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LIKELY PATH TO EXTINCTION IN SIMPLE BRANCHING
MODELS WITH LARGE INITIAL POPULATION

KLEBANER F. AND LIPTSER R.

ABSTRACT. We give explicit formulae for most likely paths to extinction in
simple branching models when initial population is large. In discrete time
we study the Galton-Watson process and in continuous time the Branching
diffusion. The most likely paths are found with the help of the Large Deviation
Principle (LDP). We also find asymptotics for the extinction probability, which
gives a new expression in continuous time and recovers the known formula in
discrete time. Due to the non-negativity of the processes, the proof of LDP at
the point of extinction uses a nonstandard argument of independent interest.

1. Introduction and main results

In population genetics it is often important to look back at the development
of populations. In this paper we consider the question of how extinctions occur,
and in particular, what path a population takes on the road to extinction. Using
asymptotic analysis when initial population values are large, we are able to find
most likely path to extinction as well as the extinction probability in two simple
branching models in discrete and continuous time. In both examples we use the
large deviation principle (LDP) which is non-standard since random processes are
nonnegative, and we use trajectories ending up at zero.

One of the contributions of this paper is in rigorous proofs of the LDP for pro-
cesses on half space. It may appear to the reader that the LDP follows from known
results in Markov chains and diffusions. This is only partly correct. In proofs of
local LDP one needs to prove a lower bound. The standard proof relies on the
change of measure. This requires a certain point (the point where maximum in the
Fenchel-Legendre transform is achieved) to be finite. In our case this point is at
infinity, and a standard approach for the proof of lower bound brake down. We
therefore give complete proofs of LDP in Sections Bl and H following the scheme
of Puhalskii [T9]. His approach states that the LDP is equivalent to exponential
tightness plus local LDP, and is based on method of stochastic exponential (instead
of the Laplace transform). Although we follow the scheme of Puhalskii [T9] we do
not use idempotent probability and give direct proofs. Since these proofs are more
technical, we placed them at the end, after results on extinction. Once the LDP
is established, the problem of finding most likely path to extinction is in effect the
problem of minimization of the rate function. This is typically a difficult problem
due to nonlinearity. We are able to solve it by setting up the Bellman equation
in discrete case, Section Bl and a dynamical control problem in continuous case,
Section Bl

1.1. Galton-Watson process. A prototype of branching model in discrete time
is the Galton-Watson process, described as follows.

Let X,, denote the population size at time n, and &, 41 the number of offspring of
the jth individual. For each n = 1,2, ..., {(¢/);>1} is the sequence of independent
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2 KLEBANER F. AND LIPTSER R.

identically distributed integer-valued random variables with the probability distri-
bution function P(& = ¢) = pg, £ =0,1,.... The population size at time n + 1 is
given by

Xn
_ E J
Xn+1 - §n+17
Jj=1

where Xy = K > 0. The state {0} is absorbing, and the branching process (X, )n>0
might be absorbed in {0} at the extinction time

T:inf{n:ano}.
If po = 0, the population does not become extinct. However if py > 0, it is well
known (e.g. [, [1]) that the extinction time 7 is finite with probability one if and
only if the offspring mean m = Zzgl ¢pe does not exceed one (m < 1). Moreover,

for any m, the distribution function of 7 is computed using the offspring probability
generating function f(s) = 3 ,o,pes’, 0 < s < 1: for any N > 1,

P(r < N) = (fn(0)", (1.1)

where f,(s) is the n-th iterate of f(s), i.e. f,(s) = f(fn-1(s)) with f1(0) = §(0) = po.

A natural question is how to find the “path to extinction” given that extinction
occurred at time N, 7 = N. The conditional distribution of the chain conditioned
on extinction: forn=1,...,N — 1,

(i) :=P(X, =ilr=N), i=1,2,...

gives the complete description. It can be used to find the conditional median or
the traditional optimal estimate X, = > ooy iy N (2). Unfortunately such compu-
tations are involved, even using the Markov property of (X,,). However, for large
values of Xy = K, one path has an overwhelmingly large probability compared to
the rest. Consider the normed branching process

oK = B
K
The limit in probability P-limgx .. 25X = 2, exists (see [I0], [IT]) and satisfies
Tp41 = MIy,, Zo = 1. The process &, is always positive, irrespective of the value
of m, so that, the approximation &,, is inadequate for study of extinction, the fact
is already mentioned in [3]. In the approach we take, (zX),<x is approximated on
the set {7 < N} by a deterministic sequence u* := (u),<ny with uf = 1, positive
uy’s and u} = 0, such that for small 6 > 0 and large K,

P(S ket sl <8) = P(r < ),
n=1

This choice of u* might be warranted by the following argument. Since f,(0)
increases in n, for large K, (f5(0))¥ is considerably larger than any of (f,(0))%
for n < N. Then, by (CI), P(t < N) =P(t = N)+P(r < N —-1) =~ P(r = N).
Consequently, for any u. = (up)n<ny with ug =1 and u, >0,

N
P(;|x§—un| ga) < P(TSN).

For large K, extinction for the process 2% is a rare event, since the limit process

Iy is positive. Therefore, as in [I4], we approach the problem of extinction using
the large deviations theory, obtaining a new result as well as recover an asymptotic
version of the well-known result ([LI]) by using this theory. According to LDP, The-
orem Tl and by analogy with the maximal likelihood estimator, the path (u)n,<n
is said to be the most likely path to extinction of the normed population zX

n -
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Clearly, 7 is the extinction time for both processes X,, and zX, so that, Ku}
(with large K) sets the pattern for the extinction path in the orlgmal branching
process.

Figure below demonstrates likely paths to extinction for a binary splitting model
with different parameters, p = py, illustrating the general result.

For formulating the main result, we use the log moment generating function,
assuming its existence up to some tg > 0,

g(t) =log» e'py, t € (—00,tp). (1.2)
>0

It is related to the moment generating function by (Lemma ETI):

log f(0) = gn(—00).

Theorem 1.1. Assume pg > 0 and ([L2). Then, for any N > 1,
(i)

N
(up)n<ny = argmax lim lim —1ogP(Z |eE —u,| < 5)

uo=1,un=0 6—0K—oo K
wn>0,n<N—1
with
II ¢(ov-i(-)), n <N, (1.3)
1<i<n
where g;(t) is i-th iterate of g(t), go(t) = t.

(i)

1
J— — < = i — < .
(%13% Klgn logP( E |5 — | 5) Klgl})o % logP(7 < n))

1.2. Branching diffusion. In continuous time, we consider the model of a branch-
ing diffusion X; defined by the It6 equation

dXt = O[Xtdt + o/ XtdBt (14)

with a positive initial condition Xy = K, where B, is a Brownian motion, ¢ > 0,
and a € R. Stochastic equation () possesses a strong nonnegative solution.
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Since diffusion degenerates, one way to see this is to construct the solution from
the following approximating sequence (X} );>;:

Xt = thI{tgn} + Z Xﬂz-iI{Ti<t§n+1}v
i>1
where dX} = aXjdt + o\/|X]|Vi~ldB;, X§ = K, and 7; = inf{X} < i~!} the
increasing sequence of stopping times (7;);>1 relative to the filtration generated
by Brownian motion (B;) (see also Theorem 13.1, [I3]). The strong uniqueness of
T3 follows from Yamada-Watanabe’s theorem (see, e.g. Rogers and Williams, p.
265 [210) since its drift and diffusion parameters are Lipschitz and Holder (with
coefficient 1/2) continuous respectively.

Obviously,
7=inf{t: X, =0} = lim 7.

We analyze the normed process rX = % Due to (), 25 solves the It6 equation

de¥ = ax dt—l—— xKdB,, 1.5

t t \/F t ( )

with xé< = 1. It can be readily shown that P-limg_. xf = I exists and solves

=t = aZy¢, ©o = 1. However, z; is always positive and is far from to be estimated

path to extinction. As in the discrete time, in order to evaluate path to extinction

for (zK)i<r for fixed T > 0, we approximate (zX);<7 on the set {r < T} by a

deterministic function (u;);<r with uf§ = 1,us = 0 and u} > 0, such that for a
small § > 0 and large K,

P(sup|;1c,f< —uj| < (5) > P(sup|;1c,f< —uy| < (5)
t<T t<T

for any (u¢)i<r from the set {ug = 1, (uy > 0)i<p, ur = 0}.
Unfortunately, the helpful formula of type ([[ZI)) is not known to us in this case.
Here we obtain its asymptotic version as K — oo, see (ii) below.

Theorem 1.2. For any T > 0,
(i)

1
(u))i<r = u?rglnulfxo }11% Kh_I)IlOO 74 log P ( sup leK — | < 5)

w;>0,t<T
s given by
—at 17€_Q(T_t))2 0
up =1 ° (t e ) @ 7 (1.6)
(1-4)7, a=0.

hm —logP(T <7T)= hm hm —logP(sup|xf( —u;| < 5)

K—oo K t<T
B 1 «
T 2021 —e 0T’
Corollary 1. (1) u* has the remarkable property: it is the same for subcritical

and supercritical case: uj(a) = uf(—a).
(2) For large K, the probability of extinction in [0,T) is given by
K @
Pr<1) ~exp (= 557 =ar)

In particular, for a =0, P(t <T) =~ e~ 7T
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2. Proof of Theorem [Tl
We begin with
Lemma 2.1. For any n > 1, g,(—o00) = logf,(0).

Proof. The result follows by induction from the identity g, (logt) = logf,(t) for
t € (0,t0). Write

g(log(t)) = log Z e1oet)p, = Jog Z eloe(?) =log Z t'pe = log f(t)
>0 >0 >0
If gn—1(logt) = logfn—1(t), then
gn(logt) = g(gn—1(t) = g(log(frn—1(t)) = log f(fa—1(t)) = log(fn(t))-

The proof of Theorem [Ilis done in a number of steps.
(1) Recall that g(t) is convex function with g(0) = 0, g(—o0) = log(po) and
g'(t) >0, t > —oo while g'(—00) = lim;_.o g'(t) = 0.

(2) By the local LDP (see, Theorem ECTl), for ug = 1, uny = 0 and other positive
u,’s, it holds

%li%Kh_I}loo_lOgP( Z |eE — u,| < 5) Z I(tp, tp—1).

n<N n<N

(3) In order to find (u}),<n such that for up = 1,u, > 0,uy =0
ZI ui,ui_l Z ZI ui,ui_l s (21)
i<n i<n
we apply the Dynamic Programming.

Since uy =0,

I(un,un-1) = O, )(—UN—lg(t)) = —un-18(—00) =: Bn(un-1)  (2.2)

is the boundary condition for the Bellman equation

By (tn-1) = inf [BnH(u) +I(uyun1)|, 1<n <N -1 (2.3)
For n =N — 1, we have
By_1(uny_2) = inf [— ug(—oo)+ sup {tu—un_29(t)}|. (2.4)
u>0 te(—o0,to)

&) provides the inequality,
By_1(un—2) > ffifo [— ug(—o0) + tu — uN_Qg(t)], YVt e (—oo,ty)
which, with ¢ = g(—00), is transformed into

By_1(un—2) > —un_282(—00). (2.5)

We show that the above inequality is equality. For u,un_o > 0, “sup,” in ) is
attained at the point t* = t*(u,un_2), so that, for any u > 0,

By-1(un-2) < ult*(u,un—2) — g(=00)] — un—28(t" (u, un—2)).
We choose u = u}y_, such that ¢*(u}_,,un—2) = g(—00). This is possible since
g(—o0) =logpo, t"(0,un—2) = —o0,
g'(-00) =0, t"(mup—2)=0, ¢'(0)=m,

so that, the existence of u},_; follows from continuity, in w, of t*(u, unx—_2).
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The choice of u} _; gives the inequality
By _1(un—2) < —un—29(t" (uy_1,un—2)) = g(g(—00)) = ga(—00).
Consequently, the opposite inequality for (ZH) holds true and, therefore,
By-1(un—2) = —un_282(—00).
It is obvious too that for any uy_o > 0,
uy_y = un—28 (" (uy 1, un—2)) = un—29'(g(—00)).
Further, by induction, we find the following pairs:
uy_1 =g (g(—00))un_o

By-1(uj_o) = —g2(—00)uy_»

Un_og = g (92(—00))@67\773

By _2(uj_3) = —g3(—00)uy_3

uj = 9/(971—1(_00))1‘0
Bi(up) = —gn(—00)ug (ug = 1).

With chosen (u})i<n<n—1, the Bellman equation ([Z3)) is transformed into the
backward recurrent equation

Bh(uy_1)=Bpt1(uy) + I(ur,ur 1), 1<n<N-1

with boundary condition —u},_,g(—o0) (see, Z2)).
Thus, By (1) = Zl<n<N I(uy,up 1)
On the other hand, the Bellman equation also yields

Bl(]-) Z Z I(unaun 1)+BN UN— 1 Z I unaun 1
1<n<N-1 1<n<N
what proves (ZI).
(4) We recall that > v I(u},ul,_1) = —gn(—00), that is, by Lemma ETl and
D, B

1
> I(up,uhy) = —logfn(0) = —logP(r < N), ¥ K >0,
1<n<N

(5) Thus, (1)-(3) imply the statement (i); formula ([C3)) follows from recurrence
U;; = g’(gg(—oo))u;;_l, US = 1.
Finally (ii) follows from (4). O

3. Proof of Theorem

We apply the LDP Theorem Bl By the local LDP, with ug = 1, us > 0 and
ur = 0, we have

lim lim — logP(sup |xt — ut| < (5) = —Jp(u),
5—0 K—oo K t<T
202 fO (de uut) I{ut>0}dt Uy = 1, dut = ittdt
00, otherwise.

Therefore (i) is reduced to minimization of Jr(u) in a class of absolutely contin-
uous test functions u; with ug = 1, uy > 0 and ur = 0.

where Jp(u) =
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U — U
Set w; = t\/_t, t € [0,7) and notice that the minimization of Jp(u.) is
Ut

equivalent to the following control problem with the controlled process u, solving
a differential equation

itt = aus + \/U_t’LUt, te [O,T)

subject to ug = 1, where w; the control action belongs to a class of measurable
functions with fOT w?dt < oo bringing u; to zero at the time T'. The control action
w; from this class is optimal if for any wy,

T T
/ (wy)?dt < / widt.
0 0

If wf exists, then the controlled process uj related to w; minimizes Jr(u.) in the
required class of continuous functions u. = (u¢)i<7.

In order to find wy, it is convenient to deal with (recall u; > 0) v; = /u; since
vy solves the linear differential equation vy = Svy +wy, wvo = 1. If wy exists, then

w; brings v; to zero at the time T, that is, 0 = vy = e27 + fOT ez (T=y*dt or,
equivalently,

T o
1= / e 2wy dt. (3.1)
0
Hence, by the Cauchy-Schwarz inequality 1 < fOT e tadt fOT(w;‘ )2dt, that is, the
following lower bound holds: fOT (wy)?dt > J%M. This lower bound is valid for
—e
any w; providing (B , so that, the condition

T
w2 a
dt =
/0 (i) 1—eoT

is valid for wj = ce™*2 for any constant ¢, bring w} = c*e

T T
1= / e 2wl dt = c*/ e todt.
0 0

o
(] oe 2
—— s « 0 — 7 (0% 0
C*:{ 1—e ) # and U};: 1l—e—Toa> 7é

2 with ¢* solving

Hence,

1 1

T 04:0 T O[ZO
T [}
/(w*)th:{le—‘“T’ a#0
t 1 _0
0 T a=0.
Finally, we find that
t
x _ t2 « / (t—s)e —so
vy, =e'?2 — ————— e 2e¢ °2ds
t 1—eTe [/,
t% [1 1_efta:| t%(efta_efTa)
= e _—— = e _—_—
1—eTa 1—eTa

and, since u} = (v})?, we obtain ([CH) and the proof of (i) is complete.

(ii) By (i),
1 «

Irlw) = g T et

(3.2)

We show that
. 1 N
Kh_Igo ElogP(T <T) = Jr(u).
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To this end, use the fact that {r < T} = {(w,t) : 3t < T, 2/ (w) = 0}. For
notational convenience denote 2 := {7 < T}. Set 2 and 2" the closure and
interior of 2. Then, by the LDP, we have

3 1 cl . . «
_ < — - _
A g losP ) <= I ) = )
{ YT
1 .
i — log P(AM) > — inf J, = — inf J:(u™).
KI_I?)O °8 ( ) - usH>10,sO<t; o(u) tlgT 1(u”)
“{ Yer

Since limy . = limg_.o implies the existence of limy_,«, it remains to show
that inf,<p Jy(u*) = Jr(u*).

Notice that B3) is valid with T" replaced by any ¢ < T with u* replaced by the
corresponding u" = {uy* = L;ubt > 0,5 < t;u)’" = 0}. In other words, for any t,

1 «@
*,1 =
J™) = SE T
and J;(u*?) increases to Jr(u*) with ¢t T. O

4. LDP in Discrete Time
Let m = inf{n < N : u, =0} and m = oo if all (uy)n<n are positive.

I(y,x) = sup [ty —xg(t)] (4.1)
te(—o0,to)
Theorem 4.1. Assume ([LA). For any N > 1, the family {(mff)nSN}Kém obeys
the LDP in Rf, supplied by the Euclidian metric on, with the speed % and the rate
function

m

1
I(tns tn—1) — Um—1108(P0); w0 om
1

3
Il

JN(’LL) =

’ug:l
I(un, un—1), Up>0,n< N

M=

—

3 n:iup=0,un4+1>0
or up#1

3

Remark 1. LDP for branching processes have been considered in the literature,
see, for example, 2], E, [I8]. However, they were concerned with the sequence
Xn/Xn-1, as n — oo, whereas here we consider the LDP for X, /X, processes
indexed by the large initial value.

Remark 2. The nonnegativity of #X provides some difficulty of the LDP verifi-
cation at the “point of extinction”, that is, at the point where the test function
becomes zero. For sets of trajectories keeping away from zero, of which {7 < N} is
not, the statement of the theorem is implied by a result in Klebaner and Zeitouni,
[9) and other known results that can be adapted to our setting (see, e.g. Kifer,
8], Puhalskii, [T9], Klebaner and Liptser, [I2], etc.). The proof of theorem is new
in the part concerning the lower bound in the local LDP. However, for the sake of
completeness and accuracy we give the proof below.

4.1. Proof of Theorem E.Il We follow standard (necessary and sufficient) con-
ditions for proving the LDP by showing the exponential tightness:
. — 1
clgnoo Klgnoo ® logP(2\ K¢) = —o0
with compacts K¢ = {maxi<,<ny 2y < C}, C' / oo, and the local LDP:

T K
;1_%}{151100 7 logP(QN(x, yu.) < 5) =—Jn(u.).
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Notice that ([C2) implies the existence of a stochastic exponential, with ¢, < Kto,

é{’(It(l,...,tN)(${(,.. xN 1 HE( tnw |</n 1)

where (Z,,)n>0 is the filtration, with Z, = {@, 2}, generated by (z£),>1.
Set

g = eisn e IR EE, L (@) (4.2)
The random process (3n,-%n)n<n is the (positive) martingale,
Esn = 1. (4.3)

4.1.1. Exponential tightness. Since maxi<,<y z <>, _ X it is enough

to show
dm Jim ziogP( 3 af20) =
1<i<N

Set t* = argmax,c(_ oo 4,) [t — 8(t)]. Since g(0) = 0, we have that t* € (0,%) and
a(t*) < t*. We choose t,, = t*K(< Ktp), and introduce 2 = { >, _,., 2 > C}.
With chosen t,,, we have Ejn = 1 and, therefore, Elg3y < 1. Taking into account
this inequality and [E2), write

1> EIQ{@Z{IS"SN} t*wfilOgg({ﬁ(* ,,,,, t*)(wf»"')wﬁ_l)
= EIQ[eKt* ZUS%SN} Ii{_Kg(t*) Z{lgngz\f} Ii{—l
> Elyef Zaznzmt"—8)ler —Kla(t)|

> Ely KO —al)] = KOl —a(t)]=Kla(t)Ip (),

Therefore, & logP(A) < — [t* — g(t*)] C + |g(t*)] —— —oc. O
—_—— C—oo
0
4.1.2. Local LDP. Upper bound. We may restrict ourselves by the test function
u. = {ug,...,un—_1, un } and show that
— =~
>0 =0
(%H%Khm —logP(QN( yu) < 5) < —Jn(u.). (4.4)

For the test function with all positive u,’s and ug = 1 the proof of @) is similar.
For test function with w,, = 0,u,41 > 0 or ug # 1, @3 is obvious. For others test
functions the verification of () is reduced to the above-mentioned ones.
Let now 2 = {pn (25, u.) < 6}. By @), we have

1> Elygy = EIQ[eZ{19151\7}[tnzf—Ksz,lg(tn/K)]. (4.5)
Set t), = argmax;e(_ s ¢o) [tn — un—18(t)], » < N — 1, and t3 = —1 (I > 0), and
take ¢, = Kt¥, then we derive from (E3)

1> EImeKZ{1gngN}[trlunfun—lg(trl)]*KZ1gn5N71(t2+|g(t:)\)5
— ElgeXEacnen—ny [unun_n)—un10(=DI=K 31 ey (0l +l(t7)Dd

_ EImeK[JN—l(’LL.)—'LLN_lg(—l)]—KZlSnSN*l(‘t;|+‘g(t;)l)§'

Hence, taking into account that lim;_. g(—1) = log(po), we obtain

08P (%) < ~[Txa(u) Fun (Dl + 3 (18] + la(t7))9
1<i<N-—1

o —[In=1(u.) +un—1g(-1)] = —Jn(u.).
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4.2. Local LDP. Lower bound. Obviously for u. with Jy(u.) = oo, it is nothing
to verify. Further as in the upper bound verification, we may restrict ourselves by

the test function u. = {uy,...,un_1, uy } with P(¢&} = 0) = pp > 0 and show that
—_—
>0 =0
1
lim lim —logP(on(a",u) <8) = —Jn(u.).
5—0 K—oo K
Write

{QN(m u)<5}—{QN (! ,u)—|—mN<5}
D{QN 1m,u)<055 $N§055}
2 {on-1(2F,u) <055, 28 =0}

1 Kxy_ 4
{QN 1(zF u) <0.56, T ; f?V:O}
1 KJuN,lJré) ‘
{QN (2% u)) < 0.5, % 2 55\,:0}
K(uijJ:ts)
{QN 1(96 yu.) < 0.56, Z 55\,:0}.
j=1

The sets 21 = {on—1(a¥,u.) < 0.56} and Ay = {EK(“N ) = 0} are inde-
pendent, so that,

P(QN(x . ) < (5) > P(QN 1({E U. ) <0. 55)PK(UN 149) (5 0)
Consequently,

1
lim lim — logP(on (2", u.) <9)
0—0 K—oo

1
> lim lim —logP(QN 1(3: u)<055)+uN 1logP(§ =0).
6~>OK—>OOK

If

lim lim —logP(gN (25 )<5) > —Jn-1(u.), (4.6)
6—0 K —oo K

provided that u,, > 0, n < N — 1, the the required lower bound holds true.
Thus, it is left to verify the validity of EH).
Set Ax_1 (%) = 3n5_1, that is,
An 1 (a ) ZN 1K[t oK oK 1g(t2)} EANn_1 (] )_1

We introduce the probability measure Q¥ _ ! with dQ¥_, = Any_1(z¥)dP. Since
A1 (2E) >0, P-a.s., we also have dP = At (2F)dQE .
In particular, for Ql {QN 1z u ) <§ }

/A )dQK |

So, the following lower bound, on the set 2, is valid:
AX[ 1( )>67KJN 1(u.)—Kémax,<ny—1(|t; |+|a(t))])

> o~ KIn-1(u)—Kdmax, <y —1(|t, [+ a(t;)])

or, equivalently,

1 1
- > _ o * * - K
7 108 P(A) 2 —Jn—a(u) =0 max (|t,] +]a(£,)]) + 7 log Q1 ().



LIKELY PATH TO EXTINCTION IN SIMPLE BRANCHING MODELS 11
The latter inequality implies [H) if
. 1 K
Klgnoo 7 logQn_1 () = 0. (4.7)
A simply condition, providing (@), is limg .. QK _; () = 1 or, equivalently,
Jim QN_1(on—1(zF,u) > 6) =0. (4.8)

We verify [S) by showing’

N-1
UN -1 Un—1 *
E]I\gflg?\ffl(xK'ﬂ u) = K Z u? g//(tn)' (4'9)
n=1 n

Notice that the positiveness of (un)n<n—1 provides a boundedness for the right
hand side of ([EJ) and, in turn by Chebyshev’s inequality, the validity of [EX).
In order to establish (@), we apply the identity relative to t:

Ay (2f) K[theX X a(t)]
1= (T [Fa ) = Bl st 4.10
Ry @y | ) = Ee (4.10)
Differentiating twice ([EI0) in ¢, we find that
A (xE
0= E([xff _mfz{flg/(ﬁz)]i(m ) ‘3%—1)
Anfl(x.K)
NS (4.11)
_ K K *\12 K * n\ZL.
0= E({K[xn - xn—lg/(tn)] - xn—lgll(tn)}m‘ynfl) .
By the Bayes formula, e.g. [I1, [I3]: for any integrable random variable «,
A, (2)
= e(o )
Nfl(a|'/ 1) aAn—l(m.K) Z, 1
By taking o = X and a = [#X — 2 | g/(t7)]?, we derive the help of (I that
EN 1 (@ [ Fa) = 2310 (1) (4.12)
K K K _10%y2 x 9'(t,)
ENfl([mn — 210 (17,)] |=3Zn—1) I (4.13)
Since up,u,_1 are positive, we have g'(t}) = uu” . Hence and by [{@IZ), we
n—1

obtain that Efy_, 25 = ;#=-E{_, 2}, Consequently, iterating the above recursion

and taking into account ug = 1, we find that

EN 2l =u,.
Further, with the help of [I3) we find a recursion

2 ”(t*)
EK K2:(un)EK K \2 nig n)
N-1(zn) T N-1(Zp 1)+ un K
By using EX | (2K —w,)? = EX | (2#5)? — 42 and and v? = (u“—il)zu%_l, we
establish a recursion for A, = EX _ (2F — u,)%
Uy, 2 g//(t*)
An = ( ) An— n— L
e 1+ Up—1 K
supplied by Ag = 0. Then, % =0 and
0
N-1
An Anfl Un—1 g”(t:) UN—-1 Un—1 _17/,%
w2 ol 1 * w2 K An-1= K uz 9 (t)-
n n— n n—=1 n

1E§71 denotes the expectation with respect to QJI§71
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It is left to recall that Ay_1 = EX 0% (2% u.). O

5. LDP in Continuous Time

We introduce the filtration (Z2);:>0 generated by Brownian motion By, with the
general conditions. All random processes considered in this section are adapted to
this filtration.

Theorem 5.1. For any T > 0, the family {(xf()tST}K_,OO obeys the LDP in
Cio,1(Ry.), supplied by the uniform metric or, with the speed % and the rate func-
tion

202 fOT w[{ut>o}dt ug = 1 dut = utdt

u

Jr(u.) = ¢ oo, ug # 1 or duy # tdt
wp=1, duiFi.dt
00, g Sup=0 3 t' <t <T.

Remark 3. Since u; > 0, Freidlin-Wentzell’s rate function, [, 5= %7 fo (de uot‘ut) dt
is not compatible with u; = 0. Our branching diffusion model is a “very particular”

case of a model studied by Puhalskii’s in [20]. To apply the LDP analysis from
0] to the family {(xf()tST}K—»ooa one has to “disentangle” many details of the

proof to make it compatible with our case. Finally, in Donati-Martin et all, [,
the LDP analysis deals with a rate function of the following type [; r (u‘ 2% 4t for

uy > 0 related to a family of diffusion type processes without extinction. A reader
interested in details of the direct proof can find them below.

Proof. Tt suffice to verify:
(i) C-exponential tightness (see ),

lim lim — logP(supxt > C) —00, (5.1)
C—oo K—oo K t<T
1
hglo Klgnoo ig[} 7 logP( sup |x,y+t ,IY(| > 77) = —00, V1 >0, (5.2)

where v is stopping time relative to (F)>o,
(ii) the Local LDP,

lim lim ilogP(sup|xt —ut| < (5) = —Jr(u.).
<

0—0 K—oo

(i)-Verification. The proof of &) follows [15].
The use of Stroock’s Lemma 4.12 ( Ch. 4), [22], enables to reduce the proof of

E) to

T logE <) 5.3
1m -—lo sup r < 00 .
K—oo K & <t§¥ t) ( )

since, by Chebyshev’s inequality,

1 1 1 2K
“lo P(su szc) < —1lo —E(su mK)
K g tgg t K gch tgg t

1 2K
=-2C+ —=1lo E(su xK) — —00.
K g tgg t K—oo

— 00

We introduce a continuous martingale and its variation process

ME = /\/_q/deB and (M), —K/ X ds (5.4)
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respectively. By ([C3), X < l—l—f(;5 a2 ds+supy <, [M[Y], so that, due to Bellman-
Gronwall’s inequality,

sup z < el (1 + sup |Mtl/(|), t<T, (5.5)
v <t <t
that is, (E3) can be reduced to
lim ilogE(sup|MtK|)2K < o0. (5.6)
K—oo K t<T

We continue the proof by verifying of ().

Denote by V,X the compensator of [M/|*X in a sense that V;X is a continuous
increasing process compensating |[M[ 2% up to a local martingale. Then, by a
version of Doob’s inequality (see, Theorem 19.2 in [16])

2K 2K
Esup | M 2K < (2K ) EVK. (5.7)

We determine VX with the help of Itd’s formula applied to (M5 )2K

t t
(PR =21 [Pt 4 k(2K - 1) [P dre),
0 0

=VK

and, due to ), VX = 022K — 1) [1(MX)>E-DzKds. Consequently, by (EH),

t
VE <o?(2K — 1)e|a‘T/ (1 + sup |M§|2K_1)ds
0

s'<s

t
< 202Ke|°“T/ (2 + sup |M§|2K)ds — UK,
0

s'<s

The use of VX instead of VX in (1) brings

2K \2K t
Esup | MK 2K < ( ) 202Ke|°“T/ (2—|—Esup |M§|2K)ds.
t'<t 2K —1 0 s'<s

Without loss of generality one may assume that Esup, < |ME|?K < oo (otherwise
a localization arguments can be applied). Then, by Bellman-Gronwall’s inequality,
we find that

2K 2K 2K 2K
E sup [ K2K < 402KTe|a‘T(m) exp{202KT(2K_ 1) }

and, in turn,

1 1 N 1 2K
[7d 1ogEts,1§;% MR < K log (4‘72Te| ‘T) + K log K 4 2log (2[( — 1)
2K

2K —1

2K
+202T( ) = 20°Te, (i.e. ([EH) holds true).

By &), the proof of ([&2) is reduced to the verification of two conditions: for
any 1,C > 0,

1 vt
lim lim sup — lo P(su / it Kis > sup Ty <C) —00
A—0 K—oo ,Y<Ij)“ K & t<£ T s<¥[)1

sup xf < C) = —o0.

v+t
lim lim sup — log P(— sup } / xK
A—0 K—oo ~<T K \/ t<A s<T
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The first is obvious while the second is equivalent to

Jim T sup E log P(supITc|M — ME| 2 ) = o, (5.8)
where I; c = I{bup3<t$xgc}, t<T.

Set N = MK, —
with the variation process (N¥), = "—; f,;H_t rKds.

Further, the use of It c N = It ¢ fot I;.cdNXE simplifies (&) up to

M and notice that (N/,.Z5,,)i>¢ is the local martingale

lim lim su —10 P su ‘/
HOKHooyj%K s t<£

) — 0. (5.9)

The local martingale N, KO = fo ch possesses the variation process

t
(NK’C>t:/O I cd( NK = K/ 5,CT Kds,

that is, d(N*C), < L.
Now, we are able to verify [&0) with the help of stochastic exponential technique.
Let

5 = MNECE WISy R
Since 3:(A) is a continuous local martingale and supermartingale too, for any stop-
ping time 9, Ezo(A) < 1. Let # = inf{t < A : N°¢ > p}. Taking into account
that {6 < A} = {NQK’C > n}, write 1 > EIfg<ay30()). The value 39(A) is evaluated
below on the set {# < A} as follows: with A > 0 and (N¥:C), < ‘72709 < HTCA,

2_2
5000) > R T Y

Therefore, log P(§ < A) < —[An — Azﬁic A] and the choice of A = % provides

2

1 n
— < < — —_ —
KlogP(9 =4)= 202CA A—0 o

It is clear that the same result remains valid for § = inf{t : =N,/ > n}. Combin-
ing both, we obtain (3.

(ii)-Verification.
1. ug = 1, duy = ittdt, (Ut > O)t<T; up > 0.
Set 0 < A < T and

An s = { sup |z —uy| < 5} and As = {sup|xf( —uy| < 5}.
t<T—A t<T

Since uy > 0, t <T — A, in the accordance to Freidlin and Wentzell, [6], it holds

1 =4 (U,t — aut)2
1 —1 P <—— —_ 1
im 'K og (QlA 5) 307 J, o dt + O(9) (5.10)
1 (T2 (i — auy)?

lim %bg P(Ans) > —= dt +0(5). (5.11)

K—oo 202 0 Ut
We show that “@&I0), (E:I:ﬂ)” imply the desired result
1 T (U,t — ozut)Q
— < —— At ) ]
g% Klgnoo i 1og P(As) 27 J, " Iy, >0pdt (5.12)
1 1 (T (a - 2
lim lim = logP(2) > — o [ o)

Irsopdt.  (5.13
6—0 K—oo 20-2 0 Ut {ue>0} ( )
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-4 (Up—a

First of all notice that fOT ui"t)th increases to [ 1 Mdt with A

u

decreasing to zero and f[O.T) Wdt = f[O.T] wl{ut>0}dt-

ETD)= EI2) since As C A 5.
The implication (BII)= I3 is verified as follows. Set

KA K, t>A A U—pn, t>A
x0T = . and wu; = .
0, otherwise 0, otherwise.

The obvious inequality
. K . KA A K _ KA A
sup |27 — w| < sup |z " — ug| 4 sup |z — 27| + sup |ug — ug|.
t<T t<T t<T t<T

provides

P(Ql(;) > P(sup|ocg(’A — utA| + sup |xf( — xf’A‘ + sup |ut — utA| < 6)
t<T t<T t<T

ZP(f

up |24 — w2 < 0.56, sup ‘xf( - xf(’A| + sup |us — utA‘ < 5)
<T t<T t<T

> P(QlA’O&;) — P(sup |xf< — mf(’A| + sup |ut — utA| > 5).
t<T t<T
Consequently,
P(As) V P(sup ‘xf — xf(’A| + sup |ut — utA‘ > 5) > P(An,0.56)-
t<T t<T
Now, by (BII), we have

1 1
{KlijmooglogP(%)}V{IgiirlwglogP(fgg}xf e +sup —uf| > )}

1 T=5 (Ut — aut)z
- —dt + O(9). 5.14
- 20’2 0 Ut + ( ) ( )
Finally by [&3), as long as
— 1
lim lim —lo P(su oK — g + sup |u — Wl > (5) = —00,
A—0K—oco K & t§¥| t t ‘ tgg‘ t t |

the desired result, (&I3), follows by taking “lims_.olima_olim, " from both
sides of (B4 and taking into account that lim _, . + log P(2s) is independent of
A.

2. ug # 1 or duy # Ugdt. This part of proof is standard and is omitted.

3. g >upy =03t <t <T and ug =1, duy = i dt. Without loss of general-
ity we may restrict ourselves by the following setting:

=0, t=*¢
u ’ u, >0, tet,t].
t{> 0, te(0,t], ‘ [ ]

The use an obvious inequality

P(sup|xf< —u| < 5) < P(xff vV |a:f§ —un| < 5)
t<T

< P(xff + |2t — u| < 25)
enables to derive the desired property from

— — 1
lim liI% e logP(xf,( + ol —up| < 2(5) = —o0. (5.15)

K—00 §—
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or (2TH) verification, one applies a stochastic exponential technique: with contin-
uously differentiable function /\( ) set

3t(N) zexp( )\( ) [z — azds] - —/t, —des)

t/
The random process 3¢(A) is a local martingale and supermartingale too, so that,
in particular, E3;» (A) < 1. This inequality implies new one: for any measurable set
A,
Now, we find the lower bound for 3.+ (\) on 2 = {25 + |2, — usr| < 26}. Write,
by taking 6(s) = A\(s)/K,

log30(X) = KO )[l§ — uer] — K / 9+ a0(s) + LT @ o Jas
LK / 0(3)[its — cvts] — 92(?”2 u.)ds
> —2r0 o) |+K/ s)+ af(s) + az(z)ag‘ds}
Sy N COICR IR /L P

This lower bound, jointly with (&I), imply

— ’ "= " <
111% hm 10g| (th +|$t Ut | 25)
02(8)0'2
< - 0(s ds—aus— Us ds.
[t’;t”] ( ( )[ ] 2 )

s — ;/1/57 we find the following upper bound
ag

Finally, by taking 0(s) =

S

_ 2
(s — aug) d

1 1
lim lim ElogP(xt, + ol — | < 2(5) <—— s

0—0 K— 20' ("] Us

1 2
<-53 usd + g[utu —up] + M/ usds.
20 ("] Ug 20’ (t,t"']

The second and third terms in the right hand side of the above inequality are

bounded. So, it is left to show that

° 2
/ D ds = oo
("] Ug

Let t. = inf{t > ¢’ : 4, < 0.540} At”. Then

.2 .
/ Ysds > 0.5@0/ Ys ds = 0.5up[log(ue, ) — limlog(us)] = co.
(/") Uu (t 1] st

s L] Us
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