasing function, i.e. for any nonnegative
C1 < C we have ¢(C) < (Ch).

To prove this note, that for small positive §; and 2 we have (1-61-62) = (1-01)
(1-82) + O(d192). Using this idea, one can prove the monotonicity of ¢(C) by

replacing
- 20
(p1,2Es + E¢2 — Eq)L
201 20 — 201 )
6.11 =11-—= 1——
(6.11) ( (p1,2Es + E¢2 — E<)L> < (p1,2Es + E¢2 — Eq)L

1
+ 0 (ﬁ) , C>0C
in the above asymptotic relations for large L. Indeed, notice that
L—1 j j
1 2C J 2C - 2C J
lim—Z(l—N L ) (1—~ — )
LSoo L = (p1,2E¢ + E¢? — Eq)L (p1,2E¢ + E¢2 — Eq)L
L-1 j
1 2C !
6.12) = lim — 1——=
(6.12) L= L jgo < (p1,2E¢ + E¢2 — Eg)L)
L

-1 ;
1 2C — 204 J
x lim — 1—-—=
L—oco L ; ( (pLQEg “+ E§2 — Eg)L)
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Therefore, for any not decreasing sequence a;

(6.13)

L S (R R
Looo [ 4= (p1,2E¢ + Es2 — Eq)L (p1,2E¢ + Es2 — Eq)L

Jj=0
L—1
1 2Ch !
< lim — a; [1——
T o L ’ ( (p1,2E¢ + E¢? — Eg)L)
L—1 j
1 2C — 201 J
x lim — 1-— — .
L—oo L ]g() ( (p172E< + E§2 — E()L)

Indeed, assume for contrary that

(6.14)

. _ _
1 20, I ( 2C — 20, >3
lim — (1- — 1— —

ey ; 4 ( (P1,2Es + Ec? — Ec)L> (ProBs + Be? — Bo)L

L—1
1 2Ch !
lim = (1=
T JZ_: 4 ( (P1.2B¢ + BEe2 — Eg)L)
L—1 j
1 2C — 2C, J
lim — 1— .
X LE};O L J:ZO ( (ﬁLQE( + E¢2 — E()L)

Then, applying the inequality ([G.9) to the right-hand side of (6.14]), we obtain:

L-1 20 J
lim — a; | 1— —= !
Lo L ; ’ ( (p1,2Es + E¢? — EG)L>

ot L = (1 20 — 20, >3
im — — ==
LS00 L 4 (p1,2Es + E¢? — Eq)L

j=0
(6.15) < fim % jé a; Him % jz_:_: (1  (Pr2Es +2§22 - Ec)L)7
=t % LZ_; a5 % LZ: (1 "~ (raBe +2EO<2 - E<>L>j '

Since the left-hand side of (614) is

L—-1 9C! j
lim — aj | 1——=
L>oo L jgo / ( (p1,2E¢ + E¢? — Eg)L)
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(see relation (GI1]), then comparison of the last obtained term in (615 with the
left-hand side of (6.14) enables us to write:

L—-1
1 2C J
lim =~ a; (1— —
=5 L jz::o “ ( (p1,2E¢ + E¢? — Ec)L)

1 1 20 i
> lim — i lim — 1— — .
Py jz:;) YT Z ( (p1,2Es + E¢? — Eg)L)

§=0
The contradiction with the basic inequality (6.9) proves ([G.I3]).
Taking into account (6I2) and (6I3), the extended version of (GI0O) after ap-
plication (€9) now looks
(6.16)

-1 00 j
lim — N I
Py Z 6L~ ( (p1,2E¢ + Eg2 — E§)L)

I s 20, J 20 — 20, J
= lim — cr—j | 1— = 5 11— — 5
L—oo L 4 (p1,2Es + E¢? — Eq)L (p1,2Es + E¢2 — Eq)L

j
L_
1 2C, !
< lim — cr—i | 1——=
T Looo L b= ( (p1,2E¢ + E¢? — EC)L>

o1k 20 — 204 J
x lim 1—
: )L
L

(p1,2Es + E¢? — Eg

-1
1 2C4 !
=¢(Cy) lim — 1——
1/1( 1) L—oo L = ( (pLQEg —+ E§2 — Eg)L)

L—1 j
1 2C — 20, /
x lim — 1——=
Py ;0 < (P1.2B¢ + Be? — Eg)L)

On the other hand, the right-hand side of (6.3) can be rewritten
(6.17)

L—1
1 20 /
lim — 1-—
v(©) Lin;o L 4 ( (ﬁLQEC + E¢2 — EC)L>

L-1 j
: 2C4 / ( 2C - 2C, )J
=¢(C) lim — E 1——= 1—-—=
¥ )Ll—{r;o L & ( (p1,2Es + E¢? — E§)L) (p1,2Es + E¢? — Eq)L

= 20 J
_ lim ~ 1_ 1
w(C) P L ; < (p1,2Es + E¢? — Eg)L)

L-1 j
1 2C — 204 J
X lim — 1——= .
L—oo L ; ( (p172E§ —+ Eg2 — Eg)L)
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The last equality in ([6I7) is the application of (612). From (GI6) and (617) we
finally obtain (C4) < ¥(C) for any positive C; > C.
The first statement of Lemma is proved. The proof of the second statement

of this lemma is similar. O

In the following we need in stronger result that is given by Lemma[6.21 Namely,

we will prove the following lemma.

Lemma 6.3. If the sequence {c;} contains at least two distinct values, then the
function ¥(C) is a strictly decreasing function, and the function n(C) is a strictly

increasing function.

Proof. In order to prove this lemma it is sufficient to prove that if the sequence
{¢i} is nontrivial, that is there are at least two distinct values of this sequence,
then for any distinct real numbers Cy # C the values of functions are also distinct,

that is, ¥(C1) # ¥(C3) and n(Cy) # n(Cs2). Let us prove the first inequality:
P(Cy) # P(Ca). Rewrite ([G1) as

1 Lz—:l (1 20 )J

— Cr_ . -

(6.18) H(C) = lim 2= TN aBc+ B -BL

. B L—o0 1 L_1< 20 - .
a

J
L ]go p1,2Es + E¢2 — EC)L)

The limit of the denominator is equal to exp (— M%) . The limit of the nu-
merator does exist and bounded, since the sequence {¢;} is assumed to be bounded.
As well, according to the other representation following from Lemma and rela-
tion (B3, it is an analytic function in C taking a nontrivial set of values.

The analytic function ¢ (C) is defined for all real C' > 0 and it can be extended
analytically for the whole complex plane. For example, for real negative values C'
we arrive at the function n(C) = ¢(—C). According to the maximum principle for
the module of an analytic function, if an analytic function takes the same values
in two distinct points inside a domain, that the function must be the constant. If
¢i = c¢* for all i = 1,2,..., then this is just the case where ¢¥(C) = ¢* for all C.
If there exist ip and 47 such that ¢;, # ¢;,, then the function ¥(C) cannot be a
constant, because the analytic function is uniquely defined by the coefficients in
the series expansion. So, the inequality (C7) # ¥(C3) is proved. The proof of the
second inequality n(C1) # n(C2) is similar. O
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We are ready now to formulate and prove a main theorem on optimal control of

the dam model considered in the present paper.

Theorem 6.4. Under the assumption that the costs c¢; are not increasing, and under
additional mild conditions of Theorems [{.3 and [{.7], there is a unique solution to
the control problem. The solution to the control problem is defined by choice of the
parameter p1 as follows.

Let C be the minimum value of the functional J*PP" defined in (5.2) and (5.3)
and, respectively, let C be the minimum value of the functional J'% defined in
G4) and B5). Then at least one of two parameters C or C must be equal to zero.

(1) In the case C =0 and C > 0, the solution to the control problem is achieved
for p1 =1 — 0, where positive § vanishes such that L — C as L — oo.

(2) In the case C =0 and C > 0, the solution to the control problem is achieved
for p1 = 1+ 6, where positive § vanishes such that 6L — C as L — oo.

(3) In the case where both C = 0 and C = 0, the solution to the control problem

is p1 = 1.

Proof. Note first, that under the assumptions made there is a unique solution to
the control problem considered in this paper. Indeed, a solution contains two terms
one of them corresponds to the expression for p1Ji + poJa in (L2) and another

upper
one corresponds to the term Y ¢;¢; in (L2). The first term of a solution is

related to the models where ‘Eﬁg ljz\vfgtz; costs are not taken into account, while the
additional second term is related to the extended problem, where the water costs
are taken into account.

In the case where the water costs are not taken into account, the existence of a
unique solution to the control problem for the particular system in [4] follows from
the main result of that paper. The same result holds true for a more general model
with compound Poisson input flow but without water costs included. The last is
supported by Theorems - B3l which are similar to those Theorems 4.1 - 4.4
of [4].

In the case of the dam model, where the water costs are taken into account, the

lower

second term that is present in the solution is either ¢"PP¢" or ¢ . According to
Lemma [6.I] ¢"PPe* = ¢(C) and c'°¥** = 5(C), and according to Lemmas and

the function ¢(C) is strictly decreasing in C, while the function n(C) is strictly
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increasing in C, and ¥(0) = n(0) = ¢*. According to these properties, there is a
unique solution to the control problem considered in the present paper as well, and
it satisfies the following properties.

In the case where the both minima of J'PP¢* and J'°%¢' are achieved in C' = 0,
that is both C = 0 and C = 0, then ¢"PP°" = ¢l°%*" = ¢* and the term p1J1 + paJo

of the objective function in (I2) coincides with the term

(P12 —1Es+E>  pa (p12—1)Es+ E¢?
J1 + J2
2 1—ps 2

in (5.I). That is both the minimum of J"PP" and that of J'°"*" are the same, and
they are equal to the right-hand side of (&Il). In this case the minimum of the
objective function in (CZ) is achieved for p; = 1.

If the minimum of J'°¥' is achieved for C' = C > 0, then, since n(C) is strictly
increasing, we have c°"°* > ¢*, and hence the term p;J; + pa2.Jo of the objective
function in (C2)) satisfies the inequality:

(P12—1Es+E®2  po (p12—1)Ec+E¢?
+ J2 : )
2 1— s 2

p1J1 + p2ada < J1

This implies that J'°"*" is less than the right-hand side of (5.I). On the other
hand, in this case c"PP" < ¢*, and the minimum of J"PP®" must be achieved for
C = C = 0. In this case the minimum of the objective function in (L.2) is achieved
for p1 = 1 — §, where positive § vanishes as L — oo, and L§ — C.

In the opposite case, if the minimum of JPP®" is achieved for C' = C > 0, then
the arguments are similar to those above, and J"PP°" is not greater than the right-
hand side of (5.I). The minimum of J°%** must be achieved for C = C = 0. In
this case the minimum of the objective function in ([2]) is achieved for p; = 1+ 4,

where positive ¢ vanishes as L — oo, and Lé — C. O
From Theorem [6.4] we have the following evident property of the optimal control.

Corollary 6.5. The solution to the control problem can be p1 =1 only in the case

P2
1—p2~

71 < ja2 Specifically, the equality is achieved only for ¢; = ¢, i =1,2,...,L,

where ¢ is an arbitrary positive constant.

Although Corollary [6.5] provides a partial answer to the question 2 posed in the

introduction, the answer is not useful, since it is an evident extension of the result
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of []. A more constructive answer to question 2 of the introduction is obtained for

the special case considered in the next section.

7. EXAMPLE OF LINEAR COSTS

In this section we study an example related to the case of linear costs.
Assume that ¢; and ¢p, < ¢; are given. Then the assumption that the costs are

linear means, that

1—1

1 =1 —
(7.1) Ci=c1= 7y

(c1—cg), i=1,2,...,L.

It is assumed that as L is changed, the costs are recalculated as follows. The
first and last values of the cost ¢; and ¢y remains the same. Other costs in the
intermediate points are recalculated according to ([T.]).

Therefore, to avoid confusing with the appearance of the index L for the fixed
(unchangeable) values of cost ¢; and ¢y, we use the other notation: ¢; = € and

cr, = ¢. Then () has the form

1—1

L.
L-1

(7.2) ¢ =¢— (c—0¢), i=1,2,...

3

In the following we shall also use the inverse form of (Z2)). Namely,

(7.3) CL—i:Q""L 1(E—g), i=0,1,...,L—1
Apparently,
(7.4) o= FL
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For ¢"PPeT we have

(7.5)

20 J
c—c 1——=
PP — (C) = lim 12 ( ‘)> ( (p1,2Es + Ec?— Ec)L)

1
=0 (p1,2Es + E¢2 — Eq)L

L-1 20 J
5 (- G e—en)
3 ) 1 =0 (p1,2E¢ + E¢? — Eq)L
=c¢+ (¢—¢) lim .
L—1
2

(1 Temwr)
=0 (p1,2E¢ + E¢? — Eq)L

2C te ( 2C ) )
— X — -
(p1,2 — 1)E¢ + Eg2 P (P12 — 1)Ec + Eg?

e ( 20 ) 1
<p [ — _
P (P12 — 1)Eg + E¢?

: upper 1=
For example, as C' converges to zero in ([Z.5]), then c"PP*" converges to ¢+ 5 (¢ —c)

¢*. This is in agreement with the statement of Proposition 5.1
In turn, for clower

(7.6)

we have

S (et -9 (14 e )j
clower _ n(c) = lim = L-1 (P1,2E< + E§2 - E§)L

—1 1 20 J
+ =
J;o < (p1,2Es + E¢? — EC)L)

! 2C ’
1 = J (1+ (; 2E§+E§2—E§)L)
=c+ (€—¢) lim LI :

Looco L —1 L-1 (1+ 20 )j
=0 (p1.2Es + E¢? — Eq)L

~ 2
:g+(E—g)(p1’2 12)OE<+E<

2C

2C
=~ —1l+exp|——
% (p1,2 - 1)E§ + E¢2 P ( (pl)g — 1)E§ + E§2>

1 2C
exp (P12 — 1)E¢ + Eg2

Again, as C converges to zero in ([T6]), then c

lower converges to ¢+ 1 (¢ — ¢) = ¢*.
So, we arrive at the agreement with the statement of Proposition 5.1
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Let us now discuss question 2 posed in the introduction. We cannot give the
explicit solution because the calculations are very routine and cumbersome. How-
ever, we explain the way of the solution of this problem and find a numerical result.
For simplicity, the input flow in the numerical example is assumed to be ordinary

Poisson, that is we set E¢ = 1 and E¢? = 1 in our calculations.

Following Corollary [6.5] take first j1 = ja7 f2p2. Clearly, that for these relation
between parameters j; and js the minimum of J'°%¢" must be achieved for C' = 0,
while the minimum of J"PP" must be achieved for a positive C. Now, keeping j;
fixed assume that js increases. Then, the problem is to find the value for parameter
jo such that the value C' corresponding to the minimization problem of J"PPer
reaches the point 0.

In our example we take j; =1, ps = %, c=1,¢=2, p12 = 1. In the table below
we outline some values jo and the corresponding value C for optimal solution of
functional J"PPe'. Tt is seen from the table that the optimal value is achieved in

the case jo ~ 1.34. Therefore, in the present example j; = 1 and jo ~ 1.34 lead to

the optimal solution p; = 1.
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