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Abstract. The paper establishes necessary and sufficient conditions for

stability of load-balanced networks under quite general settings on arrival

and departure processes. The approach of this paper is new and simpler than

those known earlier. It matches networks under more general assumptions

than before. For generalized Jackson networks, which are a particular case of

those, the proofs become very elementary. It is shown in the paper, that the

necessary and sufficient condition for stability of load-balanced networks is

related to the solution of a linear programming problem precisely formulated

in the paper.
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1. Introduction

1.1. The goal of the paper. The parallel queueing systems are well-presented

in the literature. They have good properties (e.g. [17], [24], [31], [39], [50])

resulting in various applications in science and technology.

In the present paper, we study the stability of join-the-shortest-queue models

including load-balancing networks. There are a number of works in the litera-

ture devoted to this problem (e.g. [15], [18], [19], [20], [30], [42], [45], [46], [47]

and [48].) The goal of the present paper is to solve stability problem under

possibly general framework (arrival processes are point processes rather than

renewal processes, arrivals and departures can be dependent and so on), which

are later described in the paper.

1.2. Motivation. The stability of stochastic processes and especially queueing

systems and networks of queues is a distinguished area of research, and there is

a large number of books and research papers devoted to the stability. The aim

of this section is to motivate the method by showing the relevant chronology

rather then give a review of this area. The detailed review can be found, for

example, in the recent paper/book of Bramson [11], [12].

The first paper on stability of queueing systems assuming dependence of

interarrival and service times was due to Loynes [32]. It lead to a new vision of

the stability for models with dependent interarrival and/or service times, and

has been a source for new methods of the stability for complex queueing models.

Among them there are renovative theory and recurrence equation methods (e.g.

[7], [13] and many others.)

Further development of the Loynes approach towards queueing networks,

because of their complicated nature, has been problematical, and the proof of

the stability and ergodicity of queueing networks is typically based on other

methods based on special theories of Markov and regeneration processes.

The first results on the stability of Jackson-type queueing networks have been

obtained by Borovkov [8], [9]. Then the stability and ergodicity of networks have

been studied in many papers. We mention the papers by Meyn and Down [34],

Kaspi and Mandelbaum [26], [27], Sigman [43] and Baccelli and Foss [5]. All
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of these papers but [5] are based on regeneration phenomena of the theory of

Harris recurrent Markov chains.

The theory of Harris recurrent Markov chains has been exposed in the books

of Orey [40] and Revuz [41]. The detailed study of stochastic stability of Markov

chains and the theory of Harris recurrent Markov processes can be found in the

book of Meyn and Tweedie [38], and in a number of research papers of these

authors [35], [36] and [37]. In the book of Borovkov [10] the Harris recurrence

of Markov chains is explained in the framework of more general recurrence

sequences.

However, the proof of networks stability by the means of Harris recurrent

Markov chains is restrictive. It mainly works in the cases where the sequences of

interarrival and service times consist of independent and identically distributed

random variables. In this case the phase space of the process can be expanded

to Markov, and a network stability is proved in terms of the stability of the

corresponding Markov process. As a rule the proof of the network stability in

this case requires special additional conditions. For example, in most of the

papers the infinite support of interarrival time distributions as well as some

additional method based technical conditions are required (e.g. see Dai [14]).

Baccelli and Foss [5] proved the stability of Jackson-type networks with de-

pendent interarrival and service times. Their proof is based on development of

renovation theory. However, the mentioned paper is about 70 pages long, it is

conceptually difficult and based on the results from different areas (stochastic

Petri nets for example).

In the present paper, new conditions for the stability of JS-queue models

including load balanced networks are established. The class of load-balanced

networks is wider that the class of Jackson-type networks, so the stability results

of the present paper are more general than those for Jackson-type networks. On

the other hand, our method is a Loynes-based method, and our stability results

are established for quite general networks with sequences of dependent interar-

rival times. Service times can be dependent, and the sequences of interarrival

and service times can be dependent of each other as well.
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In addition, our results are obtained under weaker conditions than the known

results. Stationarity of the arrival point processes is not assumed. The only

weaker condition of the strong law of large number for the sequences of inter-

arrival times is used.

Our challenge is as follows. Using sample-path techniques we first establish

the equivalence: the stability of usual queueing systems follows from the sta-

bility of queueing systems with an autonomous service mechanism. Then we

establish stability of queueing systems and networks with an autonomous ser-

vice mechanism, which is a much easier problem and can be solved under quite

general assumptions with the aid of the Loynes-based method.

A sample-path proof of the correspondence between the stability of usual

queueing systems and queueing systems with an autonomous service mechanism

is clear and elementary. It results in a significant contribution to the overall

elementary proof of the stability of different queueing networks. A sample-path

approach for the stability of queueing systems and networks is well-known in

the literature (e.g. [16]). The novelty of the approach of the present paper is

to use a sample-path analysis in combination with other methods. It is based

on a new idea of a reduction of the original problem to another not traditional

and simpler problem.

Queueing systems with an autonomous service mechanism have been intro-

duced and initially studied by Borovkov [6], [7], and then have been an object of

study in a large number of papers (e.g. [1], [2], [4], [21], [22], [23]). In traditional

applications, queueing systems with autonomous service are associated with a

shuttle bus picking up passengers from stations. Nowadays, however, there

are many new examples arising out of computer technologies, where queueing

systems with an autonomous service mechanism can be applied.

As was mentioned, the idea of this paper is to reduce one stability prob-

lem of a complex network to another stability problem of a network with sim-

pler/concise properties. This idea is not new. For example, there are special

criteria allowing to replace stability problem of an original stochastic network

by stability problem of deterministic fluid model (see e.g. Dai [14]). Although
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it looks natural to reduce the original problem related to stochastic network by

the other similar problem related to deterministic fluid model, it requires addi-

tional (mild) conditions. The advantage of our sample-path analysis method is

that no additional technical conditions is required. As well, it follows from our

general method that the network to be stable in the terms of this paper need

not be Harris recurrent.

It is worth noting, that the similar idea of comparing an original multiserver

system with its analog with an autonomous service mechanism has been used

in the theory of heavy traffic analysis by Iglehart and Whitt [25] in their paper

of 1970. The approach of the present paper is simpler. We compare single

server queueing systems, and our sample-path comparison is based on simple

and intuitively understandable two-sided sample-path inequalities.

1.3. Organization of the paper. The rest of the paper is organized as follows.

In Section 2 we describe main JS-queue models, which will be then developed

and modified in the following sections. (The material of the paper is presented

in the order of increasing complexity.) In the same section we give all necessary

definitions related to the stability of queues and networks. In Section 3 we prove

the correspondence between the stability of the original queueing system and

that of the associated queueing system with an autonomous service mechanism.

The proof is based on sample path analysis. In Section 4 we establish conditions

for stability of JS-queue models of queueing systems, and then in Section 5 we

establish conditions for the stability of load-balanced networks. In Section 6 we

conclude the paper, where the stability of more general networks, than those

studied here, with batch arrival and service times are discussed.

2. Description of main models and definitions of the stability

2.1. Main models. In this section we describe main JS-queue models with an

autonomous service mechanism. These models and some of the assumptions

related to the arrival and departure processes will be then modified in the

following sections.

• There are m identical servers, each of which having its own queue.
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• All of the processes that describe queueing models are assumed to be right-

continuous and to have left limits.

• The arrival process is governed by two point processes A(t) and A′(t). The

process A(t) is defined by a sequence {τn}n≥1 of positive random variables, and

the corresponding sequence of points is as follows: t1 = τ1, and tn+1 = tn+τn+1,

n ≥ 1. Then, A(t) =
∑∞

i=1 1{ti≤t}. The process A′(t) is defined analogously.

We have the sequence of positive random variables {τ ′
n}n≥1, and the sequence

of points t′1 = τ ′
1, and t′n+1 = t′n + τ ′

n+1, n ≥ 1. Then, A′(t) =
∑∞

i=1 1{t′i≤t}. We

assume

P

{

lim
t→∞

A(t)

t
= λ

}

= 1, (2.1)

and

P

{

lim
t→∞

A′(t)

t
= λ′

}

= 1. (2.2)

The process A(t) forms a dedicated traffic, while the process A′(t) forms an

opportunistic traffic.

• A customer arriving at moment tn, n ≥ 1, is assigned to the jth queue,

j = 1, 2, . . . , m, with the probability pj (
∑m

j=1 pj = 1), residing there to wait

for the service.

• A customer, arriving at moment t′n, n ≥ 1, is assigned to the queue with the

shortest queue-length, where equal probability tie-breaks are assumed if there

are several shortest queue-lengths.

• The departure process from the jth server is governed by the renewal

process D(j)(t). These renewal processes are mutually independent and have

the same distribution for all j. Specifically, the nth service time of the jth

server is denoted χ
(j)
n , and the corresponding sequence of points is denoted

{

x
(j)
n

}

where x
(j)
1 = χ

(j)
1 and x

(j)
n+1 = x

(j)
n + χ

(j)
n+1, n ≥ 1. We assume that

Eχ
(j)
n = 1

µ
. This leads to the relation

P

{

lim
t→∞

D(j)(t)

t
= µ

}

= 1. (2.3)

• For our convenience we assume that the processes A(t), A′(t) and D(j)(t),

j = 1, 2, . . . , m, all are mutually independent processes. (Then this condition
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together with other conditions (2.1), (2.2) and (2.3) will be relaxed.) It is also

assumed that D(j)(t), j = 1, 2, . . . , m are renewal processes. This assumption,

in fact, can be relaxed. For example, one can assume that each sequence of

service times {χ
(j)
1 , χ

(j)
2 , . . .}, j = 1, 2, . . . , m, forms a Markov chain. (The

coupling arguments, which are then used for the sequences of independent and

identically distributed service times can be easily adapted for Markov chains.

The coupling arguments for Markov chains are well-known, e.g. [28].) However,

in this case the point processes A(t), A′(t) and D(j)(t) all are assumed to be

mutually independent. We will show later that the models, where D(j)(t),

j = 1, 2, . . . , m can be point processes that depend on A(t) and A′(t), are also

appropriate. Possible ways of relaxing the initial assumptions on the processes

D(j)(t) will be explained in Section 3.6.

• For technical convenience, the processes A(t), A′(t) and D(t) all are as-

sumed to be disjoint, i.e. P{ti = t′j} = P{ti = xk} = P{t′j = xk} = 0, for all

i, j, k ≥ 1.

• The service mechanism of each server is assumed to be autonomous. This

means the following. Let Q(j)(t) denote the number of customers in the jth

queue at time t, j = 1, 2, . . . , m, and let Q(j)(0) = 0. Let A(j)(t) and A′(j)(t)

denote the thinning of the processes A(t) and A′(t) respectively, where A(j)(t)

and A′(j)(t) are arrival processes to the jth queue. Then,

Q(j)(t) = A(j)(t) + A′(j)(t) −

∫ t

0
1{Q(j)(s−)>0}dD(j)(s), (2.4)

where Q(j)(s−) = limu↑s Q(j)(u). For the further convenience the above model

is denoted ℘m, where the subscript m denotes the number of parallel queues.

We will also consider the particular case of the model ℘m, where

p1 = p2 = . . . = pm =
1

m
.

In this case the families {A(j)(t)}j≤m and {A′(j)(t)}j≤m are each constituted of

identically distributed processes. The above symmetric model with m parallel

queues is denoted Σm.
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2.2. Definitions of the stability. Above equation (2.4) is given for all t ≥ 0.

For our purpose we extend this equation, assuming that all the processes start

at a. Then, instead of (2.4) for all t ≥ a we have the following equation:

Q(j)(t − a) = A(j)(t − a) + A′(j)(t − a) −

∫ t−a

0
1{Q(j)(s−)>0}dD(j)(s). (2.5)

Definition 2.1. The system ℘m is said to be stable if there exists a bounded

set S such that

lim sup
a→ −∞

P
{

Q(j)(t − a) ∈ S

}

> 0

for all j = 1, 2, . . . , m and any t.

This definition remains in force for all the JS-queue models included load-

balanced networks considered in the paper.

Comment to the definition of stability. For these general processes the above

definition of the stability is rougher than other known definitions of the stability,

for example that in the theory of Harris recurrent Markov processes. The ap-

proach of the present paper, however, enables us to obtain a reduction from this

definition to the definition in the theory of Harris recurrent Markov processes,

when the processes A(t), A′(t) and D(j)(t), j = 1, 2, . . . all are renewal (see

Sections 4.3 and 5.2).

3. Sample-path comparison of queueing systems

In this section we compare three different queueing systems given on the

same probability space (Ω, F ,P) and therefore defined by the same governing

sequences of random variables, but different specific rules of departure. For

simplicity we assume that all of these three systems start at zero with an empty

queue.

These systems are defined by an arrival point process A(t) and a departure re-

newal process D(t). These processes are defined by the corresponding governing

sequences {τn} and {χn}, where χ1, χ2, . . . are independent identically distrib-

uted random variables. Let tk = τ1 + τ2 + . . . + τk and xk = χ1 + χ2 + . . . + χk.
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Then, the point process A(t) and the renewal process D(t) are

A(t) =
∞

∑

i=1

1{ti≤t}, D(t) =
∞

∑

i=1

1{xi≤t}.

3.1. Definition of the first queueing system. The first queueing system is

a queueing system with an autonomous service mechanism, which is denoted

by Q1. The queue-length process for this system is defined as

Q1(t) = A(t) −

∫ t

0
1{Q1(s−)>0}dD(s).

3.2. Definition of the second queueing system. The second queueing sys-

tem is a usual queueing system denoted by Q2. The queue-length process of Q2

is correspondingly denoted by Q2(t) and is defined by a well-known recurrence

equation. Specifically, Q2(t) is defined by interrupted governing sequences (cf.

[6]) as follows. Denote

η1 = sup{k : t1 + xk < tk+1}.

Then for 0 ≤ t < t1 we have Q2(t) = 0, and for t1 ≤ t < t1 + xη1 the queue-

length Q2(t) is defined as difference between the number of arrivals and service

completions during the interval [t1, t] including the arrival at the instant t1, i.e.

Q2(t) = [A(t) − A(t1−)] − [D(t) − D(t1)]. Then, for t1 + xη1 ≤ t < tη1+1 we

have Q2(t) = 0. Next, let

η′1 = sup{k ≥ η1 : t1 + xk < tη1+1}.

Similarly to the above denote

η2 = sup{k > η′1 : tη1+1 + xk − xη′

1
< tk+1}.

Then for tη1+1 ≤ t < tη2+1 the queue-length Q2(t) is defined as differ-

ence between the number of arrivals and service completions during the in-

terval [tη1+1, t) including the arrival at the instant tη1+1, i.e. Q2(t) = [A(t) −

A(tη1+1−)] − [D(t) − D(tη1+1)].

The stopping times η3, η4, . . . are defined similarly.
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3.3. Definition of the third queueing system. The third queueing system

is a special queueing system with delayed departures is denoted Q3. The queue-

length process of this system is defined as follows. The arrival process A(t) is

the same as in the aforementioned systems Q1 and Q2, but departures of the

customers are delayed as follows. Considering the queueing system Q1 let us

assume that all first potential departures after arrivals of customers to an empty

system are deleted. Specifically, let ωA(t) denote the event occurring under the

following conditions:

(a) the last arrival before time t is to an empty system: let tA denote this

moment of arrival;

(b) during the time interval [tA, t) there is no point of the departure process

D(t). Namely,

η = sup{k : xk < tA} and xη+1 ≥ t.

Then, the queue-length process Q3(t) is defined as follows:

Q3(t) = A(t) −

∫ t

0
(1 − 1ωA(s))1{Q3(s−)>0}dD(s), (3.1)

where 1ωA(s) is the indicator of the event ωA(s).

For a more clarity, a fragment of departure moments of the system Q3 com-

pared to those moments of the system Q1 with autonomous service is shown in

Figure 1. The upper scale of this figure contains the moments of departures in

the queueing system with an autonomous service mechanism. These departure

moments are connected by a segment of line with the corresponding departure

moments in the queueing system with delayed departures. The scale placed in

the middle of Figure 1 indicates the points x1, x2, . . . , xn, xn+1 related to these

departures. The ‘delete’ sign in the upper and lower scales shows an absence of

real departure the systems when they are empty.

3.4. Sample path comparison of Q1 and Q3 at departure moments.

The following Proposition 3.1 is based on the definition of the queueing systems

Q1 and Q3.
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0
x1 x2 x3 x4 xn xn+1……… xn-1 

Departures from the queueing system 

with a delayed departure process 

Departures from the queueing system 

with an autonomous service mechanism 

Figure 1. Correspondence between departure moments in Q1

(upper) and Q3 (lower).
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Proposition 3.1.

Q3(t, ω) − Q1(t, ω) ≤ 1. (3.2)

Proof. For the purpose of the proof we will follow up the sample paths of the

both processes of the queueing systems Q1 and Q3.

Since all of the queue-length processes are defined on the same probability

space, then in the further consideration they are provided by the additional

argument ω ∈ Ω in the places where it is required.

Apparently, that Q1(t, ω) = Q3(t, ω) = 0 for all t ∈ [0, t1) (recall that ac-

cording to convention A(0) = D(0) = 0). For the system Q1, let

l = inf {i : xi > t1} .

Then, for any t from the interval [t1, xl) we have Q1(t, ω) = Q3(t, ω) = A(t, ω),

while in the point xl itself we have Q3(xl, ω)−Q1(xl, ω) = 1, see Figure 2 (a).

Let v be a new number greater than l satisfying the property

v = inf {k > l : Q1(xk−) = 0} .

(If such a number does not exist, then v equates to infinity. In this case,

obviously, Q3(t, ω) − Q1(t, ω) = 1, t ≥ xl.) Then for all t of the interval

[xl, xv) we have Q3(t, ω)−Q1(t, ω) = 1, while in the point xv itself we arrive at

Q1(xv, ω) = Q3(xv, ω) = 0, see Figure 2 (b).

Thus, we arrived at zeroth queue-lengths again. The further paths of the

both processes after point t = xv behave similarly to those after the point

t = 0, i.e. the difference Q3(t, ω)−Q1(t, ω) can take only one of the two values

0 or 1. �

Following Proposition 3.1, we provide another definition of the queue-length

process Q3(t) at the departure moments xi, i ≥ 1 (x0 = 0) compared to them

of the queue-length process Q1(t) assuming that both of these processes are

considered on the same probability space. The definition, which is based on

(3.1), is

Q3(xi−) =











Q1(xi−) + 1, if Q1(xi−1−) > 0,

Q1(xi−), if Q1(xi−1−) = 0
(3.3)
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Q

3

a

2

1

x1                          t1                        t2                          x2                           t3

t

Q

                    … ti xv-2                        xv-1                          xv                 t 1i

t

b

1

2

3

Q1(t)

Q3(t)

Coinciding Q  and Q)(t1 3 )(t

0

Figure 2. Typical sample paths of the queue-length processes

Q1(t) and Q3(t):

(a) Sample paths of the queue-length processes after the origin;

(b) Sample paths of the queue-length processes before approach-

ing zero at point xv.
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Let us explain relation (3.3).

First, that the event {Q1(xi−1−) > 0} in the first line of (3.3) occurs together

with the event {Q3(xi−1−) > 0}. Moreover, {Q1(xi−1−) > 0} means that either

{Q3(xi−1−) = Q1(xi−1−)} or {Q3(xi−1−) = Q1(xi−1−)+1}. The first of these

events occurs together with the event ωA(xi−1). Then, at the moment xi−1

itself we have: Q3(xi−1) = Q3(xi−1−) while Q1(xi−1) = Q1(xi−1−) − 1, i.e.

Q3(xi−1) = Q1(xi−1) + 1, and consequently

Q3(xi−) = Q1(xi−) + 1. (3.4)

If there occur the second event {Q3(xi−1−) = Q1(xi−1−) + 1}, then the event

ωA(xi−1) does not hold, and in the point xi−1 itself Q3(xi−1) = Q1(xi−1) +

1. Then we apparently arrive at (3.4). So, the first line of relation (3.3) is

explained.

Let us explain the equation in the second line.

The complex event

{Q1(xi−1−) = 0 and Q3(xi−1−) > 1}

is impossible according to Proposition 3.1.

The other complex event

{Q1(xi−1−) = 0 and Q3(xi−1−) = 1}

occurs when the event ωA(xi−1) does not hold. So, in the point xi−1 itself

Q1(xi−1) = Q3(xi−1) = 0 (because only Q3(xi−1) is decremented in this point),

and consequently both Q1(xi−) and Q3(xi−) are equal to the number of arrivals

during the interval [xi−1, xi].

In the case of the complex event

{Q1(xi−1−) = 0 and Q3(xi−1−) = 0}

we again have Q1(xi−1) = Q3(xi−1) = 0 in the point xi−1 itself. The only

difference from the case before is that Q3(xi−1) is not decremented in this

point, because it is zero.
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3.5. Coupling of the queue-length processes Q1, Q2 and Q3.

Proposition 3.2.

Q1(t, ω) ≤ Q2(t, ω) ≤ Q3(t, ω). (3.5)

Proof. The proof of this proposition follows from a sample path comparison of

queues in the queueing systems Q1, Q2 and Q3 (see Figure 3). According to

this comparison, the largest queue-length is in the queueing system Q3 (i.e.

Q3(t, ω) ≥ Q2(t, ω) and Q3(t, ω) ≥ Q1(t, ω)), because there is a delay for the

service beginning of a customer arriving to an empty system. A customer

arriving in an empty system Q2 is served without delay. In turn, the time

elapsed from the moment of arrival of a customer in an empty Q1 system until

its departure is shorter then the length of a genuine service time in the queueing

system Q2. �

From Propositions 3.2 and 3.1 we arrive at the following conclusion: if the

queueing system Q1 is stable in the sense of Definition 2.1, then both of the

queueing systems Q2 and Q3 are stable as well. Following Proposition 3.2

this statement of stability can be extended for more complicated constructions

including two, three and more nodes in the network and can be then applied to

general Jackson-type networks.

Remark 3.3. The sample path comparison on the same probability space pro-

vided in this section is associated with the cases in the JS-queueing systems and

networks considered in the following sections, where the processes D(j)(t) (j =

1, 2, . . . , m) all are independent and identically distributed renewal processes. If

the processes D(j)(t) all are mutually independent point processes rather than

renewal processes, then a sample path comparison is not correct in general. For

example, if increments of a point process depend on time, then the realizations

of increments, being shifted, become different from those initial. Similar situ-

ation can arise when the point processes D(j)(t) depend on the processes A(t)

or/and A′(t). In some cases, however, one can assume that D(j)(t) are special

point processes rather than renewal processes. The elementary examples and

their extension is given in the section below.
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Autonomous queueing system 

The moment of 

arrival to the 

empty queue

The elapsed time 

between arrival 

and departure

The moment of the 

previous departure

The moment of 

the next departure 

Usual queueing system 

The moment of arrival to the 

empty queue coincides with the 

moment of service beginning

The elapsed time 

between arrival 

and departure

The moment of the 

previous departure 

The moment of 

the next departure

Delayed queueing system 

The moment of 

arrival to the 

empty queue

The elapsed time 

between arrival 

and departure

The moment of the 

previous departure 

The moment of 

the service 

beginning

The moment of 

the next departure

Figure 3. Behavior of the queueing systems Q1, Q2 and Q3

when a queue is empty
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3.6. Cases of queueing systems where D(t) can be a point process. We

start from two elementary examples. Example 1 is trivial and provided here

for more clarity. Example 2 includes the case of dependent processes D(t) and

A(t) and is crucial for further more extended constructions.

Example 1. The point process D(t) is constructed as follows. The random

variable χ1 is uniformly distributed in the interval [0, 2
µ
], and χi+1 = 2

µ
− χi,

i ≥ 1.

Example 2. The similar construction can be provided for the point processes

D(t) depending on A(t) as follows. Assume that χ1, χ3,. . . with odd order

numbers are uniformly distributed in the interval [0, 2
µ
], and their realizations

depend on the corresponding realizations of τ1, τ3, . . . . Then χ2i = 2
µ
− χ2i−1,

i = 1, 2, . . ..

Proposition 3.4. Propositions 3.2 and 3.1 remain true if D(t) is a point

process which is defined as follows. χ1, χ3,. . . with odd order numbers are uni-

formly distributed in the interval [0, 2
µ
], and generally depend on τ1, τ3, . . . ;

χ2i = 2
µ
− χ2i−1, i = 1, 2, . . ..

Proof. Introduce a new queueing system Q∗
1 with an autonomous service mech-

anism as follows. Assume that before the time instant t1 the queue is empty,

and customers arrive by batch of 2 at the instants

t1 = τ1, t3 = τ1 + τ2 + τ3, . . . , t2n−1 =

2n−1
∑

i=1

τi, . . . ,

and, if the queue is not empty, then departures of batches containing those two

customers occur at moments:

x2 =
2

µ
, x4 =

4

µ
, . . . , x2n =

2n

µ
, . . .

Using sample path arguments it is easily seen that there is the following

relation between the queue length Q∗
1(t, ω) of this queueing system and the

queue length Q1(t, ω):

−1 ≤ Q∗
1(t, ω) − Q1(t, ω) ≤ 2, (3.6)
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where the notation Q1(t, ω) for the queue length is associated with the queueing

system with the construction described in this proposition. Interarrival times

are τ1, τ2,. . . , and the service times are as defined in this proposition.

Inequality (3.6) can be explained as follows. Let

ℓ = max

{

i :
i

∑

k=1

τk ≤
i

∑

k=1

χk

}

.

This means that both Q1(t, ω) and Q∗
1(t, ω) are positive for τ1 ≤ t < χℓ and all

ω ∈ Ω. The following two possible cases are as follows. (Below the argument ω

is omitted.)

Case 1. ℓ is even. In this case Q∗
1(τℓ+1) = 2, Q1(τℓ+1) = 1, and hence

Q∗
1(τℓ+1)−Q1(τℓ+1) = 1. After the time instant τℓ+1 the difference Q∗

1(t)−Q1(t)

can achieve 2 if a next event after time instant τℓ+1 is only a departure from

the queueing system Q1, and nothing occurs in the queueing system Q∗
1 before

this departure. Inequality 0 ≤ Q∗
1(t) − Q1(t) ≤ 2 is valid until the time instant

when both of these processes achieve a zero point at a moment of departure.

Case 2. ℓ is odd. In this case, the following two possible events can occur:

ℓ+1
∑

k=1

τk ≤
ℓ+1
∑

k=1

χk,

or

ℓ+1
∑

k=1

τk >

ℓ+1
∑

k=1

χk.

In the first situation Q∗
1(τℓ+1) = Q∗

1(τℓ) = 2 and Q1(τℓ+1) = 1, so Q∗
1(τℓ+1) −

Q1(τℓ+1) = 1, and after the time instant τℓ+1 the difference Q∗
1(t) − Q1(t) will

not be greater than 1 until the time instant when both of these processes achieve

a zero point at a moment of departure.

In the second situation Q∗
1(τℓ+1) = 0 and Q1(τℓ+1) = 1, so Q∗

1(τℓ+1) −

Q1(τℓ+1) = −1. After the time instant τℓ+1 the difference Q∗
1(t)−Q1(t) will be

not smaller than (−1) while both of these processes achieve a zero point at a

moment of departure.
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According to this construction, the processes Q1(t, ω) and Q∗
1(t, ω) both are

bounded (or unbounded) all together. Therefore, all of the earlier sample path

arguments can be applied. �

One of the possible generalizations of this construction is as follows.

Construction 3.5. Let ξ1, ξ2,. . . be a sequence of independent and identically

distributed random variables with mean k
µ
, where k is a positive integer. Con-

sider a queueing system in which A(t) is a point processes of arrivals, and D(t)

is a point process of departures. As earlier, let ti =
∑i

j=1 τj, i = 1, 2, . . ., be

the moments of arrival, and let xi =
∑i

j=1 χj, i = 1, 2, . . . be the corresponding

time instants of departures, where the corresponding random variables τj and

χj are generally dependent, but the new random variables ξ1, ξ2, . . . , which are

defined via the random variables χ1, χ2, . . . by the representations:

ξ1 =
k

∑

j=1

χj , ξ2 =
2k
∑

j=k+1

χj , . . . , ξl =
lk

∑

j=(l−1)k+1

χj , . . . (3.7)

are independent and identically distributed as mentioned.

This construction is a generalization of that in Examples 1 and 2, where k was

equal to 2 and, respectively, χ2n−1+χ2n was equal to 2
µ
, n = 1, 2, . . .. Under this

construction Propositions 3.2 and 3.1 hold true as well, and technically more

complicated sample-path proof is similar to that given in the above particular

case.

The above construction can be extended more by different ways. One of the

natural ways is to extend the representations of (3.7) as follows:

ξ1 =

k1
∑

j=1

χj , ξ2 =

k1+k2
∑

j=k1+1

χj , . . . , ξl =

k1+...+kl
∑

j=k1+...+kl−1+1

χj , . . . (3.8)

where k1, k2,. . . ,kl, . . . in (3.8) are independent and identically distributed pos-

itive integer random variables having an expectation. In further constructions,

one can assume that these random variables are not identically distributed. In

this case some additional assumptions are required as well.
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Open problem. Find most general assumptions of generally dependent point

processes A(t) and D(t), under which the queueing systems Q1, Q2 and Q3

will be bounded or unbounded all together.

4. Stability of JS-queues

In this section we study the stability of JS-queues. We start from the simplest

case of symmetric Σm queues. In Theorem 4.1 below, the assumption that the

processes A(t), A′(t) and D(j)(t), j = 1, 2, . . . , m, all are mutually independent

point processes is relaxed.

4.1. The case of symmetric queues. For Σm queues where pj = 1
m

, j =

1, 2, . . . , m instead of (2.1), (2.2) and (2.3) we assume

P

{

lim
a→ −∞

A(t − a) + A′(t − a) − D(t − a)

t − a
= λ + λ′ − µm

}

= 1. (4.1)

The processes D(j)(t), j = 1, 2, . . . , m are assumed to be identically distrib-

uted. But the processes A(t), A′(t) and D(t), according to the assumption

(4.1), are generally dependent.

Theorem 4.1. In addition to (4.1) assume that

lim
a→ −∞

P{A(t − a) + A′(t − a) − D(t − a) ∈ S } = 0 (4.2)

for any bounded set S ∈ R
1. Then, the system Σm is stable if and only if the

condition λ
m

+ λ′

m
< µ is fulfilled.

Proof. Since the families {A(j)(t)}j≤m and {D(j)(t)}j≤m consist of identically

distributed processes, then the family {A′(j)(t)}j≤m also consists of identi-

cally distributed processes, and according to (2.4) the family of the processes

{Q(j)(t)}j≤m consists of identically distributed processes too. Observe that

from (4.2), because the system Σm is symmetric, we also have

lim
a→ −∞

P{A(j)(t − a) + A′(j)(t − a) − D(j)(t − a) ∈ S } = 0 (4.3)

for all j = 1, 2, . . . , m.
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Notice, that if λ
m

+ λ′

m
< µ, then

P
{

sup
a≤t<∞

[

A(j)(t − a) + A′(j)(t − a) − D(j)(t − a)] < ∞
}

= 1. (4.4)

Indeed, according to (4.1), P-a.s.

lim
a→ −∞

A(j)(t − a) + A′(j)(t − a) − D(j)(t − a)

t − a
=

λ

m
+

λ′

m
− µ < 0. (4.5)

Hence, P-a.s.

lim
a→ −∞

[A(j)(t − a) + A′(j)(t − a) − D(j)(t − a)] = −∞,

and (4.4) follows from the fact that A(j)(t), A′(j)(t) and D(j)(t) all are càdlàg

processes.

Next, taking into account (4.5) and assuming that A(j)(a) = A′(j)(a) =

D(j)(a) = 0, for the queue-length process Q(j)(t) one can write the following

representation (t ≥ a):

Q(j)(t − a) =
[

A(j)(t − a) + A′(j)(t − a) − D(j)(t − a)
]

− inf
a≤s≤t

[

A(j)(s − a) + A′(j)(s − a) − D(j)(s − a)
]

.
(4.6)

Representation (4.6) is well-known (e.g. Borovkov [6], Whitt [49], p. 171) and is

a consequence from the Skorokhod reflection principle (e.g. Kogan and Liptser

[29] for typical application to queue-length processes).

Next, from (4.6) we have (t ≥ a):

Q(j)(t − a) =st sup
a≤s≤t

{[

A(j)(t − a) + A′(j)(t − a) − D(j)(t − a)
]

−
[

A(j)(s − a) + A′(j)(s − a) − D(j)(s − a)
]

}, (4.7)

where =st means stochastic equivalence of the random variables on the left

and right sides of (4.7), i.e. equality of one-dimensional distributions of the

processes (which is enough for the purpose of the present paper).

From representation (4.7), relation (4.4) and the fact that the processes

A(j)(t), A′(j)(t) and D(j)(t) all are càdlàg processes, it follows that there exists

a bounded set S0 such that

lim sup
a→ −∞

P{Q(j)(t − a) ∈ S0} > 0,
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and the sufficient condition is therefore proved. The necessary condition follows

from the fact that (4.3) together with (4.4) imply the condition λ
m

+ λ′

m
< µ. �

Remark 4.2. If λ
m

+ λ′

m
= µ, and the processes A(t), A′(t) and D(t) all are non-

trivial renewal processes, then we easily arrive at condition (4.2). However,

there are examples where λ
m

+ λ′

m
= µ, but condition (4.2) is not fulfilled.

Indeed, let τ1 + τ ′
1 − χ1 be a uniformly distributed random variable in [−b, b],

(b > 0), and let τi+1 + τ ′
i+1 − χi+1 = −(τi + τ ′

i − χi), i ≥ 1. In this case (4.2) is

not valid. Therefore condition (4.2) is meaningful.

4.2. The case of asymmetric queues. In following Theorem 4.3, our as-

sumptions regarding the point processes A(t), D(j)(t) are as follows. For de-

pendent processes A(t), D(j)(t) we suppose that the normalized processes A(t−a)
t−a

and D(j)(t−a)
t−a

(t > a) converge, as a → −∞, to the corresponding limits λ and

µ only in distribution, while

P

{

lim
a→ −∞

A(t − a) − D(j)(t − a)

t − a
= λ − µ

}

= 1. (4.8)

Then, the process A′(t) is assumed to satisfy the condition

P

{

lim
a→ −∞

A′(t − a)

t − a
= λ′

}

= 1. (4.9)

Next Theorem 4.3 is related to the stability of ℘m queues. Denote λj = λpj ,

j∗ = arg max1≤j≤m λj and ∆ =
∑m

j=1(λj∗ − λj).

Theorem 4.3. In addition to (4.8) and (4.9) assume that both

lim
a→ −∞

P{A(t − a) + A′(t − a) − D(t − a) ∈ S } = 0, (4.10)

and

lim
a→ −∞

P{A(j∗)(t − a) − D(j∗)(t − a) ∈ S } = 0 (4.11)

for any bounded set S . Then the system is stable if and only if one of the

following two conditions is fulfilled:










λ(j∗) < µ, if ∆ ≥ λ′,

λ + λ′ < mµ, otherwise.
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Proof. The theorem can be proved by a slight modification of the earlier proof.

Suppose first that ∆ ≥ λ′, and denote qj the fraction of customer of the

opportunistic traffic that being assigned to the jth queue. From the limiting

relations

lim
a→ −∞

A(j)(t − a)

t − a

d
= λj ,

lim
a→ −∞

A′(j)(t − a)

t − a

a.s.
= λ′

j ,

according to well-known Skorokhod’s theorem [44], p. 281, one can conclude

that there exists a probability space (Ω, F ,P), with given there a family of

processes
{

A(j)(t−a,ω)+A′(j)(t−a,ω)
t−a

, t > a
}

such that for P− almost all ω ∈ Ω,

lim
a→ −∞

A(j)(t − a, ω) + A′(j)(t − a, ω)

t − a
= λj + λ′

j .

Therefore, from the balance equations

λj + λ′
j = λj + λ′qj = ̺,

one can conclude that qj∗ must be equal to 0. Therefore

λj∗ ≥ λj + λ′
j

for all j = 1, 2, . . . , m, where λ′
j = λ′qj . Then, in this probability space for P−

almost all ω ∈ Ω,

lim
a→ −∞

A(j)(t − a, ω) + A′(j)(t − a, ω)

t − a
≤ lim

a→ −∞

A(j∗)(t − a, ω)

t − a
,

and, from (2.5) and coupling arguments of sample paths comparison

lim
a→ −∞

Q(j)(t − a, ω)

t − a
≤ lim

a→ −∞

Q(j∗)(t − a, ω)

t − a
.

Therefore, in the original probability space we have

lim
a→ −∞

A(j)(t − a) + A′(j)(t − a)

t − a

d
≤ lim

a→ −∞

A(j∗)(t − a)

t − a
,

and consequently,

lim
a→ −∞

Q(j)(t − a)

t − a

d
≤ lim

a→ −∞

Q(j∗)(t − a)

t − a
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for all j = 1, 2, . . . , m. Hence the problem reduces to the conditions of the sta-

bility of a single queueing system with an autonomous service mechanism, which

is defined by the given arrival process A(j∗)(t) and departure process D(j∗)(t).

Under assumptions (4.8) and (4.11) the necessary and sufficient condition of

the stability is given by λj∗ < µ.

Let us now consider the opposite case ∆ < λ′ and assumption λ + λ′ < µm.

Then, there exist probabilities qj , j = 1, 2, . . . , m, all are strictly positive, and

satisfying the equality
∑m

j=1 qj = 1. Under these probabilities, the opportunis-

tic traffic is thinned into m processes such that almost surely

lim
a→ −∞

A′(j)(t − a)

t − a
= λ′qj = λ′

j .

Indeed, since λ + λ′ < µm, then there exists the value ̺ = λ+λ′

m
< µ such

that for all j

̺ > λj ,

and therefore,

qj =
̺ − λj

λ′
> 0. (4.12)

Since λj + qjλ
′ = ̺, the family

{

A(j)(t − a) + A′(j)(t − a)
}

j≤m
consists of the

processes having the same rate, i.e.

lim
a→ −∞

A(j)(t − a) + A′(j)(t − a)

t − a

d
= ̺. (4.13)

The possible values {qj}j≤m are unique, since otherwise, if there are different

arrival rates λj + λ′q′j , then one of the queues must be stochastically longer

than other. Let j∗ be the order number of the longer queue. Then qj∗ must be

equal to 0, and we have a contradiction with (4.12).

According to (4.13) for each of m queue-length processes the arrival rate is

the same. With the same arrival and departure intensities one can repeat the

proof of Theorem 4.1 for each of queue-length processes. Therefore, ̺ < µ is

the condition for the stability, and under condition (4.10) the system is stable

if and only if ̺ < µ. The theorem is proved. �
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4.3. Note on the relation to the Harris recurrent Markov processes. In

this section we will not provide an exact proof of claims about interconnection of

different definitions of stability. We only explain how the stability in the terms

of the Harris recurrent Markov processes could be established in the particular

case when the point processes A(t), A′(t) and D(j)(t), j = 1, 2, . . . , m all are

mutually independent renewal processes.

By the well-known standard methods of extending the phase space, the queue

length process can be reduced to a Markov process. The Markov process in

time t can be characterized by the queue-lengths in time t (the number of

queues is m) and the residual times until the regeneration points in the renewal

processes A(t), A′(t) and D(j)(t), j = 1, 2, . . . , m in that time moment t. So,

the dimension of the Markov process associated with the queueing system is

2m + 2.

By weak regeneration points of this Markov process we mean the points at

which the queues all become empty, i.e. the time instant when the m coordi-

nates of the Markov process characterizing the queue-lengths all become equal

to zero. (In any small neighborhood of this point there is a time instant when

one of m queue-lengths processes is positive.)

Under the standard assumptions that P{τ1 > N} > 0 and P{τ ′
1 > N} > 0

for any positive N and any initial state, the empty system can be achieved with

some positive probability α. Therefore, taking into account the stability of the

system in the terms of Definition 2.1 (i.e. boundedness of the system in terms

of this definition), one can conclude that the weak regeneration state can be

accessed infinitely many times as duration of time increases to infinity.

So, the method of the proof applied to queueing systems with an autonomous

service mechanism enables us to establish the Harris recurrence of the above

Markov process easier than the direct method applied to the usual queueing

systems. According to the sample path results obtained in the previous sec-

tion, the Harris recurrence of Markov processes related to usual systems follows

immediately from that of queueing system with an autonomous service mecha-

nism.
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5. Load-balanced networks and their stability

5.1. Basic result. In the previous section, the necessary and sufficient con-

ditions for the stability of systems ℘m have been established. In this section

we extend above Theorem 4.3 for load-balanced networks associated with ℘m

queueing systems. The main result of this section is Theorem 5.3 establishing

the necessary and sufficient condition for the stability of load-balanced net-

works. Theorems 5.1 and 5.2 are preliminary results establishing only sufficient

conditions for the stability.

The load-balanced network considered below is the following extension of the

℘m queueing system.

Assume that an arriving customer of the dedicated traffic occupies the server

j with probability pj (j = 1, 2, . . . , m), and
∑m

j=1 pj = 1. After his service

completion in the jth queue, a customer leaves the system with probability

1−p∗j , remains at the same jth queue with probability pj,j , goes to the different

queue i 6= j with probability pj,i, and choose the shortest queue with probability

pj,sh, breaking ties at random. It is assumed that p∗j < 1 at least for one of the

indexes j. This model is called load-balanced network. The stability conditions

of the Markovian variant of this network containing two stations only has been

established by Kurkova [30].

Other variants of this network have also been studied in Dai, Hasenbein and

Kim [15], Martin and Suhov [33], Vvedenskaya, Dobrushin and Karpelevich [47]

and other papers.

Denote λj = λpj , Λj = λj + µ
∑m

i=1 pi,j , j∗ = arg max1≤j≤m Λj .

We follow the assumptions given in Section 2 that the point processes A(t),

A′(t) and renewal process D(t) all are mutually independent. The assumption

that D(j)(t), j = 1, 2, . . . , m, all are renewal processes can be then relaxed, so

D(j)(t) can be special type mutually independent and identically distributed

point processes which are described later in Section 3.5, but again they are

assumed to be independent of the other processes A(t) in this construction.

All the processes are assumed to be started at a and the assumption where

a → −∞ is used.
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The sufficient condition given by Theorem 5.1 is a straightforward extension

of earlier Theorem 4.3 written now under simpler assumptions.

Theorem 5.1. Assume that λj∗ ≥ Λj for all j 6= j∗. Denote

∆1 =
m

∑

j=1

(Λj∗ − λj),

and

∆2 =
∑

j 6=j∗

(λj∗ − Λj).

Then the load-balanced network is stable if one of the following two conditions

is fulfilled:










Λj∗ < µ, if ∆2 ≥ λ′ + µ
∑m

j=1 pj,sh,

λ + λ′ + µ
(

∑m
i=1

∑m
j=1 pi,j +

∑m
j=1 pj,sh

)

< mµ, if ∆1 < λ′.

Proof. The proof of the theorem starts from the case pj,sh = 0 for all j =

1, 2, . . . , m and then the case pj,sh ≥ 0 for all j = 1, 2, . . . , m is discussed.

Let us start from the case where pj,sh = 0 for all j = 1, 2, . . . , m. Then, the

system of equations for the queue-length processes started at a can be written

as follows (t > a):

Q(j)(t − a) =A(j)(t − a) + A′(j)(t − a) + E(j)(t − a)

−

∫ t−a

0
1{Q(j)(s−)>0}dD(j)(s),

(5.1)

where the new process E(j)(t) given in (5.1) is a process, generated by internal

dedicated arrivals to the jth queue. By internal dedicated arrivals to the jth

queue we mean internal arrivals of the customers, who after their service com-

pletion in one or other queue are assigned to the jth queue. Recall that there

is probability pi,j to be assigned from the queue i to the queue j. Relationship

(5.1) is of the same type as that (2.5), and therefore all of the arguments of the

earlier proof of Theorem 4.3 can be repeated. Specifically, in the case ∆2 ≥ λ′

the system is stable if Λj∗ < µ.

In turn, the process E(j)(t) can be represented as
∑m

i=1 E(i,j)(t), where the

point process E(i,j)(t) is generated by the customers who are assigned to the
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jth queue after their service completion in the ith queue (in the case i = j it is

assumed that the customers decide to stay at the same queue). Notice, that

lim
a→ −∞

E(i,j)(t − a)

t − a

does exist with probability 1 (because the process E(i,j)(t) is generated by the

procedure of thinning of the departure process D(i)(t)), and

P
{

lim
a→ −∞

E(i,j)(t − a)

t − a
≤ µpi,j

}

= 1, (5.2)

where the equality holds only in the case where the fraction of the ith queue

idle period vanishes as a → −∞. Therefore under the condition ∆1 < λ′ the

system is stable if λ + λ′ + µ
∑m

i=1

∑m
j=1 pi,j < mµ.

Assume now that pj,sh ≥ 0 for all j = 1, 2, . . . , m. Then instead of (5.1) we

have the equation

Q(j)(t − a) = A(j)(t − a) + A′(j)(t − a) + E(j)
a (t) + E′(j)

a (t)

−

∫ t−a

0
1{Q(j)(s−)>0}dD(j)(s),

(5.3)

where E′(j)(t) are the point processes associated with internal opportunistic

traffic to the jth queue. By internal opportunistic traffic we mean the internal

traffic of customers presenting in the queue, who after their service completion

decide to join the shortest queue. In the case where the shortest queue is the

jth queue, we say about opportunistic traffic to the jth queue. Again,

lim
a→ −∞

E′(j)(t − a)

t − a

does exist with probability 1 (because the process E′(j)(t − a) is generated by

the procedure of thinning of the departure process D(j)(t − a)), and similarly

to (5.2) we have:

P







lim
a→ −∞

∑m
j=1 E′(j)(t − a)

t − a
≤ µ

m
∑

j=1

pj,sh







= 1. (5.4)



STABILITY OF LOAD BALANCED NETWORKS 29

Therefore, the entire opportunistic traffic to the jth queue, being a sum of the

processes A′(j)(t − a) and E′(j)(t − a), satisfies

P







lim
a→ −∞

∑m
j=1[A

′(j)(t − a) + E′(j)(t − a)]

t − a
≤ λ′ + µ

m
∑

j=1

pj,sh







= 1. (5.5)

Hence the proof of this theorem is similar to the proof of Theorem 4.3. In the

case ∆2 ≥ λ′ + µ
∑m

j=1 pj,sh the system is stable if Λj∗ < µ. In the other case

∆1 < λ′ the system is stable if λ + λ′ + µ
(

∑m
i=1

∑m
j=1 pi,j +

∑m
j=1 pj,sh

)

< mµ.

The conditions of the theorem are sufficient and not necessary, because the

left-hand sides of (5.2), (5.4) and (5.5) contain the probability of inequalities,

and the exact parameters of internal dedicated traffic as well as internal oppor-

tunistic traffic are unknown. �

In order to formulate and prove a necessary and sufficient condition of the

stability for the above load-balanced network, we first need to improve the

sufficient condition given by Theorem 5.1. For this purpose, rewrite (5.2) as

P
{

lim
a→ −∞

E(i,j)(t − a)

t − a
= ̺iµpi,j

}

= 1,

where the value ̺i satisfies the inequality 0 < ̺i ≤ 1. The value ̺i is the

fraction of time when the server of the ith queue is busy. Then the case of

̺i = 1 means that the server of the ith queue is busy almost always.

Let us consider the system of inequalities

λj + µ
∑m

i=1 ̺ipi,j

̺∗j
≤ µ, j = 1, 2, . . . , m. (5.6)

The meaning of inequality (5.6) is the following. The left-hand side contains

the total sum of rates of dedicated traffic to the jth queue divided to the traffic

parameter ̺∗j of the jth queue. The total sum of rates of dedicated traffic of

the jth queue consists of exogenous and internal arrivals to that jth queue,

excluding the rates for joining the shortest queue customers. Since the rates

associated with opportunistic traffic are excluded, there is the inequality ’≤’

between the left and right sides. Thus, if the jth queue is never shortest, then

the sum of the rates of the left-hand side divided to ̺∗j becomes equal to µ of

the right-hand side. When the traffic parameter ̺∗j is greater than 1, the jth
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queue increases to infinity with probability 1. Therefore, in the sequel we only

consider the case when ̺∗j ≤ 1 for all j = 1, 2, . . . , m. In this case ̺∗j = ̺j , and

we therefore have

λj + µ

m
∑

i=1

̺ipi,j ≤ ̺jµ, j = 1, 2, . . . , m. (5.7)

Let us now write a so-called balance equation, taking into account also joining

the shortest queue customers. We have

λ + λ′ + µ

m
∑

j=1

m
∑

i=1

̺ipi,j = µ

m
∑

j=1

̺j(1 − pj,sh). (5.8)

Now, we are ready to prove the improved sufficient condition for the stability.

This version is also based on a straightforward extension of Theorem 4.3.

Theorem 5.2. The load-balanced network is stable if there exists

̺∗ = max
1≤j≤m

̺j ,

satisfying the condition ̺∗ < 1, where the values ̺j, j = 1, 2, . . . , m, are defined

by (5.7) and (5.8).

Proof. Let Λj = λj + µ
∑m

i=1 ̺ipi,j , let j∗ = arg max1≤j≤m Λj , and let ∆ =
∑m

j=1(Λj∗ − Λj). In the case ∆ > λ′ + µ
∑m

j=1 ̺jpj,sh the j∗-th queue is never

shortest, and therefore, following the proof of Theorem 4.3, the system is stable

if Λj∗ < µ. Therefore from (5.6) we have ̺j∗ < 1, and because the j∗-th queue

is the longest queue, we have ̺∗ = ̺j∗ ≥ ̺j , j = 1, 2, . . . , m. Therefore ̺j < 1

for all j = 1, 2, . . . , m is a sufficient condition of stability for this case.

Let us now consider the opposite case, where ∆ ≤ λ′ + µ
∑m

j=1 ̺jpj,sh. As

in the proof of Theorem 4.3, in this case the arrival rate to all m queues is the

same, and therefore ̺1 = ̺2 = . . . = ̺m. Thus, the only two cases are there as

̺j < 1 or ̺j = 1 for all j = 1, 2, . . . , m. In the case ̺j < 1, the stability result

is analogous to that of Theorem 4.3, since in this case from (5.8) we obtain

λ + λ′ + µ

m
∑

j=1

m
∑

i=1

pi,j + µ

m
∑

j=1

pj,sh < mµ.

The theorem is proved. �
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Now in order to formulate and prove a necessary and sufficient condition for

the stability, let us consider the following linear programming problem in R
m+1:

Minimize xm+1 (5.9)

subject to the restrictions:

λj + µ

m
∑

i=1

xipi,j ≤ xjµ, j = 1, 2, . . . , m, (5.10)

λ + λ′ + µ

m
∑

j=1

m
∑

i=1

xipi,j = µ

m
∑

j=1

xj(1 − pj,sh), (5.11)

xj ≤ xm+1, j = 1, 2, . . . , m. (5.12)

Observe, that the restrictions (5.10) and (5.11) correspond to (5.7) and

(5.8), where the values ̺j are replaced with unknown xj . The functional of

(5.9) and inequalities (5.12) are associated with the condition of Theorem 5.2:

max1≤j≤m ̺j < 1. xm+1 is an additional variable; thus the linear program-

ming (5.9)-(5.12) is a mini-max problem. That is, if the minimum of xm+1 is

achieved in some point x∗
m+1 < 1, then all of the components of the vector

(x∗
1, x

∗
2, . . . , x

∗
m+1) associated with this solution are less than 1, and there exists

a solution of the system (5.7) and (5.8) with ̺j < 1 for all j = 1, 2, . . . , m.

Therefore in the following the vector associated with a solution of the problem

(5.9)-(5.12) is denoted (̺1, ̺2, . . . , ̺m). Otherwise if x∗
m+1 ≥ 1, then we set

̺j = 1, j = 1, 2, . . . , m.

Next, denote by A(j)(t) + E(j)(t) the dedicated arrival process. Its relation

to the initial processes A(t) and D(j)(t) is as follows. Each arrival of the initial

process A(t) is forwarded to the queue j with probability pj , and each customer

served in the queue i returns to the jth queue with probability pi,j . Then, the

process A(j)(t)+E(j)(t) is a sum of all arrivals of external and internal dedicated

traffics, and

P
{

lim
a→ −∞

A(j)(t − a) + E(j)(t − a)

t − a
= Λi = λj + µ

m
∑

i=1

̺ipi,j

}

= 1,

where ̺j , j = 1, 2, . . . , m, are a solution of the linear programming given by

(5.9)-(5.12). Now let j∗ = arg max1≤j≤m Λj . We have the following theorem.
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Theorem 5.3. Assume that the both

lim
a→ −∞

P{A(j∗)(t − a) + E(j∗)(t − a) − D(j∗)(t − a) ∈ S } = 0, (5.13)

and

lim
a→ −∞

P{A(t−a)+A′(t−a)+E(t−a)+E′(t−a)−D(t−a) ∈ S } = 0, (5.14)

for any bounded set S , where E(t) =
∑m

j=1 E(j)(t) is the point process associ-

ated with all internal arrivals of dedicated traffic, E′(t) is the point process as-

sociated with all internal arrivals of opportunistic traffic, D(t) =
∑m

j=1 D(j)(t).

Then the load-balanced network is stable if and only if max1≤j≤m ̺j < 1.

Remark 5.4. Conditions (5.13) and (5.14) are verifiable conditions. As soon as

the linear programming problem is solved and we know the vector of solution

(̺1, ̺2, . . . , ̺m), the unknown processes E(t) and E′(t) as well as E(j)(t) and

E′(j)(t) can be easily modelled via derivative processes D(j)(t) (j = 1, 2, . . . , m).

Note also, that above conditions (5.13) and (5.14) are automatically fulfilled if

max1≤j≤n ̺j < 1.

5.2. Note on the relation to the Harris recurrent Markov processes.

Let us now explain the relation to the stability in the terms of the Harris recur-

rent Markov processes in the case of load-balanced networks in the particular

case when the point processes A(t), A′(t) and D(j)(t), j = 1, 2, . . . , m all are

renewal processes. In this case the additional processes E(i,j)(t) and E′(j)(t)

(i, j = 1, 2, . . . , m) all are renewal processes. By extending the phase space the

queue-length process of the load-balanced network can be reduced to a Markov

process, which is characterized by the queue-lengths in time t and the residual

times until regeneration points in all of renewal processes such as A(t), A′(t)

and D(j)(t), E(i,j)(t) and E′(j)(t) (i, j = 1, 2, . . . , m). The dimension of the

Markov process in this case is m2 + 3m + 2. (In the m parallel queues it was

2m+2. We add to this number m2 generated by the set of the residual times of

the processes E(i,j)(t) and m generated by the set of residual times generated

by the processes E′(j)(t) and we obtained the desired value m2 + 3m + 2.)
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As in the case of usual parallel queues, by weak regeneration points of this

Markov process we mean the points at which the queues all become empty.)

The ‘standard assumptions’ in this case are as follows: P{τ1 > N} > 0,

P{τ ′
1 > N} > 0 and P{χ

(1)
1 > N} > 0 for any positive N . We use the

fact that χ
(j)
i , i = 1, 2, . . .; j = 1, 2, . . . , m all are identically distributed, and

the processes E(i,j)(t) and E′(j)(t) (i, j = 1, 2, . . . , m) all are generated by the

independent and identically distributed processes D(j)(t).

The further arguments are the same as in the case of parallel queues con-

sidered in Section 4.3. Again, we use the boundedness of all queue-length

processes in terms of Definition 2.1. According to this boundedness, the weak

regeneration points will be accessed infinitely many times as the duration of

time increases to infinity.

6. Concluding remarks

In this paper we established the stability of different type joint-the-shortest-

queue models including load-balanced networks. The statements of stability are

established under quite general assumptions on arrival and departure processes

by reduction to the corresponding models with an autonomous service mecha-

nism.

Now we discuss how these results can be extended to the models of queues and

networks allowing batch arrivals and batch departures. For this purpose, con-

sider the queueing system with batch arrivals and departures and autonomous

service. For this queueing system let A (t) denote arrival process and let D(t)

departure process, both marked point processes. (All of the processes consid-

ered in this section are assumed to start at zero.) For the sake of simplicity

suppose that the marks of the point process D(t) all are of the constant size

c (c is a positive integer number), and therefore D(t) = cD(t). Then, the

queue-length process Q(t) has the following representation (see [3]):

Q(t) = A (t) −
c

∑

i=1

∫ t

0
1{Q(s−)≥i}dD(s).
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It was shown in [3] that by using Skorokhod’s reflection principle we arrive at

the equation

Q(t) = [A (t) − D(t)] − inf
s≤t

[A (s) − D(s)], (6.1)

which is similar to that of the process with ordinary departures. The assump-

tion, that the marks of departure process are a constant c, is specific and asso-

ciated with concrete models considered in [3]. Representation (6.1) remains in

force in general, when a departure process is an arbitrary marked point process

with mutually independent identically distributed marks. Representation (6.1)

is easily generalized to the case of JS-queue models. Specifically, for the queue-

length process in the jth server of the model ℘m we have the similar equation

Q(j)(t) =st [A (j)(t) + A
′(j)(t) − D

(j)(t)]

− inf
s≤t

[A (j)(s) + A
′(j)(t) − D

(j)(s)],
(6.2)

where A ′(j)(t) is the corresponding notation for an opportunistic traffic to the

jth server of the JS-queue model (see ref. (4.6) for comparison). Thus, the case

of batch arrivals and departures is a direct extension of the case of ordinary

arrivals and departures, and the conditions for stability are similar.

Acknowledgements

The advice of Professors Rafael Hassin, Robert Liptser, Yuri Suhov, Gideon

Weiss and Ward Whitt helped very much to substantially improve the pre-

sentation. The research was supported by Australian Research Council, grant

#DP0771338.

References

[1] Abramov, V.M. (2000). A large closed queueing network with autonomous service and

bottleneck. Queueing Systems, 35, 23-54.

[2] Abramov, V.M. (2004). A large closed queueing network containing two types of node

and multiple customers classes: One bottleneck station. Queueing Systems, 48, 45-73.

[3] Abramov, V.M. (2008). The effective bandwidth problem revisited. Stoch. Models, 24,

527-557.

[4] Abramov, V.M. (2008). Large closed queueing networks in semi-Markov environment

and their applications. Acta Appl. Math., 100, 201-226.



STABILITY OF LOAD BALANCED NETWORKS 35

[5] Baccelli, F. and Foss, S. (1994). Stability of Jackson-type queueing networks. Queue-

ing Systems, 17, 5-72.

[6] Borovkov, A.A. (1976). Stochastic Processes in Queueing Theory. Springer-Verlag,

Berlin.

[7] Borovkov, A.A. (1984). Asymptotic Methods in Queueing Theory. John Wiley, New

York.

[8] Borovkov, A.A. (1986). Limit theorems for queueing networks. I. Theor. Prob. Appl.

31, 413-427.

[9] Borovkov, A.A. (1987). Limit theorems for queueing networks. II. Theor. Prob. Appl.

32, 257-272.

[10] Borovkov, A.A. (1998). Ergodicity and Stability of Stochastic Processes. John Wiley,

New York.

[11] Bramson, M.D. (2008). Stability of queueing networks. Probab. Surveys, 5, 169-345.

[12] Bramson, M.D. (2008). Stability of queueing networks. Springer-Verlag, Heidelberg.

[13] Brandt, A., Franken, P. and Lizek, B. (1990). Stationary Stochastic Models,

Academie-Verlag/Wiley, Berlin/Chichester.

[14] Dai, J.G. (1995). On positive Harris recurrence of multiclass queueing networks: a unified

approach via fluid limit models. Ann. Appl. Prob., 5, 49-77.

[15] Dai, J.G., Hasenbein, J.J. and Kim, B. (2007). Stability of join-the-shortest-queue

networks. Queueing Syst. 57, 129-145.

[16] El-Taha, M. and Stidham, S. (1999). Sample-Path Analysis of Queueing Systems,

Kluwer, Dordrecht.

[17] Flatto, L., and McKean, H.P. (1977). Two queues in parallel. Comm. Pure Appl.

Math. 30, 255-263.

[18] Foley, R.D. and McDonald, R.D. (2001). Join-the-shortest-queue: Stability and exact

asymptotics. Ann. Appl. Probab. 11, 569-607.

[19] Foss, S., and Chernova, N. (1991). On the ergodicity of multichannel not fully acces-

sible communication systems. Problems of Information Transmission, 27, 94-99.

[20] Foss, S., and Chernova, N. (1998). On the stability of partially accessible queue with

state-dependent routing. Queueing Systems, 29, 55-73.

[21] Fricker, C. (1986). Etude d’une file GI/G/1 á service autonomé (avec vacances du
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