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ASYMPTOTIC BEHAVIOR OF BRANCHING
POPULATIONS BEFORE EXTINCTION

VYACHESLAV M. ABRAMOV

ABSTRACT. Under the assumption that the initial population size
of a Galton-Watson branching process increases to infinity, the
paper studies asymptotic behavior of the population size before
extinction. More specifically, we establish asymptotic properties of

the conditional moments (which are exactly defined in the paper).

1. Introduction and the main result

We consider a Galton-Watson branching process { X, }n>0,

Xn
(1.1) Xnp1 =Y iy
j=1

where X,, denotes the number of offspring in the nth generation for a
population starting from K offsprings, X, = K, and throughout the
paper the initial size of population K is assumed to be a large value.
Such a type of branching process can be a model of real population of
animals, insects etc., and the main results of our study can have ap-
plications to analysis of real populations arising in biology (e.g. Jagers
[11], Haccou, Jagers and Vatutin [10], Jagers and Klebaner [I3]). For
other study of branching processes with a large initial population size

see also Borovkov [I], Klebaner [17], Klebaner and Liptser [1§].
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The study of branching populations before extinction has been ini-
tiated by Jagers [I12] and then resulted in papers of Jagers, Klebaner
and Sagitov [I4] and [I5]. The approach of these papers [14] and [15]
is based on analytic techniques for studying paths to extinction with
the following analysis of asymptotic behavior of these paths.

The present paper presents an alternative way to study asymptotic
behavior of large populations before extinction, and the approach of
the present paper is based on diffusion approximations of the original
branching process with large initial population as well as a series of aux-
iliary processes. Those diffusion approximations are then used to study
asymptotic behavior of conditional moments of a population size before
extinction as it is explained below. The approach of our paper (includ-
ing diffusion approximations, asymptotic expansions and sample path
techniques) remains correct for much wider classes of branching pro-
cesses than that traditional branching process and includes for instance
bisexual Galton-Watson branching processes [4], [5] and different type
of controlled ¢-branching Galton-Watson processes (which need not
be subcritical, as it is assumed in the paper later). The ¢-branching
processes have been introduced by Sevastyanov and Zubkov [21], and
intensively studied in many papers (e.g. Bruss [2], [3], Gonzalez, Molina
and Del Puerto [7], [§], [9], Yanev [22], Zubkov [23]).

The main results of the present paper are presented in Theorem [Tl

below.

Assume that &, ;, (n=1,2,...; j=1,2,...) have the same distribution
for all n and j and are mutually independent, and there exists the
second moment EE2 ; < oo. Denoting m = E, ; and &* = var(&,;),
assume that m < 1. Under this last assumption the extinction time of

the branching process always exists with probability 1. Let 7 = 7 be
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that moment of extinction. The random variable 7k is a stopping time
associated with the sequence {X,,},>0. We assume that the family of
all stopping times {7} (for different values K) is defined on a filtered
probability space {Q, %y, F = (% k),P}, Pox C Foxs1 C ... C Fo.
(The meaning of the index 0 will be clear later.)

The paper studies asymptotic behavior of the branching population
before extinction as K increases to infinity, and the main result of our
study, formulated below, as well as the analysis of the paper, use the
notation < for asymptotic equivalence between two main parts of ex-
pansion. The notation is used in order to reduce irrelevant background
explanations and to avoid multiple using of lim in different senses or
expansions with remainder, where it is not significant. For example,
relations (I.2)) and (I3]) (see formulation of the theorem below) should
be read as follows: For any sufficiently small positive € and 0 there
exists a large integer K such that
P{(1—8)X!,,, Bmlrel-lem)

<EX |y} | Xore)) < (14 68) X[, Bmllamclmlench 51 — ¢,
P {(1 — 5)XfumdEml(L“”KJ_L“”KJ)

<EX |y} | Xunre)) < (14 6) X[, Bmllizmed =l h 5 ¢,
and
P{(1 - 8)K'm'bamx]
< E(X[y 0 | 76) < 140K mtmdl} > 1 — ¢
In the places where it is required and looks more profitable (e.g.

Section [0), the explicit form of asymptotic expansion with remainder

is used nevertheless.
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Theorem 1.1. Let 0 < u; < us < 1 be two real numbers. Then, as

K — oo,

l ~ l I(|urT —|uoT
(1 2) E{Xl_ulTKJ | XLHQTKJ} = XLumJEm (lurTr ] —[u2 KJ)’
' l ~ l I(|uoT —|ulT
E{XLUZTKJ | XLHUKJ} = XLMTKJEm (lueTi ] —|w1 KJ)’

and

(1.3) B{X{ o) | T} =< K'mibamed,

lui7k |

TK
’ log K

where |z] is the notation for the integer part of z. As K — oo

1
logm”

converges in probability to the constant ¢ = —
The proof of the main result is based on the following lemma.

Lemma 1.2. For any finite-dimensional vector {X;,, Xi,, ..., X, },

1< < <... <1y <00,

l.mP{Xil—Km"1< Xi, — Km'™ _ X; —Km""<x}
1 - < 4 Ty, — ——FV—— S To...,/ ——F0— S Tp
SVK ~ 7 eVK ?

= P{HH S 1’1,92'2 S LEQ,...,HZ‘n S .flfn},

K—oo

where {61,62,...} is a Gaussian sequence with Ef; = 0 and cov(;,

0;1n) = m"var(6;)+nm/ Tt var(6;,1) = m?var(;)+m’, var(6;) = 1.

Lemma is known from the literature, and its proof can be found
in Klebaner and Nerman [19]. For the purpose of the present paper we,
however, need in an alternative proof of this lemma, which follows from
the asymptotic expansions presented here. Furthermore, the proof of
Theorem [LI] requires the intermediate asymptotic expansions obtained
in the proof of Lemma rather than the statement of Lemma 1.2
itself.
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In this paper, simple asymptotic representations for all conditional
moments before extinction are obtained. The most significant conse-
quence of this analysis is a so-called invariance property of the condi-
tional expectations. This property is discussed in Section

The main idea of the method is as follows. The random sequence
{ X, }n>0 is approximated by appropriate random sequences {Yéa)}nzo
(a < 1), as a tends to zero. For each fixed a we define stopping times
T. i (for different values K) associated with the process v\ To K 18
assumed to be measurable with respect to the o-field %, x C #,, where
Fo = Ugs1Farx, and F, C F,. For that fixed a the sequence 7,
converges (in definite sense) to f(a) as K — oo (the details are given
in the paper). Then knowledge of the behavior of YJJQVK, 0 <u<l,
for which we have the corresponding relationship, enables us to study
the behavior of its limit as a tends to zero. This limit is just X,
0 < u < 1. Other assumptions associated with definition of X, and
that of the associated processes Xr(La), Yn(a) and other processes are given
in the next section.

The rest of the paper is organized as follows. In Section 2] we intro-
duce the auxiliary stochastic sequences X and Y, and the stopping
times associated with these sequences. The elementary properties of
these random objects are studied. In Section [l we continue to study
the properties of the sequences X and v\, Specifically, it is shown
that these sequences are upper and lower bounds for the branching
process X,,, and these bounds are tight as a — 0. These properties
are then used in order to prove the convergence results in the next
sections. In Section Ml we derive asymptotic expansions and prove the
convergence lemma to the Gaussian process, the parameters of which

are explicitly defined in the formulation of Lemma [[.2l In Section Bl we
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prove Theorem [Tl Last Section 6] discusses application of the main

results of this study and establishes the invariance property.

2. Stopping times and auxiliary processes associated with

the Galton-Watson process

In this section we approach the stopping time 7, the extinction mo-
ment, by introducing a parametric family of stopping times {7, x},
depending on the two parameters a and K. Specifically, for any real a,

0 <a <1 and integer K
(2.1) Torx = nf{l: X; < |aK |},

where |aK | is the integer part of a/{. The stopping time 7, x as well
as the associated with these parameters a and K other corresponding
random variables defined below are assumed to be measurable with
respect F, k C Fk, and for two different values a; and ag, 0 < ag <
a; < 1, we have Z,, x C Fo, k. If a < 1is fixed and K;, K, are
distinct, K; < Ky < oo, then we have %, x, C %,k,. Then the
two-parametric family of o-fields {.#, i} is increasing in the following
sense. For any 0 < as < a1 < 1 and integer K; < Ky < 0o we have
Far k1 © Fay Iy

In accordance with this family of stopping times (2.1I), consider a
family of processes X ;‘l[)( =X ](a) satisfying the recurrence relation (for

notational convenience the additional index K is not provided):

n

(2.2) X\ =maxq [aK],Y &y X\ =K.

The processes X ](C})( are assumed to be adapted with respect to the
o-fields .#, k. In addition, the processes XJ(C})( are assumed to be

measurable with respect to the the wider o-field .%y. Specifically, if
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)

there are two processes X ](a;{) and X ](Lff{ with different a; and as, say

0 < ay < a; < 1, then both of these processes X ](‘}? and X j(af;) are mea-
surable with respect to the o-field .%; g, and, of course, with respect
to the o-field .%,, k. All of these processes with different a are defined
due to representation (2.2)). This means that the processes X ;‘l[)( are
actually defined after their stopping times as well. For different a; and
az (0 < ay < a; < 1) the processes X J(aé) and X ](‘}2{) are ‘coupled’ until
the stopping time 7,, x, i.e. until that time instant their sample paths
coincide, but after the time instant 7,, x these processes are decou-
pled i.e. their paths become different. But the coupling arguments
can be used nevertheless: after the time instant 7,, x with the aid of
Kalmykov’s theorem [16] we have X ;‘}1{) >, X ](32{), J > Ta, .k (see the
next section for details).

Some mathematical details about these processes can be found in the
next section. The similar coupling arguments hold for the processes
Y;(}? defined later, which are derivative from the processes X ;‘l[)( (the
further details can be found in the next section).

Let us transform (2.2) by adding and subtracting the term |af|.

To this end we use the following elementary property of numbers:

max{a,b} —a = max{0,b — a}. Also there is used the fact that
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X > |laK | for any n. Then, we have

(X4 — LaK]) + Lk

x5

= | max LaKJ,ZSW- — |aK] | + [aK|

(2.3) X Lok
= max < 0, ZS"J - Z [fn] + (1 - gn])} + [aK]
j=1 =1
x4 laK ]
= max { 0, Z §nj — Z <1 - fn,j) + [aK].
j=laK|+1 J=1
Hence, denoting ¥, = X — |aK | from (23) we obtain
X\ laK]
Y,Ei)l = max { 0, Z §nj — Z (1 - §n,j)
j=|laK]+1 J=1
v oK ]
—max$ 0.3 €, = - (1-6u)
=1 =1
v, laK |
(24) ~ [ Xa, -3 (1-4u)
j=1 Jj=1
Yga) laK |
(Y>> (1-6)
j=1 J=1
v laK |
= | XX (1-au) |1,
Jj=1 Jj=1
where & i = &ujrlar] (&1, &nas--are independent and identically

distributed random variables having the same distribution as &, ;), and
(a)

I = I{(K) = I{ ngl i > Z]Lillq(l — &) } is the notation used

in (2.4).
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Thus we have the new family of processes nya), which is assumed, as
mentioned before, to be measurable with respect to %y and given on
the same probability space {2, %y, P}. Recall that a stopping time

Tq, i and the sequence

(2.5) {YJ“’, Y, }

are assumed to be adapted with respect to the o-field %, , and the
family of these o-fields {.%, k} is increasing when a decreases and K
increases.

It is known that as K — oo, % converges to m” in probability (see
Klebaner and Nerman [19]). Using this result it is not difficult to prove

that, as K — oo,

¥,
(1) —~ converges to max{0,m" — a} in probability,

EY, @

converges to max{0,m" — a},

I,S“)(K) converges t0 Xn+1 = Xns1(M,a)
(i17) 1, if m"*>q,
0, otherwise
in probability,
as well as,

w Ta i converges in probability to ¢(a) = min{l : m! < al.
(1) , g y

The proof of (i) is postponed to the end of Section Bl The proofs of

(73) — (iv) are similar to the proof of (7).
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3. Properties of the sequences X\” and Y,

The study of this section we start from the properties of the random
vectors (2.8). Let a1, as be two numbers, and 0 < ay < a7 < 1 and K
is fixed. Then, in the suitable probability space for all events w € €2
andn >0

(3.1) Y@ () < Y@)(w).

n

Indeed, consider two random vectors

(3.2) v v,
and
(33) v v,

Consider the stopping times {74, k, %o, k} and {7u, k', Fay k } associ-
ated with the sequences (3.2) and (B8.3). Since for fixed K, %, x C
Fas i, then 7, g(w) < 74, k(W).

According to the definition of the sequence X" (see ([2.2))), on the

suitable probability space containing .%,, x we have the correspondence
(3.4) XMW = X"(W), i=1,2,.. . 7wk — 1,

and at this stopping time 7,,  we have Xﬁflly)K (w) > Xﬁff’)K (w), and

therefore according to Kalmykov’s theorem [16]:

Xi(al) > XZ-(CLQ), P =Toy iy Tan K+ 1, oo Tag Ky - - TOK -
Therefore, in a suitable probability space
(35) X" (W) > XI(W), i = Tay ks Tarkc + Ly s Tag s+ To k-
Thus, we showed

Xi(al)(w) > X}az)(w), =12, To Ky Tank + 1,0 Tag iy o s TOK-
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From this correspondence (3.4 and (3.5) according to the definition
of the sequence Y, (see (2.4])) on the same probability space we have

(3.6) Y (W) + |aK| =Y " (W) + |aeK], i=1,... 70k —1,

and therefore up to time 7,, x — 1 the inequality Y™ (w) < ¥*?(w) is
obvious. At time instant 7,, x we have YT(aalli((w) = 0, while YT(aafL(w) is
nonnegative in general. The further behavior of the processes Yi(al)(w)
and Y;.(”)(w) after time 7,, x is specified by coupling arguments, where
the initial inequality ¥, (w) < Y;*(w) before the stopping time 7,, x
remains true after this stopping time as well. If for some i = 1,
Yigal)(w) = Yi(()az)(w) (= 0), then the both processes are coupled un-
til 47 > 4g. If after time i, Ylg‘fi(w) becomes positive, then we again
arrive at the inequality Yz(lﬂ(w) < ngcfi (w), and so on.

Taking into account that according to the definition X coincides

with X,,, we obtain the inequality
(3.7) Y (W) < Xa(w) < X9 (w),

being correct for all w € Q and all n > 0 as well as for any initial
population K and any a. This inequality is also tight as a — 0, because
according to the definition of the above sequences, Y, (w) = X (w)
for all n.

Let us now prove the above properties (i) — (iv). Find the limit in

x{®
K

v,
K

probability of as K — oo. Notice first, that according to (2.2))

converges to max{a, m} in probability, and according to Wald’s equa-

(a)
tion [6], p.384, E);g converge to the same limit max{a, m}. Therefore,
(@)
Y}< converges to max{a,m} — a = max{0,m — a} in probability, and
(a)
YTl converges to max{0, m — a}. Now, assuming that for some k it

(a)
Yk
K

is already proved that converges to max{0, m* — a} in probability
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By, . i
and —£— converges to max{0, m* —a}, by induction we have as follows.
v . . By,
If m* < a then k— converges to 0 in probability and —— converges

to 0, and consequently,

Y(a) \_GKJ
(@) 1, 1
LY =P8 2> 6> 2> (1-6y) p =0
7=1 7=1
The last is true because
L 4 mEY,®
/
LI SETRE) DR Y
7j=1 7j=1
‘ . EY,), . v . .
Therefore, according to (2.4) —z** vanishes, and ~4** vanishes in

probability. Therefore, the assumption m* < @ is not the case. Hence,

v

k— converges to m”* — a in probability, where m* > a,

assuming that

we have the following:

EY(a)
[}im % = max{0, (m* — a)m — a(1 —m)}

= max{0, m**! —q}.

v
K

(1) is proved. Notice, that (ii), (i7i) and (iv) follow together with ().

Thus, as K — o0, converges to max{0, m"” —a} in probability, and

All these claims are closely related, and their proof is similar.

(a)
Notice also, that the convergence of ¥o—- to max{0, m” — a} in prob-

K
- . . - v{ (W)
ability means that in a suitable probability space, the sequence "=

converges almost surely to max{0, m"” — a}.

4. Asymptotic expansions and the proof of Lemma [1.2]

Lo " (a) C .
Pathwise inequalities (8.7]) and Y”T < % hold for any initial size K and

(a) (a)
. . v x
any a. Therefore the appropriate normalized sequences e and NS

converge to the same limit in probability as K — oo. If there exists
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the limit in distribution of X”_i\/%X” as K — oo, then because of the

(a) (a) (a) (a) a
equality Y= ;%Y" = Xa ;%X" , and the inequality Yo" (w) < X, (w)

for all @ > 0 and all w € Q (see ref. (3.7)), there are also the limits

(@) _py (@ (@) _px(@
fnY-BY g XY -EX
VK VK
independently. That is, one can let K — oo before a — 0, or converse.

in distribution o as K — oo and a — 0
Notice, that the limiting distribution of % has been obtained in
[19], and it also follows from asymptotic expansions obtained in this
section.

It follows from the results of Section Bl that, as K — oo, 7, x con-

verges in probability to

{(a) = min{l : m' < a}.

and hence, in the case where K increases to infinity first, ¢(a) =

P-limg_ .o 7ok (P-lim denotes a limit in probability). It is known

(see e.g. Pakes [20]), that {5 converges to the constant ¢ = _loglm in

probability. This result of Pakes [20] can be proved by different ways.
The advantage of the proof given below is that it remains true for
more general models than the usual Galton-Watson branching process,
resulting in the justice of the results of the paper for general models
as well. For instance, one can reckon that a bisexual Galton-Watson
branching process starting with K mating units is considered, where
m now has the meaning of the average reproduction mean per mating
unit (see Bruss [4]). For the relevant result related to the ¢-branching

processes see Bruss [3], Theorem 1.
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For large Xy = K we have as follows:
Tk : =1inf{t e N: X; =0}

(4.1) —inf{reN: 2 <L
n S .Xo K
t
X 1
=inf<teN: <=5
n { S EXn—l K}
Now note that, as K — 00, each fraction % converge to m in prob-

ability. Indeed,

X X, K

4.2 _ an ,
( ) Xn—l K Xn—l

According to [19], % — m” in probability as K — oo. Therefore, the
m“,}: = m in probability for any n.

On the other hand, by virtue of Wald’s identity [6], p.384 we obtain:

fraction (A2) converges to

EX, EY "6, mEX,,
EXn—l B EXn—l B EXn—l B

So, according to (4.2)) and (£3), the limit in probability of the fraction

(4.3)

XX—”l as K — oo and the fraction of the corresponding expectations
o

EXyn

Ex,. o are the same.

From (4.3]) we therefore obtain:

X, 1 L EX,
E(Zl)=—EX, =
(Xo) K HEXn_l

n=1

(4.4)
=m'.
So,

lim KEm™ = 1.

K—oo
. . X, t: o1
Similarly to (44]), we also have that (X—(t)) converges to m’ in probability
as K — oo for any integer t. So, from (41]) and ([4.4) we have the
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similar limit as in the case of expectations, i.e. for any positive € and

there exists integer K large enough such that P{|Km™ — 1| > §} <e,

i,e. Km™® — 1 in probability as K — oo, and thus IO;KK converges to

—m in probability.

From (2.4) for Y;(j:l, j=0,1,..., we obtain the following equations:
(4.5)
[aK]

v —m =6&y/1" Z LD 03 (1 g)

-1 & I(a i=1

where 0 - 0o is assumed to be 0.
Assuming that K increases to infinity, and dividing both sides of
([E5) by large parameter Gv/K we have the following expansions

(4.6) v@
J lak]
§ji —m \/?
=X+ ) ——=— Xj+1= ) _ (1= &)
Pl r ek 408
or
(a) (a
Xj+1° Yo m,
a 6VEK
(4.7) v
f ;i —m a\/?
= Xj+1 Z S S (1 — m)
Forj=0,1,...,4(a) —2, {(a) > 2, one can remove the term x;;; from

the both sides of (4.7]).



16 VYACHESLAV M. ABRAMOV

Therefore, for j = 0,1,...,¢(a) — 2, the left-hand side of (4.7]) can

be transformed as follows:

(a) (a)
Yip1 —mYj
6VK
Y;'(—i)l _ mEY}(a) + mEY}(a) _ my;_(a)
(48) SVE
_Yh-EYG ij(a) —EY" oVE (1 B m)
6VK SVK S
_ @ @ VK
=00 —mb;7 — T(l —m),

where {GJ(»G)} is a Gaussian sequence. (The values of the parameters of
this Gaussian sequence are not discussed here.)

In turn, for j = 0,1,...,4(a) — 2, ¢(a) > 2, the right-hand side of
([40) is transformed as

Y(a) CLKJ

Eia—
Zﬂ NG 6KZ — &)

V9 ¢i—m /K
4.9 — 3 —
( ) N ;( S Y(a G} (1 m)

= %—ag(l—m»

where {(;} is a sequence of independent standard normally distributed

random variables.

Therefore for j =0,1,...,¢(a) — 2 from (48)) and (£9]) we have:

(4.10) 0 —mol" = G/,
(a)
where y]( ) = YJI'{ .
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The analysis of (4.10]) is standard. According to the definition EQJ(-G) =
0. Therefore, rewriting (4.10) as

(4.11) 9(4-1 ~ m@ + Gy y] ;

we obtain:

Y-(a)

(4.12) (9§11) = lim B | mo + ¢/ =

2
Taking into account that E (( y](“)) :Ey](.“) —m’ —a, as K — oo,
we obtain

(4.13) V&I"(HJ(_H) m? Var(Hj(-a)) +m/ — a.

Next, from (£I0) we have:

cov(0\”,0%%)) = B0\ 0\,
(@) Y»(a)
_ a j
= Iglinoo E | mo; 94 CJ I
— mvar(é’J(a)) +m! —a,
and it is easy to show by induction
cov((?j(»a),ﬁj(»cjr)n) m” var( 9“ +ZmZ lEy](Jr)n "
=1
Ey]('l-ll-)n—i = mj+n_i - a,

where j +n < ¢(a) — 1. Assuming now that a — 0, we obtain the

convergence of the sequence

{Xl—Km Xg—Km2 }
6VK = 6VK
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to the Gaussian process {61, 6s, ...} with mean 0 and covariance func-
tion
COV(9j> 9j+n) =m" Var(ej) + nmj+n—1’

(4.14) |
var(f;41) = m* var(6;) + m’, var(6,) = 1.

This implies the statement of Lemma

5. Proof of Theorem [1.7]

Let us now study equation (£I0) more carefully. Let u; and us be two
real numbers, 0 < u; < uy < 1. Assume that K is so large that the
probability P{|7, x — ¢(a, K)| > €} is negligible (¢ > 0 is an arbitrary
fixed value, K is large enough), where ¢(a, K) is a (not random) integer
number. Such a number does always exist for any given a since, as
K — o0, 7,  converges to {(a) in probability.

For large K we have the following two expansions:

(a)

(a) (a) - lu17a, k]
(51) etulTa,KJ‘i‘l - metulTa,KJ - <-LulTa,KJ %’
L(a) J
(a) (a) N U2Ta, K
(52) eLugTayKJ-‘rl - me\_uzTayKJ - CL“2Ta,KJ K )
where yfzzm . in the right-hand side of equations (E.I) and (5.2),
' (@)
1 = 1,2, are correspondingly replaced by % It is worth noting as

follows. Relations (5.1]) and (5.2]) are written in the form of an asymp-
totic expansion. The left-hand sides of these expansions are Gaussian
martingale-differences, while the right-hand sides are the expressions
with large parameter K. Since the probability P{|7, x — {(a, K)| > €}

is negligible (¢ > 0 is an arbitrary fixed value, K is large enough), the
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expansion with the given right-hand side is correct. From (5.1]) and
(5:2) we obtain as follows:

(a) 22
YLulTa,KJ (QLUQTayKJ“Fl - meLUW'a,KJ) g[“lTa,KJ

- y(a) 2 .2
~ YLugTa,KJ (etulTa,KHl - metulTa,KJ) CLuz'ra,KJ

and for any continuous function f(e)

(a) 2 2
(5.3) PV ey Bisrin = 01 1) Gusroe

_ ¢ [y@ s
~ f |:YLU2Ta,KJ (etulTa,KJ'i'l - metulTa,KJ) C\_u27—a,KJi|

For example, from (5.3) we obtain:

l
(a) 2 r2
[YLUM | Olusra )+t = Muar 1)) Clurr i J}
(5.4)

l
< |y(@ 2 ~2
- [YLUQTH,,KJ (etulTa,KJ‘H - metulTa,KJ) CLUZTa,KJ]

1
Now estimate the conditional expectation E { <YL(G) ) ’ y@ }
UL Ta, K | [u2Ta, i |

For brevity let us introduce a random vector

Zuhuz,ﬂz,K - {etulra,;{]a eLugra,KJa <|_u17'a,KJa CLUZTa,KJ} :

We have

E{YLX)TG,KJ ‘ vaumﬂ}

=B{E (M 1 | Zussre 7o) | 7}
T (o [ Zen) )

- EY@G’KJ, i=1,2.

The last equality of the right-hand side of (5.5]) is a consequence of
conditional independence of YL(HI?TGVK | and Zy, 7, that is for any
given event {7, x = k}, the random variable YL(uC?k | and random vector
Z.,, u, 1 arve independent. (5.0]) holds true also in the case of a = 0 that

will be discussed later.
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Next, using the notation 7x = 79 k let us prove that

(56) COoVv (HLUN'KJ-H — mﬁtulTKJ,GLuQTKJH — mHLuzTKJ) — 0

as K — oo.
Notice, first (see relation ([£I4)) that cov(f;,6,4,) vanishes as n —

oo. Consequently, by the total expectation formula,

(5‘7) COV(Q[MTKJ ) 9L“1U<J+”) =E (COV(QLHUKJ’QLUUKH‘" | TK))

vanishes as n — 0o, where here in relation (5.7)) and later the notation
for cov(0|u,rx |5 Oluiric)+n | Tx) Or another similar notation means the
conditional covariance. Taking into account that, as K — oo, 7x
increases to infinity in probability and us — u; > 0, the difference
|ueTi | — |u1TK | increases to infinity in probability too. Hence, by
virtue of (5.7) one can conclude that cov (0|, |, 0|usry|) Vanishes as
K — oo. Therefore, as K — 00, E0|y;r;)0|usrye| 15 asymptotically
equal to Ef|y, | EO|u,r |, and (G.6) follows. In addition to (5.5) and
(5.6) we have also the following. Since the sequence {(;} consists of
independent standard normally distributed random variables, then as

K — oo

(5.8) cov (CLu1TKJ>CLU2TKJ) — 0.

This is because cov (Cluyrg ) Clusr | | Tx) = |tk ] = [uoTk ]}, and
the last vanishes in probability as K — oo.
Assuming that a vanishes we need a stronger assumption than above.

Specifically, we assume that K is so large that the probability

Ta,K - E(a, K)
P { R T ’ > €
logm

is negligible for all 0 < a < ag (¢ > 0 is an arbitrary fixed value, K is

large enough), where ap < 1 is some fixed small number. Such a large
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number K does always exist, since as K — oo and a vanishing, 12‘;’;(
converges to ——— in probability. Then, letting a — 0 in (5.4) in view

logm

o » (a)
of pathwise inequalities () and Y2— < 32 we have

l 2l .o
XLu1TKJ (eluzTKJ-H - meluzTKJ) CLurFKJ

(5.9) l 20
= XLuz'rKJ (eLuHKJ+1 - melulTKJ) gl_uzTKJ'

Taking into account (5.5), (5.0) and (5.8) and conditional indepen-
dency of X |y 7], (eLuHKHl — metumd) and (y,ry |, and passing to

the appropriate conditional expectations, from (5.9) we obtain:

E{X{WKJ ‘ XWKJ} —E [E {XfWKJ ‘ XWKJ,TK} ) TK]

E (0usr o1 = 00,7 ))”
E (QLHWKJ-H - meluzTKJ)m

(5.10) l

lu2Tk ]

Thus, to this end our task is to determine the asymptotic of
2@
E (eLuiTKJ—l—l - meLuZTKJ) y = 17 27
for large K. Returning to basic equations (5.I]) and (5.2)), we have

21
(a)

2 Y,
(a) (a) - [wiTa, k]
E <9\_uiTa7KJ+l - me\_uﬂa’KJ) =E C\_uira’KJ K
2l
(5.11) v(@
=ECE || (urx] _lwtax] ’ Ta K
iTa, K K 3

l
=Lk <yfuzra,KJ> E(CLUiTa,KJ)2l7

where (|y,7, x|; ¢ = 1,2, are standard normally distributed random

variables. As a vanishes, from (5.I1)) we obtain

21 Ui T,
(512) E (GLUiTKJ‘l'l — mHLuZTKJ) = Emll_ KJE(CLWTKJ)Z'
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Therefore, (5.10) can be rewritten
l - ! l(|u1Tr | —|uaT
E{XLuHKJ ‘ X[uzTKJ} - XLugTKJEm(L rrie)=lua KJ)

This proves the first equation of (IL2)). The proof of the second equation
of (L2) is similar.

Consider basic equation (5.1]) again, rewriting it as follows:

(5.13) v

[u17a, i ]

e K09 @ Y
[ur1Ta, k] 7 [u17e, k] +1 lu1Ta, k] ) °

Assuming that as a vanishes we have:

2
(514) XLulTKJCfuHKJ =K (HLUITKJ‘Fl - meLulTKJ) :

Therefore, taking into account that X|,, .| and (|-, are condition-

ally independent, from (5.14]) we obtain:

21

B {Xl ‘ } KlE { (el_ulTKJ'f‘l - meLuHKJ) ‘ TK}
uLT TK ¢ <

L] E(glulTa,KJ ‘ TK>2l

= K'm!lwms],

(L3) is proved.

6. Discussion

The aim of this section is to present the main results in convenient
form for application to analysis of real populations. In this section we
also establish a so-called invariance property.

Let, when K is large, € be a relatively small (positive or negative)

parameter having the following meaning. The population size at time

__log K
logm*

|uaTx | is assumed to be equal to | (1 + €) Km"“2'% | {5 =
The meaning of this value is the following. The factor Kmluztx]
is the expected size of the population at time |us7k |, and the factor

1 + € represents a parameter of relative deviation from the expected
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population at that time moment. Then, from Theorem [I.1] we obtain,
that for large K

108 B (X[, | Xiugre) = [(1+ €) Km"' ])
(6.1) = llog(K + Ke) + lujtg logm + o(1)

= llog(K + Ke¢) — luy log K + o(1).
In real computations the term log( K + K¢) can be replaced by e+log K
if € is sufficiently small.

The result similar to (6.I) can be obtained for the conditional ex-

pectation of (IL3]). Specifically, for large K write

log K
2 =—|(1 .
(6:2) o= 0+ orE]
([€.2) has the following meaning. As K — oo, the fraction X% con-

verges in probability to —@ , and therefore, as K is large, the factor
1+4€ is a parameter for relative deviation from the expected value of
extinction time. Then,

log K
log E {XfulTKJ ‘ TK = — \‘(1 + E) o8 J}

logm

(6.3)
= llog(K + Ke¢) — luy log K + o(1).

As we can see the right-hand sides of (6.1]) and (6.3]) coincide. That is
for any given relative deviation 14-€ the asymptotic conditional expec-

tations are invariant.
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